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a)

b)

Extended Data Fig. 7 | ZZ 11
22  power spectra in the 300-5,000 Hz frequency range, obtained with the events within the first 5 ms time interval of the burst.  

a, Using LED data. b, Using HED data. The horizontal dotted, dashed and solid lines represent 95%, 99% and 99.9% confidence levels, respectively.
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Magnetar QPOs & crust oscillations
• Quasi-periodic oscillations (QPOs) in afterglow of giant flares from soft-gamma 
repeaters (SGRs) (Barat+83, Israel+05, Strohmayer & Watts 05, Watts & Strohmayer 06)

• SGR 0526-66 (5th/3/1979) : 43 Hz
• SGR 1900+14 (27th/8/1998) : 28, 54, 84, 155 Hz
• SGR 1806-20 (27th/12/2004) : 18, 26, 30, 92.5, 150, 626.5, 1837 Hz

• additional QPO in SGR 1806-20 : 57 Hz (Huppenkothen+14)
• additional QPOs : 51.4, 97.3, 157 Hz (Miller+18)
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Strohmayer & Watts (06)

• Crustal torsional oscillation ?
• Magnetic oscillations ?

density

NS crust



Constraint on L from magnetar QPOs
• nuclear saturation parameters

• Double-layer model (lasagna sandwich)
- L = 58-73 MeV (HS+ 2019)

• Constraint on K0 : K0 = 240 ± 20 MeV (Shlomo+2006)
• Constraint on L

- L = 60 ± 20 MeV : fiducial value (Li+2019)
- L = 58 - 73 MeV : constraint from QPOs (HS+2019)
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Figure 4. (Colour online) Same as Fig. 3, but for the neutron star models with M = 1.3M! and R = 13 km in the left-hand panel and with M = 1.8M! and R
= 12 km in the right-hand panel. The optimal values of L denoted by the vertical thick and thin lines are L = 70.8 and 67.5 MeV, respectively, in the left-hand
panel and L = 63.5 and 59.6 MeV, respectively, in the right-hand panel.

Figure 5. (Colour online) Relations between the newly found QPOs of
51.4, 97.3, and 157 Hz in SGR 1806-20 (Miller et al. 2018), which are
shown by the horizontal solid lines, and a selected set of the crustal torsional
oscillations for the neutron star models with M = 1.3M! and R = 13 km.
The 51.4 and 97.3 Hz QPOs are identifiable as the ! = 8 and 15 fundamental
torsional oscillations in the tube–bubble layer, while the 157 Hz QPO is
identifiable as the ! = 17 fundamental torsional oscillations in the sphere–
cylinder layer. The dashed and dotted lines denote the originally discovered
QPOs, which except for the 26 Hz QPO have already been identified by us
as manifestations of the fundamental torsional oscillations in the sphere–
cylinder layer, while the 26 Hz QPO is identified as the ! = 4 oscillation in
the tube–bubble layer as mentioned in text.

et al. 2018). Generally, magnetars are considered to have a toroidal
field that is by an order of magnitude higher than the poloidal field.
The question of whether or not this picture is relevant might be
possibly answered.
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Table 1. The EOS parameters adopted in this study, where η and ς are the combination of K0 and L given by η = (K0L2)1/3 and
ς = (K4

0L
5)1/9. The corresponding transition density from spherical to cylindrical nuclei (SP–C) and that from cylindrical to slab-like

nuclei (C–S) are also listed. The asterisk at the value of K0 denotes the EOS model where cylindrical nuclei directly change to uniform
matter.

K0 (MeV) L (MeV) η (MeV) ς (MeV) SP–C (fm−3) C–S (fm−3)

180 31.0 55.7 67.8 0.05887 0.07629
180 52.2 78.9 90.5 0.06000 0.07186
230 42.6 74.7 90.1 0.06238 0.07671
230 73.4 107 122 0.06421 0.07099
280 54.9 94.5 113 0.06638 0.07743
280∗ 97.5 139 156 0.06678 0.06887
360 12.8 38.9 56.4 0.05777 0.08217
360 76.4 128 152 0.07239 0.07797
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Figure 1. The 1st overtone frequency of the # = 2 crustal torsional oscillations for the neutron star model with 1.6M#, 12 km, and
Ns/Nd = 0. The marks denote the frequencies calculated with the neutron star models constructed various EOSs listed in Table 1 as a
function of ς, while the thick-solid line is the fitting line given by Eq. (3).

matter constructed from any EOSs including the realistic ones is expressed in the vicinity of the saturation density, n0, for
the symmetric nuclear matter as a function of the baryon number density, nb, and asymmetry parameter, α, as

w = w0 +
K0

18n2
0

(nb − n0)
2 +

[
S0 +

L
3n0

(nb − n0)
]
α2, (1)

where nb and α are given by nb = nn + np and α = (nn − np)/nb with the neutron number density, nn, and proton number
density, np. The coefficients in this expansion are the nuclear saturation parameters and each EOS has own value of them.
Among five saturation parameters, w0, n0, and S0 are well constrained from the terrestrial experiments (Oertel et al. 2017;
Li et al. 2019). On the other hand, the remaining two parameters, K0 and L, are relatively more difficult to be constrained
from the experiments, because

The OI-EOSs are constructed for given values of K0 and L in such a way that the
∆R/R ∼ R/M in Sotani, Iida & Oyamatsu (2017b)
The shear modulus, µ, is an important property for discussing torsional oscillations.

ς = (K4
0L

5)1/9. (2)

Sotani, Iida & Oyamatsu (2018)

!tn = d(0)!n + d(1)!n ς100 + d(2)!n ς2100, (3)

where ς100 is defined as ς100 ≡ ς/(100MeV).

3 COMPARISON OF OVERTONE FREQUENCIES WITH THE OBSERVED QPOS

ς = 85.3− 135.1 MeV with the fiducial value of K0 and L, i.e., K0 = 240± 20 MeV and L = 60± 20 MeV,

© 0000 RAS, MNRAS 000, 000–000
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QPOs are newly found
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Very-high-frequency oscillations in the main 
peak of a magnetar giant flare

A. J. Castro-Tirado1,2, N. Østgaard3ಞᅒ, E. Göۜüş4ಞᅒ, C. Sánchez-Gil5, J. Pascual-Granado1, 
V. Reglero6,7, A. Mezentsev3ಞᅒ, M. Gabler6ಞᅒ, M. Marisaldi3,8ಞᅒ, T. Neubert9, 
C. Budtz-Jørgensen9, A. Lindanger3, D. Sarria3, I. Kuvvetli9, P. Cerdá-Durán6, 
J. Navarro-González7, J. A. Font6,10, B.-B. Zhang11,12,13, N. Lund9, C. A. Oxborrow9, S. Brandt9, 
M. D. Caballero-García1, I. M. Carrasco-García14, A. Castellón2,15, M. A. Castro Tirado1,16, 
F. Christiansen9, C. J. Eyles7, E. Fernández-García1, G. Genov3, S. Guziy17,18, Y.-D. Hu1,19, 
A. Nicuesa Guelbenzu20, S. B. Pandey21, Z.-K. Peng11,12, C. Pérez del Pulgar2, A. J. Reina Terol2, 
E. Rodríguez1, R. Sánchez-Ramírez22, T. Sun1,23,24, K. Ullaland3 & S. Yang3

Magnetars are strongly magnetized, isolated neutron stars1–3 with magnetic !elds  
up to around 1015 gauss, luminosities of approximately 1031–1036 ergs per second  
and rotation periods of about 0.3–12.0 s. Very energetic giant #ares from galactic 
magnetars (peak luminosities of 1044–1047 ergs per second, lasting approximately 0.1 s) 
have been detected in hard X-rays and soft γ-rays4, and only one has been detected 
from outside our galaxy5. During such giant #ares, quasi-periodic oscillations (QPOs) 
with low (less than 150 hertz) and high (greater than 500 hertz) frequencies have been 
observed6–9, but their statistical signi!cance has been questioned10. High-frequency 
QPOs have been seen only during the tail phase of the #are9. Here we report the 
observation of two broad QPOs at approximately 2,132 hertz and 4,250 hertz in  
the main peak of a giant γ-ray #are11 in the direction of the NGC 253 galaxy12–17, 
disappearing after 3.5 milliseconds. The #are was detected on 15 April 2020 by the 
Atmosphere–Space Interactions Monitor instrument18,19 aboard the International 
Space Station, which was the only instrument that recorded the main burst phase  
(0.8–3.2 milliseconds) in the full energy range (50 × 103 to 40 × 106 electronvolts) 
without su&ering from saturation e&ects such as deadtime and pile-up. Along with 
sudden spectral variations, these extremely high-frequency oscillations in the burst 
peak are a crucial component that will aid our understanding of magnetar giant #ares.

We report here the detection11 of a new giant flare (initially dubbed 
GRB 200415) with the Atmosphere–Space Interactions Monitor 
(ASIM) aboard the International Space Station (ISS) on 15 April 2020 
at 08:48:05.56 (±0.03) UT. With the ASIM Modular X- and Gamma-ray 
Sensor (MXGS) instrument18,19, we recorded data for 2 s centred around 
the burst. The two independent detectors of MXGS, covering energies 
between 50–400 keV (low-energy detector, LED) and 300 keV to 40 MeV 
(high-energy detector, HED), did not suffer from saturation effects 
(deadtime, pile-up) and recorded for the first time the fine structure 
of the main burst phase (0.8–3.2 ms) of a magnetar in this entire energy 

range (Fig. 1, Extended Data Fig. 2). Owing to the large effective area of 
ASIM, 1-µs time resolution and large energy range, we have performed 
both a detailed time analysis and a spectral analysis of the main phases 
of the giant flare. We are able to resolve the complex temporal structure 
prior to the absolute peak emission, consisting of six distinct intensity 
peaks during the first 3.2 ms, this flare being the first one for which we 
have seen multiple peaks prior to the maximum (see Fig. 1). During 
the approximately 160-ms duration of the giant flare, around 1046 erg 
isotropic equivalent energy was released, roughly the energy the Sun 
radiates in about 100,000 yr.
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around 1 MeV, because in very strong magnetic fields processes, such as 
one-photon pair creation and photon splitting, the energy of photons 
is limited to roughly 2mec2, where me is the mass of an electron.

An alternative explanation of the timing features is based on the prox-
imity of the QPO candidate at f1 = 2,132 Hz to one of the high-frequency 
QPOs observed in the tail of SGR 1806-20 with f = 1,840 Hz (ref. 9).  
The high-frequency QPOs in magnetars are commonly interpreted as 
radial overtones of the fundamental (magneto-)elastic oscillations 
with one or more nodes in the crust, which will be preferably excited 
during the flare28. Depending on how exactly the instability in the mag-
netosphere is triggered, there may be strong perturbations in the crust 
of the neutron star which should naturally excite oscillations. Follow-
ing this interpretation, the second strong feature at f2 ≈ 4,250 Hz may 
then be related to an even higher overtone. Within this interpretation 

f1 can be considered as an upper estimate on the purely shear mode 
with two (or three) nodes in the crust (see Methods section ‘QPO 
theoretical implications’). This interpretation is also consistent with 
theoretical expectations and the constraints29 that were obtained 
from the QPOs of SGR 1806-20. However, the sudden disappearance 
of the QPOs after approximately 3.5 ms and the evolution of energy 
spectra slightly favour our first model, but do not exclude the presence  
of stellar oscillations.

Online content
Any methods, additional references, Nature Research reporting sum-
maries, source data, extended data, supplementary information, 
acknowledgements, peer review information; details of author con-
tributions and competing interests; and statements of data and code 
availability are available at https://doi.org/10.1038/s41586-021-04101-1.
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Fig. 3 | Periodogram and fits for quasi-periodicities search for the time 
interval 0–5 ms. a, Periodograms for ASIM-LED (50–400 keV; red) and Swift/
BAT GUANO (15–150 keV; black) observations. The interval 0–200 ms is used for 
both periodograms. ASIM time resolution is 50 µs (10-kHz upper frequency) and 
Swift/BAT time resolution is 100 µs (5-kHz upper frequency). The blue horizontal 
line is the white noise level. The power spectral densities show broad signals after 
700 Hz, providing independent confirmation that the f1 = 2,132 Hz QPO 
determined from the ASIM-LED data is genuine. b, Dynamic power contours  
(in red) resulting from the Z2 search in the 1,800–2,400 Hz frequency range, 
along with the LED light curve with 50-µs time resolution. The inset is the 
expanded view of the Z2 contours corresponding to the 99% (innermost),  
95% (middle) and 90% (outermost) levels of peak Z2 power centred at 2,132 Hz 
(Extended Data Table 3). For comparison the frequency found by the PSD analysis 
at 2,156 ± 45 Hz (the frequency and its uncertainty) is shown by dashed and 
dotted horizontal lines (Extended Data Table 2, time interval 0–10 ms).
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Extended Data Table 3 | Z2 search results and corresponding chance probabilities

aThe lower and upper bounds here mark the 95% confidence interval. The other bounds are the 99% confidence levels.

Observed frequencies are high
- polar type oscillations, such as f, pi-modes
- overtones of torsional oscillations
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giant gamma-ray flare (GRB 200415A) in the direction of the NGC 
253 galaxy, disappearing after 3.5 msec, on 15/4/2020.
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• two parameters in EOS, two in NS models
• overtones depend on K0 & L

• f ~ vs /ΔR (Hansen & Cioffi 80)
• ΔR depends on K0 & L (HS+17)

• as in Sotani+ 19, frequencies can be well 
characterized by

• In fact, fre. can be expressed as 
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Table 1. The EOS parameters adopted in this study, where η and ς are the combination of K0 and L given by η = (K0L2)1/3 and
ς = (K4

0L
5)1/9. The corresponding transition density from spherical to cylindrical nuclei (SP–C) and that from cylindrical to slab-like

nuclei (C–S) are also listed. The asterisk at the value of K0 denotes the EOS model where cylindrical nuclei directly change to uniform
matter.

K0 (MeV) L (MeV) η (MeV) ς (MeV) SP–C (fm−3) C–S (fm−3)
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180 52.2 78.9 90.5 0.06000 0.07186
230 42.6 74.7 90.1 0.06238 0.07671
230 73.4 107 122 0.06421 0.07099
280 54.9 94.5 113 0.06638 0.07743
280∗ 97.5 139 156 0.06678 0.06887
360 12.8 38.9 56.4 0.05777 0.08217
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Figure 1. The 1st overtone frequency of the # = 2 crustal torsional oscillations for the neutron star model with 1.6M#, 12 km, and
Ns/Nd = 0. The marks denote the frequencies calculated with the neutron star models constructed various EOSs listed in Table 1 as a
function of ς, while the thick-solid line is the fitting line given by Eq. (3).

matter constructed from any EOSs including the realistic ones is expressed in the vicinity of the saturation density, n0, for
the symmetric nuclear matter as a function of the baryon number density, nb, and asymmetry parameter, α, as

w = w0 +
K0

18n2
0

(nb − n0)
2 +

[
S0 +

L
3n0

(nb − n0)
]
α2, (1)

where nb and α are given by nb = nn + np and α = (nn − np)/nb with the neutron number density, nn, and proton number
density, np. The coefficients in this expansion are the nuclear saturation parameters and each EOS has own value of them.
Among five saturation parameters, w0, n0, and S0 are well constrained from the terrestrial experiments (Oertel et al. 2017;
Li et al. 2019). On the other hand, the remaining two parameters, K0 and L, are relatively more difficult to be constrained
from the experiments, because

The OI-EOSs are constructed for given values of K0 and L in such a way that the
∆R/R ∼ R/M in Sotani, Iida & Oyamatsu (2017b)
The shear modulus, µ, is an important property for discussing torsional oscillations.

ς = (K4
0L

5)1/9. (2)

Sotani, Iida & Oyamatsu (2018)

!tn = d(0)!n + d(1)!n ς100 + d(2)!n ς2100, (3)

where ς100 is defined as ς100 ≡ ς/(100MeV).

3 COMPARISON OF OVERTONE FREQUENCIES WITH THE OBSERVED QPOS

ς = 85.3− 135.1 MeV with the fiducial value of K0 and L, i.e., K0 = 240± 20 MeV and L = 60± 20 MeV,

© 0000 RAS, MNRAS 000, 000–000

2 H. Sotani & K. D. Kokkotas

Table 1. The EOS parameters adopted in this study, where η and ς are the combination of K0 and L given by η = (K0L2)1/3 and
ς = (K4

0L
5)1/9. The corresponding transition density from spherical to cylindrical nuclei (SP–C) and that from cylindrical to slab-like

nuclei (C–S) are also listed. The asterisk at the value of K0 denotes the EOS model where cylindrical nuclei directly change to uniform
matter.

K0 (MeV) L (MeV) η (MeV) ς (MeV) SP–C (fm−3) C–S (fm−3)

180 31.0 55.7 67.8 0.05887 0.07629
180 52.2 78.9 90.5 0.06000 0.07186
230 42.6 74.7 90.1 0.06238 0.07671
230 73.4 107 122 0.06421 0.07099
280 54.9 94.5 113 0.06638 0.07743
280∗ 97.5 139 156 0.06678 0.06887
360 12.8 38.9 56.4 0.05777 0.08217
360 76.4 128 152 0.07239 0.07797

40 80 120 160
600

800

1000

1200

! (MeV)

1s
t o

ve
rto

ne
 (H

z)

K0 = 180
K0 = 230
K0 = 280
K0 = 360

1.6M⊙, 12 km
Ns/Nd = 0

Figure 1. The 1st overtone frequency of the # = 2 crustal torsional oscillations for the neutron star model with 1.6M#, 12 km, and
Ns/Nd = 0. The marks denote the frequencies calculated with the neutron star models constructed various EOSs listed in Table 1 as a
function of ς, while the thick-solid line is the fitting line given by Eq. (3).

matter constructed from any EOSs including the realistic ones is expressed in the vicinity of the saturation density, n0, for
the symmetric nuclear matter as a function of the baryon number density, nb, and asymmetry parameter, α, as

w = w0 +
K0

18n2
0

(nb − n0)
2 +

[
S0 +

L
3n0

(nb − n0)
]
α2, (1)

where nb and α are given by nb = nn + np and α = (nn − np)/nb with the neutron number density, nn, and proton number
density, np. The coefficients in this expansion are the nuclear saturation parameters and each EOS has own value of them.
Among five saturation parameters, w0, n0, and S0 are well constrained from the terrestrial experiments (Oertel et al. 2017;
Li et al. 2019). On the other hand, the remaining two parameters, K0 and L, are relatively more difficult to be constrained
from the experiments, because

The OI-EOSs are constructed for given values of K0 and L in such a way that the
∆R/R ∼ R/M in Sotani, Iida & Oyamatsu (2017b)
The shear modulus, µ, is an important property for discussing torsional oscillations.

ς = (K4
0L

5)1/9. (2)

Sotani, Iida & Oyamatsu (2018)

!tn = d(0)!n + d(1)!n ς100 + d(2)!n ς2100, (3)

where ς100 is defined as ς100 ≡ ς/(100MeV).

3 COMPARISON OF OVERTONE FREQUENCIES WITH THE OBSERVED QPOS

ς = 85.3− 135.1 MeV with the fiducial value of K0 and L, i.e., K0 = 240± 20 MeV and L = 60± 20 MeV,

© 0000 RAS, MNRAS 000, 000–000

2 H. Sotani & K. D. Kokkotas

Table 1. The EOS parameters adopted in this study, where η and ς are the combination of K0 and L given by η = (K0L2)1/3 and
ς = (K4

0L
5)1/9. The corresponding transition density from spherical to cylindrical nuclei (SP–C) and that from cylindrical to slab-like

nuclei (C–S) are also listed. The asterisk at the value of K0 denotes the EOS model where cylindrical nuclei directly change to uniform
matter.

K0 (MeV) L (MeV) η (MeV) ς (MeV) SP–C (fm−3) C–S (fm−3)

180 31.0 55.7 67.8 0.05887 0.07629
180 52.2 78.9 90.5 0.06000 0.07186
230 42.6 74.7 90.1 0.06238 0.07671
230 73.4 107 122 0.06421 0.07099
280 54.9 94.5 113 0.06638 0.07743
280∗ 97.5 139 156 0.06678 0.06887
360 12.8 38.9 56.4 0.05777 0.08217
360 76.4 128 152 0.07239 0.07797

40 80 120 160
600

800

1000

1200

! (MeV)

1s
t o

ve
rto

ne
 (H

z)

K0 = 180
K0 = 230
K0 = 280
K0 = 360

1.6M⊙, 12 km
Ns/Nd = 0

Figure 1. The 1st overtone frequency of the # = 2 crustal torsional oscillations for the neutron star model with 1.6M#, 12 km, and
Ns/Nd = 0. The marks denote the frequencies calculated with the neutron star models constructed various EOSs listed in Table 1 as a
function of ς, while the thick-solid line is the fitting line given by Eq. (3).

matter constructed from any EOSs including the realistic ones is expressed in the vicinity of the saturation density, n0, for
the symmetric nuclear matter as a function of the baryon number density, nb, and asymmetry parameter, α, as

w = w0 +
K0

18n2
0

(nb − n0)
2 +

[
S0 +

L
3n0

(nb − n0)
]
α2, (1)

where nb and α are given by nb = nn + np and α = (nn − np)/nb with the neutron number density, nn, and proton number
density, np. The coefficients in this expansion are the nuclear saturation parameters and each EOS has own value of them.
Among five saturation parameters, w0, n0, and S0 are well constrained from the terrestrial experiments (Oertel et al. 2017;
Li et al. 2019). On the other hand, the remaining two parameters, K0 and L, are relatively more difficult to be constrained
from the experiments, because

The OI-EOSs are constructed for given values of K0 and L in such a way that the
∆R/R ∼ R/M in Sotani, Iida & Oyamatsu (2017b)
The shear modulus, µ, is an important property for discussing torsional oscillations.

ς = (K4
0L

5)1/9. (2)

Sotani, Iida & Oyamatsu (2018)

!tn = d(0)!n + d(1)!n ς100 + d(2)!n ς2100, (3)

where ς100 is defined as ς100 ≡ ς/(100MeV).

3 COMPARISON OF OVERTONE FREQUENCIES WITH THE OBSERVED QPOS

ς = 85.3− 135.1 MeV with the fiducial value of K0 and L, i.e., K0 = 240± 20 MeV and L = 60± 20 MeV,

© 0000 RAS, MNRAS 000, 000–000



1st overtone 

200

400

600

800

1000

1200

1400

1s
t o

ve
rto

ne
 (H

z) Ns/Nd = 0

835.9-84.7
+77.3

! = 2

! = 10

40 80 120 160 200
200

400

600

800

1000

1200

1400

ς (MeV)

1s
t o

ve
rto

ne
 (H

z)

(1.4M⊙, 14km)

Ns/Nd = 1

835.9-84.7
+77.3

(1.6M⊙, 12km)

(1.8M⊙, 10km)

! = 2

! = 10

(1.8M⊙, 10km)

(1.6M⊙, 12km)

(1.4M⊙, 14km)• frequencies increases with M/R
• f ~ vs /ΔR (Hansen & Cioffi 80)
• ΔR/R ~ R/M (HS+ 17)

• one can neglect the ℓ-dep. & Ns/Nd-dep.
• hereafter, we consider only the ℓ =2 mode 
with Ns/Nd=0

• to identify the 836 Hz QPO with the 1st
overtone frequency, one must determine a 
specific value of 𝜍, depending on (M,R) 
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identification of all QPOs
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• the observed QPOs in GRB 200415A can 
be identified with the 1st, 2nd, 4th, and 10th
overtones of crustal torsional oscillations

• for NS models with 1.6M⊙ and 12km, 
𝜍 should be 122 MeV for the identification.

• with different NS models, fre. shift up and 
down, which leads to 𝜍 for identification 
also shifts right and left. 
- frequencies increases with M/R
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NS models for identifying QPOs
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• 𝜍 for identifying the QPOs with various 
NS models

• fiducial value of 𝜍 = 85.3 - 135.1 MeV
• L = 60 ± 20 MeV
• K0 = 240 ± 20 MeV

• constrained from QPO obs.; 
𝜍 = 104.9 - 128.4 MeV

• L = 58 - 73 MeV (HS+2018)
• K0 = 240 ± 20 MeV

• compared to the fiducial value of 𝜍, 
one can get the constraints on NS mass 
and radius
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NSs constrained from GRB 200415A 
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Figure 5. The suitable value of & for simultaneously identifying the four QPOs observed in GRB 200415A with the 1st, 2nd, 4th, and
10th overtones of the crustal torsional oscillations for various neutron star mass and radius. The meaning of the shaded region and dashed
line is the same as in Fig. 3.
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Figure 6. Constraint on neutron star mass and radius from the simultaneous identification of the four QPOs observed in GRB 200415A
with the 1st, 2nd, 4th, and 10th overtones of the crustal torsional oscillations, assuming the value of & is in the range of & = 85.3� 135.1
MeV (shaded region) and & = 104.9� 128.4 MeV (solid lines).

(⌘ = 90.5 � 111.5 MeV with the value of L constrained from the identification of the QPO frequencies observed in SGR

1806-20 and 1900+14 together with the fidicial value of K0, which corresponds to & = 104.9 � 128.4 MeV), the expected

region of the mass and radius of the neutron star, whose central density is up to twice the saturation density, is given by

the shaded region (the region enclosed by the solid line) on the right-bottom side in Fig. 7. If the resultant region intersect

with the region shown in Fig. 6, one could constrain the neutron star model for GRB 200415A more severe than the region

shown in Fig. 6. But, unfortunately the area expected for the neutron star models, whose central density is less than twice

the saturation density, does not intersect with the region shown in Fig. 6. Thus, to narrow the allowed region for the neutron

star model corresponding to GRB 200415A, we make an assumption with which the expected neutron star mass and radius

could somehow intersect with the region shown in Fig. 6.

As seen in Fig. 7, the masses of the neutron star models, whose central density is less than twice the saturation density,

are still small, while their models seem to reach the corresponding standing-up mass in the mass and radius relation. Namely,

the neutron star models become in the sequence of the neutron star mass and radius relation, where the mass increases with

an almost constant radius. So, in this study we assume that the radii of the neutron stars expected with ⌘ = 70.6�118.5 MeV

and ⌘ = 90.5 � 111.5 MeV are almost the same as those of the neutron star models constructed with twice the saturation

density, i.e., R = 11.73, 12.41, 13.03, and 13.23 km for ⌘ = 70.6, 90.5, 111.5, and 118.5 MeV, as shown in Fig. 7 with the dashed

lines. With this assumption, one can see the intersection with the region constrained from the QPO frequencies observed in

GRB 200415A.

Finally, the allowed area as the neutron star model for GRB 200415A obtained in the above discussion is compared to

the other constraints on the neutron star mass and radius obtained from the astronomical and experimental observations. In

Fig. 8 we show the neutron star model for GRB 200415A with the double-parallelogram, where the outer (inner) parallelogram

© 0000 RAS, MNRAS 000, 000–000
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Mass formula
• low-mass NSs

• low-central density
• EOS for a low-density region plays an 
important role

• may be able to discuss the stellar models 
without the core EOS

• 1.174M⊙ NS exists (Martinez+ 15)
• we focus on the NS models for ρ≲ 2ρ0
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FIG. 1. (Color online) The energy per particle of neutron matter
for different values of the nuclear symmetry energy (Esym). For
each value of Esym the corresponding band shows the effect of
different spatial and spin structures of the three-neutron interaction.
The inset shows the linear correlation between Esym and its density
derivative L.

[26] we obtain an empirical constraint for neutron matter
energy Eneutron(ρ0) = 16 ± 2 MeV. Potential higher-order cor-
rections to the quadratic nuclear symmetry energy, for which
there is some theoretical motivation but no clear experimental
evidence, may affect the extraction of the neutron matter
energy and increase the associated error. In this work we ignore
these poorly known corrections and tune AR to reproduce the
neutron matter energy in the range 16 ± 2 MeV. Our results
are shown in Fig. 1, where the green and blue points are
QMC results for different choices of AR corresponding to
Eneutron(ρ0) = 16 MeV(Esym = 32 MeV) and Eneutron(ρ0) =
17.7 MeV(Esym = 33.7 MeV), respectively. The results are
compared to those obtained using a 2n force without 3n
(Esym = 30.5 MeV) and 2n combined with the Urbana IX
3n (Esym = 35.1 MeV). The bands depict the sensitivity to
short-distance spin and spatial structure of the 3n interaction
and are obtained by varying the range of the 3n short-distance
force and A3π .

In the vicinity of nuclear density, Eneutron(ρ) =
Eneutron(ρ0) + L/3(ρ − ρ0)/ρ0, where L is related to the
derivative of the nuclear symmetry energy. The inset in Fig. 1
shows the correlation between Esym and L. This correlation is
insensitive to the large variations in the range of the short-range
3n force µ and the strength of the 3π term A3π . This is in sharp
contrast to the predictions of mean-field theories where the
slope was found to be very sensitive to the choice of effective
interactions [27]. Previous calculations of neutron matter up
to ρ0 [28] use a chiral 2n interaction fit to laboratory energies
of 350 MeV plus the two-pion exchange three-nucleon inter-
action to calculate the neutron matter equation of state using
perturbation theory. In contrast to our results, a significant
repulsion from the 2π exchange long-range 3n interaction
was found. Since this force is better constrained by light
nuclei, these earlier calculations can make a prediction for the
neutron matter energy independent of the phenomenological
short-range interaction, which plays an important role in

TABLE I. Fitting parameters for the neutron matter EoS defined
in Eq. (3) for selected different Hamiltonians.

3N force Esym L a α b β

(MeV) (MeV) (MeV) (MeV)

none 30.5 31.3 12.7 0.49 1.78 2.26
V PW

2π + V R
µ=150 32.1 40.8 12.7 0.48 3.45 2.12

V PW
2π + V R

µ=300 32.0 40.6 12.8 0.488 3.19 2.20
V3π + VR 32.0 44.0 13.0 0.49 3.21 2.47
V PW

2π + V R
µ=150 33.7 51.5 12.6 0.475 5.16 2.12

V3π + VR 33.8 56.2 13.0 0.50 4.71 2.49
UIX 35.1 63.6 13.4 0.514 5.62 2.436

our calculation. To understand this basic difference, further
tests of the convergence of perturbation theory and the chiral
expansion in the diagrammatic calculations, a survey of other
two-body interactions in the AFDMC, and the incorporation of
chiral interactions in nonperturbative methods such as lattice
and suitable extension of QMC would be necessary.

Current determinations of L have relied on analysis of
neutron skins, surface contributions to the symmetry energy of
neutron-rich nuclei, and isospin diffusion in heavy-ion reac-
tions. These studies have been useful but not very constraining
as acceptable values are in the range L = 40–100 MeV [25].
However, a better determination of L even with modest
reduction in the error would test our model for 2n and 3n
interactions.

The predictions of QMC can be accurately fit using

E(ρ) = a

(
ρ

ρ0

)α

+ b

(
ρ

ρ0

)β

, (3)

where the coefficients a and α are sensitive to the low-density
behavior of the EoS, while b and β are sensitive to the
high-density physics [29]. We find that the 3n force plays
a key role in determining the coefficient b and the variation of
the other EoS parameters is comparatively small. Numerical
values for these parameters are reported in Table I for selected
Hamiltonians.

To calculate the mass and radius of neutron stars we solve
the Tolman-Oppenheimer-Volkoff (TOV) equations for the
hydrostatic structure of a spherical nonrotating star using
the QMC equation of state for neutron matter [30,31]. The
QMC EoS we use is for ρ ! ρcrust = 0.08 fm−3. Below this
density we use the EoS of the crust obtained in earlier works
in Refs. [32,33].

The neutron star mass-radius predictions are obtained by
varying the 3n force and are shown in Fig. 2. The striking
feature is the estimated error in the neutron star radius with a
canonical mass of 1.4Msolar. The uncertainty in the measured
symmetry energy of ±2 MeV leads to an uncertainty of about
3 km for the radius, while the uncertainties in the short-distance
structure of the 3n force predicts a radius uncertainty of "1 km.
The different bands of Fig. 2 correspond to the EoS of Fig. 1
with the same colors, giving different values of Esym.

The central density of stars with M # 1.5Msolar are larger
than 3ρ0. At these higher densities, effects such as relativistic
corrections to the kinetic energy, retardation in the potential,
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vanishes. It is not clear up to what density the adopted unified-EOSs are applicable. Nonetheless,

one can expect that the uncertainty from three-neutron interactions in the EOS of pure neutron

matter becomes relevant for ρ ! 2ρ0, as suggested by quantum Monte Carlo calculations28. We

thus examine the stellar models for ρc ≤ 2ρ0.

Fig. 1(a) shows the resultant M -R relation. To systematically describe various stellar models,

we introduce a new auxiliary parameter η defined as

η = (K0L
2)1/3. (1)

Remarkably, the M -R relation changes almost smoothly with η. In fact, we carefully chose the

powers of the parameters K0 and L in finding η. Note that we do not adopt the OI-EOS with

L " 10 MeV14, 15, because the pressure can become negative inside the star, which may tell us the

lower limit of η as η ! 30 MeV. Meanwhile, the upper limit sets that η " 200 MeV (Extended

Data Table 1) to examine in the wide-range parameter space, which is significantly higher than the

usual expectations in the nuclear physics7.

From the observational viewpoint, the radiation radius R∞ = R/
√

1 − 2GM/Rc2 and the

gravitational redshift z = 1/
√

1 − 2GM/Rc2 − 1 may be more relevant in describing the stellar

properties, which relation can be written as in Fig. 1(b). Actually, the detected photon flux is

proportional to (R∞/D)2, where D is the distance from the Earth. The gravitational redshift is

associated with the shift of atomic absorption lines emitted from stellar surface.

The smooth change of the stellar properties with η suggests that not only future terrestrial
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nuclear experiments but also simultaneous measurements of stellar properties, such as M and R,

could constrain η, which could in turn lead to restriction of stellar models. In particular, observa-

tions of low-mass neutron stars would be essential. For example, the radiation radius of the X-ray

source, CXOU 132619.7–472910.8, in the globular cluster NGC 5139 (ω Cen) has been deter-

mined as R∞ = 14.3 ± 2.1 km from the Chandra data29. The allowed region from this radiation

radius is shown in Fig. 1(a) and (b) with the shaded region. This is consistent with various values

of η, but future precise determination of R∞ could constrain η, if M is low enough. Additionally,

thermal spectra detected from quiescent low-mass X-ray binaries are expected to give M and R

simultaneously5, 6, which could tell us a stringent constraint on η.

To examine the dependence of the stellar properties on η more clearly, we plot the stellar

masses for ρc = 2.0ρ0, 1.5ρ0, and 1.0ρ0 in Fig. 2(a). From this figure, we find that the stellar

masses with the fixed central density can be approximately expressed as a linear function of η,

M

M"
= c0 + c1

( η

100 MeV

)
, (2)

where c0 and c1 are constants depending on ρc. The validity of η is now evident. The deviation

from this formula for ρc = 2ρ0 is larger than that for ρc = ρ0, which could be due to the effect of

three-nucleon interaction. Moreover, we find that the coefficients in equation (2) can be expressed

well with the quadratic curve as a function of uc ≡ ρc/ρ0 within the accuracy less than a few

percent as in Fig. 3. Finally, we can derive the mass formula of low-mass neutron stars;

M

M"
= 0.371 − 0.820uc + 0.279u2

c − (0.593 − 1.254uc + 0.235u2
c)

( η

100 MeV

)
, (3)

where we consider the stellar models for ρc ! 0.9ρ0, because the stellar models for ρc " 0.9ρc can
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nuclear experiments but also simultaneous measurements of stellar properties, such as M and R,

could constrain η, which could in turn lead to restriction of stellar models. In particular, observa-

tions of low-mass neutron stars would be essential. For example, the radiation radius of the X-ray

source, CXOU 132619.7–472910.8, in the globular cluster NGC 5139 (ω Cen) has been deter-

mined as R∞ = 14.3 ± 2.1 km from the Chandra data29. The allowed region from this radiation

radius is shown in Fig. 1(a) and (b) with the shaded region. This is consistent with various values

of η, but future precise determination of R∞ could constrain η, if M is low enough. Additionally,

thermal spectra detected from quiescent low-mass X-ray binaries are expected to give M and R

simultaneously5, 6, which could tell us a stringent constraint on η.

To examine the dependence of the stellar properties on η more clearly, we plot the stellar

masses for ρc = 2.0ρ0, 1.5ρ0, and 1.0ρ0 in Fig. 2(a). From this figure, we find that the stellar

masses with the fixed central density can be approximately expressed as a linear function of η,

M

M"
= c0 + c1

( η

100 MeV

)
, (2)

where c0 and c1 are constants depending on ρc. The validity of η is now evident. The deviation

from this formula for ρc = 2ρ0 is larger than that for ρc = ρ0, which could be due to the effect of

three-nucleon interaction. Moreover, we find that the coefficients in equation (2) can be expressed

well with the quadratic curve as a function of uc ≡ ρc/ρ0 within the accuracy less than a few

percent as in Fig. 3. Finally, we can derive the mass formula of low-mass neutron stars;

M

M"
= 0.371 − 0.820uc + 0.279u2

c − (0.593 − 1.254uc + 0.235u2
c)

( η

100 MeV

)
, (3)

where we consider the stellar models for ρc ! 0.9ρ0, because the stellar models for ρc " 0.9ρc can

5

become unstable, depending on EOSs.

We also find that the gravitational redshift with the fixed central density can be approximately

expressed as a linear function of η, as in Fig. 2(b). Then, in the same way to derive equation (3),

we can derive the theoretical formula of gravitational redshift

z = 0.00859 − 0.0619uc + 0.0255u2
c − (0.0429 − 0.108uc + 0.0120u2

c)
( η

100 MeV

)
. (4)

Via the simultaneous observations of mass and gravitational redshift could tell us the nuclear matter

parameter η and ρc, using equations (3) and (4).

Futhermore, we plot the stellar radii for ρc = 1.5ρ0 and 2.0ρ0 in Fig. 4. From this figure,

one can observe that the stellar radii strongly depend on the central density for η ! 90 MeV, while

converging to an almost linear function of η for η " 90 MeV expressed as

R [km] = 10.32 + 2.57
( η

100 MeV

)
. (5)

Note that this converging behavior holds for ρc = 1.5ρ0 ∼ 2ρ0. Again, one could find not only η

but also ρc with the mass and radius formulae derived here, via the direct observations of masses

and radii of low-mass neutron stars.

In summary, we have been first successful to derive the theoretical formulae of mass, radius,

and gravitational redshift for low-mass neutron stars, as functions of the stellar central density and

a new nuclear matter parameter η we found here. Via the direct observations of low-mass neutron

stars, such as the low-mass X-ray binaries, one can extract not only the nuclear matter parameter

but also the stellar central density, which enables us to unlock the neutron star physics.

6

vanishes. It is not clear up to what density the adopted unified-EOSs are applicable. Nonetheless,

one can expect that the uncertainty from three-neutron interactions in the EOS of pure neutron

matter becomes relevant for ρ ! 2ρ0, as suggested by quantum Monte Carlo calculations28. We

thus examine the stellar models for ρc ≤ 2ρ0.

Fig. 1(a) shows the resultant M -R relation. To systematically describe various stellar models,

we introduce a new auxiliary parameter η defined as

η = (K0L
2)1/3. (1)

Remarkably, the M -R relation changes almost smoothly with η. In fact, we carefully chose the

powers of the parameters K0 and L in finding η. Note that we do not adopt the OI-EOS with

L " 10 MeV14, 15, because the pressure can become negative inside the star, which may tell us the

lower limit of η as η ! 30 MeV. Meanwhile, the upper limit sets that η " 200 MeV (Extended

Data Table 1) to examine in the wide-range parameter space, which is significantly higher than the

usual expectations in the nuclear physics7.

From the observational viewpoint, the radiation radius R∞ = R/
√

1 − 2GM/Rc2 and the

gravitational redshift z = 1/
√

1 − 2GM/Rc2 − 1 may be more relevant in describing the stellar

properties, which relation can be written as in Fig. 1(b). Actually, the detected photon flux is

proportional to (R∞/D)2, where D is the distance from the Earth. The gravitational redshift is

associated with the shift of atomic absorption lines emitted from stellar surface.

The smooth change of the stellar properties with η suggests that not only future terrestrial

4

(HS+14)



make constraint more severe
• low-mass NS can be expressed with ηand 
up to             (HS+ 14);                       &

• we focus on
• η= 70.6 ‒ 118.5 MeV (𝜍 = 85.3 - 135.1 MeV)
• η= 85.3 ‒ 135.1 MeV (𝜍 = 104.9 - 128.4 MeV)

• suppose that the radius of NS with           
is constant

• then, we can get the NS mass and radius 
constraint as an intersection
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constrained from the identification of QPOs observed in SGR 1806-20 and 1900+14 with the crustal torsional oscillations, i.e., L = 58�73
MeV, together with the fiducial value of K0 (⌘ = 90.5 � 111.5 MeV), assuming the stellar central density (⇢c) is less than twice the
nuclear saturation density (⇢0). The dashed lines denote the constant neutron star radii, which are the same as those of the neutron star
models for ⌘ = 70.6, 90.5, 111.5, and 118.5 MeV with ⇢c = 2⇢0.
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with other observational and experimental constraints (see the text for detail). For reference, we also plot the neutron star mass and
radius theoretically constructed with several realistic EOSs.

corresponds to the expected region with the fiducial values of K0 and L (the value of L constrained from the identification of

the QPO frequencies observed in SGR 1806-20 and 1900+14 together with the fiducial value of K0). Meanwhile, in the same

figure, we show the constraints on the neutron star mass and radius with NICER observations for PSR J0030+0451 and MSP

J0740+6620 (Riley et al. 2019; Miller et al. 2019; Riley et al. 2021; Miller et al. 2021), with the observations of x-ray bursts,

and with the gravitational wave observations in GW170817. With respect to the constraint from GW170817, we show the

conservative constraint from the tidal deformability, i.e., the 1.4M� neutron star radius, R1.4, should be less than 13.6 km

(Annala et al. 2018), together with the more stringent constraints obtained from multimessenger observations and nuclear

theory, i.e., R1.4 = 11.0+0.9
�0.6 km (Capano et al. 2020) and R1.4 = 11.75+0.86

�0.81 km (Dietrich et al. 2020).

For reference, in Fig. 8, we also show the neutron star models theoretically constructed with the realistic EOSs. Among

the EOSs adopted here, Shen EOS has been already excluded from the gravitational wave observation in GW170817, but we

show it here as a reference because it is one one of the standard EOSs in astrophysics.
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star models, we show the resultant value of & for identifying the observed QPO frequencies with the 1st, 2nd, 4th, and 10th

overtone frequencies, where we also show the fiducial value of & (shaded region) and & (dashed lines) estimated with the value

of L constrained from the identification of magnetar QPOs observed in SGR 1806-20 and 1900+14. We note that for the

stellar models, with which the suitable value of & for identifying the QPO frequencies is far from the fiducial value of &, e.g.,

a neutron star model with M = 1.8M� and 10 km, the QPO frequencies may be identified with di↵erent combination of the

overtone frequencies of crustal torsional oscillations. Anyway, for the stellar models shown in Fig. 5, one can identify the QPO

frequenceis observed in GRB 200415A with the 1st, 2nd, 4th, and 10th overtones.

From Fig. 5, we find that the allowed mass region for the neutron star with each stellar radius so that the value of & for

identifying the QPO frequencies should be in the range of & = 85.3 � 135.1 MeV or & = 104.9 � 128.4 MeV. The resultant

constraint on neutron star mass and radius is shown in Fig. 6, where the shaded region (the region enclosed with the solid

lines) corresponds to the constraints obtained with & = 85.3� 135.1 MeV (& = 104.9� 128.4 MeV).

On the other hand, one can discuss the mass and radius of a low-mass neutron star with another combination of L

and K0, i.e., ⌘ = (K0L
2)1/3 (Sotani et al. 2014; Sotani, Nishimura, & Naito 2022). The mass and gravitational redshift of

a neutron star, whose central density is less than twice the nuclear saturation density, ⇢0, can be expressed as a function of

⌘ and the central density normalized by ⇢0, which leads to the relation between the neutron star mass and radius, once ⌘

is fixed. We note that one can also discuss the rotational properties of low-mass neutron stars (Silva, Sotani, & Berti 2016)

and the possible maximum mass of neutron stars (Sotani 2017; Sotani & Kokkotas 2017), using ⌘. In such a way, adopting

the range of ⌘ as ⌘ = 70.6 � 118.5 MeV with the fiducial value of L and K0, which corresponds to & = 85.3 � 135.1 MeV
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nuclear experiments but also simultaneous measurements of stellar properties, such as M and R,

could constrain η, which could in turn lead to restriction of stellar models. In particular, observa-

tions of low-mass neutron stars would be essential. For example, the radiation radius of the X-ray

source, CXOU 132619.7–472910.8, in the globular cluster NGC 5139 (ω Cen) has been deter-

mined as R∞ = 14.3 ± 2.1 km from the Chandra data29. The allowed region from this radiation

radius is shown in Fig. 1(a) and (b) with the shaded region. This is consistent with various values

of η, but future precise determination of R∞ could constrain η, if M is low enough. Additionally,

thermal spectra detected from quiescent low-mass X-ray binaries are expected to give M and R

simultaneously5, 6, which could tell us a stringent constraint on η.

To examine the dependence of the stellar properties on η more clearly, we plot the stellar

masses for ρc = 2.0ρ0, 1.5ρ0, and 1.0ρ0 in Fig. 2(a). From this figure, we find that the stellar

masses with the fixed central density can be approximately expressed as a linear function of η,

M

M"
= c0 + c1

( η

100 MeV

)
, (2)

where c0 and c1 are constants depending on ρc. The validity of η is now evident. The deviation

from this formula for ρc = 2ρ0 is larger than that for ρc = ρ0, which could be due to the effect of

three-nucleon interaction. Moreover, we find that the coefficients in equation (2) can be expressed

well with the quadratic curve as a function of uc ≡ ρc/ρ0 within the accuracy less than a few

percent as in Fig. 3. Finally, we can derive the mass formula of low-mass neutron stars;

M

M"
= 0.371 − 0.820uc + 0.279u2

c − (0.593 − 1.254uc + 0.235u2
c)

( η

100 MeV

)
, (3)

where we consider the stellar models for ρc ! 0.9ρ0, because the stellar models for ρc " 0.9ρc can

5

become unstable, depending on EOSs.

We also find that the gravitational redshift with the fixed central density can be approximately

expressed as a linear function of η, as in Fig. 2(b). Then, in the same way to derive equation (3),

we can derive the theoretical formula of gravitational redshift

z = 0.00859 − 0.0619uc + 0.0255u2
c − (0.0429 − 0.108uc + 0.0120u2

c)
( η

100 MeV

)
. (4)

Via the simultaneous observations of mass and gravitational redshift could tell us the nuclear matter

parameter η and ρc, using equations (3) and (4).

Futhermore, we plot the stellar radii for ρc = 1.5ρ0 and 2.0ρ0 in Fig. 4. From this figure,

one can observe that the stellar radii strongly depend on the central density for η ! 90 MeV, while

converging to an almost linear function of η for η " 90 MeV expressed as

R [km] = 10.32 + 2.57
( η

100 MeV

)
. (5)

Note that this converging behavior holds for ρc = 1.5ρ0 ∼ 2ρ0. Again, one could find not only η

but also ρc with the mass and radius formulae derived here, via the direct observations of masses

and radii of low-mass neutron stars.

In summary, we have been first successful to derive the theoretical formulae of mass, radius,

and gravitational redshift for low-mass neutron stars, as functions of the stellar central density and

a new nuclear matter parameter η we found here. Via the direct observations of low-mass neutron

stars, such as the low-mass X-ray binaries, one can extract not only the nuclear matter parameter

but also the stellar central density, which enables us to unlock the neutron star physics.
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vanishes. It is not clear up to what density the adopted unified-EOSs are applicable. Nonetheless,

one can expect that the uncertainty from three-neutron interactions in the EOS of pure neutron

matter becomes relevant for ρ ! 2ρ0, as suggested by quantum Monte Carlo calculations28. We

thus examine the stellar models for ρc ≤ 2ρ0.

Fig. 1(a) shows the resultant M -R relation. To systematically describe various stellar models,

we introduce a new auxiliary parameter η defined as

η = (K0L
2)1/3. (1)

Remarkably, the M -R relation changes almost smoothly with η. In fact, we carefully chose the

powers of the parameters K0 and L in finding η. Note that we do not adopt the OI-EOS with

L " 10 MeV14, 15, because the pressure can become negative inside the star, which may tell us the

lower limit of η as η ! 30 MeV. Meanwhile, the upper limit sets that η " 200 MeV (Extended

Data Table 1) to examine in the wide-range parameter space, which is significantly higher than the

usual expectations in the nuclear physics7.

From the observational viewpoint, the radiation radius R∞ = R/
√

1 − 2GM/Rc2 and the

gravitational redshift z = 1/
√

1 − 2GM/Rc2 − 1 may be more relevant in describing the stellar

properties, which relation can be written as in Fig. 1(b). Actually, the detected photon flux is

proportional to (R∞/D)2, where D is the distance from the Earth. The gravitational redshift is

associated with the shift of atomic absorption lines emitted from stellar surface.

The smooth change of the stellar properties with η suggests that not only future terrestrial
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Comparison with other constraints
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Another possibility
• up to now, we identify the lowest QPO in 
GRB 200415A with the 1st overtone

• the identification with the 2nd overtone is 
also possible

• 𝜍 for this identification for NS models with 
1.4M⊙ and 14 km is relatively large

• frequency increases with M/R
• to identify with this correspondence, 
standard NS models must give us out of the 
fiducial value of 𝜍
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Magnetic effects
• the shift in the torsional oscillations frequencies obeys the following formula (HS+2007; Gabler+2018)

• for the overtones, 
• for EOS NV
• for EOS DH

• the deviation of the magnetized neutron star frequencies 
from those of the non-magnetized ones are 
• ≲ 3.4% for the EOS NV
• ≲ 7.5% for the EOS DH,

if we assume B ≈ 1015G
• These values are still within the limits of uncertainty 
(~ 10%) estimated in Castro-Tirado+ (2021) 

• So, simply we neglect the magnetic effects here.
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Appendix A: Magnetic effects on the crustal
torsional oscillations

In this study, we ignored the effects of the magnetic field on
crustal torsional oscillations. The signal reported in Castro-
Tirado et al. (2021), seems to be weaker than that observed in
SGR 1806-20, which was estimated to be  (2�4)⇥1015 G (Co-
laiuda & Kokkotas 2011; Gabler et al. 2018). For smaller mag-
netic field strengths, i.e., B  1015 G, the presence of the mag-
netic field can hardly be imprinted in the oscillation spectra. For
B � 1015 G there is shifting in the torsional oscillation frequen-
cies, and a “continuous” spectrum appears if one considers re-
stricted geometries for the magnetic field (Levin 2007; Colaiuda
et al. 2009; van Hoven & Levin 2011; Colaiuda & Kokkotas
2011; Gabler et al. 2012, 2018) while for mixed poloidal-toroidal
fields the magnetoelastic oscillations spectrum is becoming dis-
crete (Colaiuda & Kokkotas 2012).

The effect of the magnetic field on pure torsional oscillations
has been studied in Sotani et al. (2007). There it was shown that
for a variety of neutron star models and EOS the shift in the
torsional oscillations frequencies obeys the following formula

`fn

`f
(0)

n

⇡
"
1 + `↵n

✓
B

Bµ

◆2
#1/2

, (A.1)

where `f
(0)

n is the torsional mode frequency of the n-th overtone
of a non-magnetized neutron star, while `fn is the frequency of
the equivalent magnetized one with the same parameters (M , R,
EOS). B is the strength of the surface magnetic field normal-
ized by Bµ = 4 ⇥ 1015 G. In a most recent calculation, this re-
sult is almost confirmed through two-dimensional analysis with
a poloidal magnetic field (Gabler et al. 2018), where the oscil-
lation frequencies are named as magnetically modified torsional
modes.

In the previous studies (Sotani et al. 2007), the coefficients
`↵n, have been calculated only for n = 0, 1 and their values
vary from 0.3 to 0.5 for EOS NV (Negele & Vautherin 1973)
and 0.4 to 1.5 for EOS DH (Douchin & Haensel 2001). Here
we calculated 2↵n for larger values of n as it is shown in Fig-
ure A.1. The values seem to reach a maximum value of about
2↵n ⇡ 2 � 2.5 for EOS DH and 2↵n ⇡ 0.8 � 1.1 for EOS NV.
Thus the deviation of the magnetized neutron star frequencies
from those of the non-magnetized ones are <⇠ 3.4% for the EOS
NV and <⇠ 7.5% for the EOS DH, if we assume B ⇠ 1015 G.
These values are still within the limits of uncertainty (⇠ 10%)
estimated in Castro-Tirado et al. (2021). For values of the mag-
netic field significantly higher than B ⇠ 1015 G, our approach is
failing.

Appendix B: Can the 836 Hz QPO be the 2nd
overtone?

In the main part of the article, we identified the lowest QPO fre-
quency at 836 Hz as the 1st overtone. In this appendix, we ex-
amine the possibility of identifying the lowest QPO as the 2nd
overtone. In Fig. B.1 we plot the 1st and 2nd overtone of crustal
torsional oscillations for a neutron star model with 1.4M� and
14 km as a function of & . In the same figure we draw the observed
QPO frequency and the aforementioned values for & and &QPO.
It is apparent that the 836 Hz QPO frequency can be identified
as the 2nd overtone. In fact, as it is shown in Fig. B.2, all four
QPOs observed in GRB 200415A can be identified as the 2nd,
5th, 8th, and 16th overtones, if & = 142.1 MeV. However, as

it was mentioned earlier, the overtone frequencies increase with
compactness, which implies that the suitable & values for identi-
fying the observed QPOs should be larger, beyond the accepted
values for & . Therefore, for being in agreement with the range
& = 85.3�135.1 MeV, we will need to consider the neutron star
models with very small and somehow unphysical compactness.
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Figure 3. The frequencies of the fundamental n = 0 and the first overtone for ! = 2, 3 and 4 torsional modes as functions of the normalized magnetic field
(B/Bµ). The neutron star mass is 1.4 M! and we show results for EOS A + DH.

Figure 4. The frequencies of the fundamental n = 0 and ! = 2 torsional mode as functions of the normalized magnetic field (B/Bµ). The neutron star masses
are 1.4 M! and we show only results for four EOS, that is, A + DH, A + NV, L + DH and L + NV. The lines correspond to fits according to the empirical
formula, equation (79), with coefficient values from Table 5. As seen here, our empirical formula, equation (79), agrees very well with the numerical results.
We stress that these results were obtained in the approximation of neglecting magnetic-field-induced deformations of the background star and couplings to !

± 2 terms.

and crust model, uniformly covering the allowed mass versus radius parameter space. Our numerical results have shown that torsional mode
frequencies are sensitive to the crust model if the high-density EOS is very stiff (such as EOS L). In addition, torsional mode frequencies
are drastically affected by a dipole magnetic field, if the latter has a strength exceeding roughly 1015 G. The effect of the magnetic field is
surprisingly sensitive to the adopted crust model. Using our extended numerical results we have derived empirical relations for the effect of the
magnetic field on torsional modes as well as for the crust thickness. We compare our numerical results to observed frequencies in SGRs and
find that certain high-density EOS and mass values are favoured over others in the non-magnetized limit. On the other hand, if the magnetic
field is strong, then its effect has to be taken into account in attempts to formulate a theory of asteroseismology for magnetars. This topic, as
well as the inclusion of global magnetosonic modes will be discussed in a separate publication (Sotani et al., in preparation).
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Appendix A: Magnetic effects on the crustal
torsional oscillations

In this study, we ignored the effects of the magnetic field on
crustal torsional oscillations. The signal reported in Castro-
Tirado et al. (2021), seems to be weaker than that observed in
SGR 1806-20, which was estimated to be  (2�4)⇥1015 G (Co-
laiuda & Kokkotas 2011; Gabler et al. 2018). For smaller mag-
netic field strengths, i.e., B  1015 G, the presence of the mag-
netic field can hardly be imprinted in the oscillation spectra. For
B � 1015 G there is shifting in the torsional oscillation frequen-
cies, and a “continuous” spectrum appears if one considers re-
stricted geometries for the magnetic field (Levin 2007; Colaiuda
et al. 2009; van Hoven & Levin 2011; Colaiuda & Kokkotas
2011; Gabler et al. 2012, 2018) while for mixed poloidal-toroidal
fields the magnetoelastic oscillations spectrum is becoming dis-
crete (Colaiuda & Kokkotas 2012).

The effect of the magnetic field on pure torsional oscillations
has been studied in Sotani et al. (2007). There it was shown that
for a variety of neutron star models and EOS the shift in the
torsional oscillations frequencies obeys the following formula
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where `f
(0)

n is the torsional mode frequency of the n-th overtone
of a non-magnetized neutron star, while `fn is the frequency of
the equivalent magnetized one with the same parameters (M , R,
EOS). B is the strength of the surface magnetic field normal-
ized by Bµ = 4 ⇥ 1015 G. In a most recent calculation, this re-
sult is almost confirmed through two-dimensional analysis with
a poloidal magnetic field (Gabler et al. 2018), where the oscil-
lation frequencies are named as magnetically modified torsional
modes.

In the previous studies (Sotani et al. 2007), the coefficients
`↵n, have been calculated only for n = 0, 1 and their values
vary from 0.3 to 0.5 for EOS NV (Negele & Vautherin 1973)
and 0.4 to 1.5 for EOS DH (Douchin & Haensel 2001). Here
we calculated 2↵n for larger values of n as it is shown in Fig-
ure A.1. The values seem to reach a maximum value of about
2↵n ⇡ 2 � 2.5 for EOS DH and 2↵n ⇡ 0.8 � 1.1 for EOS NV.
Thus the deviation of the magnetized neutron star frequencies
from those of the non-magnetized ones are <⇠ 3.4% for the EOS
NV and <⇠ 7.5% for the EOS DH, if we assume B ⇠ 1015 G.
These values are still within the limits of uncertainty (⇠ 10%)
estimated in Castro-Tirado et al. (2021). For values of the mag-
netic field significantly higher than B ⇠ 1015 G, our approach is
failing.

Appendix B: Can the 836 Hz QPO be the 2nd
overtone?

In the main part of the article, we identified the lowest QPO fre-
quency at 836 Hz as the 1st overtone. In this appendix, we ex-
amine the possibility of identifying the lowest QPO as the 2nd
overtone. In Fig. B.1 we plot the 1st and 2nd overtone of crustal
torsional oscillations for a neutron star model with 1.4M� and
14 km as a function of & . In the same figure we draw the observed
QPO frequency and the aforementioned values for & and &QPO.
It is apparent that the 836 Hz QPO frequency can be identified
as the 2nd overtone. In fact, as it is shown in Fig. B.2, all four
QPOs observed in GRB 200415A can be identified as the 2nd,
5th, 8th, and 16th overtones, if & = 142.1 MeV. However, as

it was mentioned earlier, the overtone frequencies increase with
compactness, which implies that the suitable & values for identi-
fying the observed QPOs should be larger, beyond the accepted
values for & . Therefore, for being in agreement with the range
& = 85.3�135.1 MeV, we will need to consider the neutron star
models with very small and somehow unphysical compactness.
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Appendix A: Magnetic effects on the crustal
torsional oscillations

In this study, we ignored the effects of the magnetic field on
crustal torsional oscillations. The signal reported in Castro-
Tirado et al. (2021), seems to be weaker than that observed in
SGR 1806-20, which was estimated to be  (2�4)⇥1015 G (Co-
laiuda & Kokkotas 2011; Gabler et al. 2018). For smaller mag-
netic field strengths, i.e., B  1015 G, the presence of the mag-
netic field can hardly be imprinted in the oscillation spectra. For
B � 1015 G there is shifting in the torsional oscillation frequen-
cies, and a “continuous” spectrum appears if one considers re-
stricted geometries for the magnetic field (Levin 2007; Colaiuda
et al. 2009; van Hoven & Levin 2011; Colaiuda & Kokkotas
2011; Gabler et al. 2012, 2018) while for mixed poloidal-toroidal
fields the magnetoelastic oscillations spectrum is becoming dis-
crete (Colaiuda & Kokkotas 2012).

The effect of the magnetic field on pure torsional oscillations
has been studied in Sotani et al. (2007). There it was shown that
for a variety of neutron star models and EOS the shift in the
torsional oscillations frequencies obeys the following formula
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where `f
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n is the torsional mode frequency of the n-th overtone
of a non-magnetized neutron star, while `fn is the frequency of
the equivalent magnetized one with the same parameters (M , R,
EOS). B is the strength of the surface magnetic field normal-
ized by Bµ = 4 ⇥ 1015 G. In a most recent calculation, this re-
sult is almost confirmed through two-dimensional analysis with
a poloidal magnetic field (Gabler et al. 2018), where the oscil-
lation frequencies are named as magnetically modified torsional
modes.

In the previous studies (Sotani et al. 2007), the coefficients
`↵n, have been calculated only for n = 0, 1 and their values
vary from 0.3 to 0.5 for EOS NV (Negele & Vautherin 1973)
and 0.4 to 1.5 for EOS DH (Douchin & Haensel 2001). Here
we calculated 2↵n for larger values of n as it is shown in Fig-
ure A.1. The values seem to reach a maximum value of about
2↵n ⇡ 2 � 2.5 for EOS DH and 2↵n ⇡ 0.8 � 1.1 for EOS NV.
Thus the deviation of the magnetized neutron star frequencies
from those of the non-magnetized ones are <⇠ 3.4% for the EOS
NV and <⇠ 7.5% for the EOS DH, if we assume B ⇠ 1015 G.
These values are still within the limits of uncertainty (⇠ 10%)
estimated in Castro-Tirado et al. (2021). For values of the mag-
netic field significantly higher than B ⇠ 1015 G, our approach is
failing.

Appendix B: Can the 836 Hz QPO be the 2nd
overtone?

In the main part of the article, we identified the lowest QPO fre-
quency at 836 Hz as the 1st overtone. In this appendix, we ex-
amine the possibility of identifying the lowest QPO as the 2nd
overtone. In Fig. B.1 we plot the 1st and 2nd overtone of crustal
torsional oscillations for a neutron star model with 1.4M� and
14 km as a function of & . In the same figure we draw the observed
QPO frequency and the aforementioned values for & and &QPO.
It is apparent that the 836 Hz QPO frequency can be identified
as the 2nd overtone. In fact, as it is shown in Fig. B.2, all four
QPOs observed in GRB 200415A can be identified as the 2nd,
5th, 8th, and 16th overtones, if & = 142.1 MeV. However, as

it was mentioned earlier, the overtone frequencies increase with
compactness, which implies that the suitable & values for identi-
fying the observed QPOs should be larger, beyond the accepted
values for & . Therefore, for being in agreement with the range
& = 85.3�135.1 MeV, we will need to consider the neutron star
models with very small and somehow unphysical compactness.
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Chamel N. 2012, Phys. Rev. C, 85, 035801
Colaiuda A., Beyer, H., & Kokkotas K. D. 2009, MNRAS, 396, 1441
Colaiuda A., & Kokkotas K. D. 2011, MNRAS, 414, 3014
Colaiuda A., & Kokkotas K. D. 2012, MNRAS, 423, 811
Cromartie H. T., Fonseca E., Ransom S. M., et al. 2020, Nature Astronomy, 4,

72
Demorest P., Pennucci T., Ransom S., et al. 2010, Nature, 467, 1081
Dietrich T., Coughlin M. W., Pang P. T. H., et al. 2020, Science 370, 1450
Doneva D. D., Gaertig E., Kokkotas K. D., & Krüger C. 2013, Phys. Rev. D, 88,

044052
Douchin F., & Haensel P. 2001, Astron. Astrophys., 380, 151
Gabler M., Cerdá Durán P., Font J. A., et al. 2011, MNRAS, 410, L37
Gabler M., Cerdá Durán P., Stergioulas N., et al. 2012, MNRAS, 421, 2054
Gabler M., Cerdá Durán P., Stergioulas N., et al. 2013, Phys. Rev. Let., 111,

211102
Gabler M., Cerdá Durán P., Stergioulas N., et al. 2016, MNRAS, 460, 4242-4257
Gabler M., Cerdá Durán P., Stergioulas N., et al. 2018, MNRAS, 476, 4199
Gearheart M., Newton W. G., Hooker J., & Li B. A. 2011, MNRAS, 418, 2343
Haensel P., Potekhin A. Y., & Yakovlev D. G., in Neutron Stars 1: Equation of

State and Structure (Springer, 2006)
Hansen C., & Cioffi D. F. 1980, ApJ, 238, 740
Krüger C. J., Kokkotas K. D., Manoharan P., & Völkel S. H. 2021, Front. Astron.

Space Sci. 8, 736918
Lattimer J. M. 2012, Ann. Rev. Nucl. Part. Sci. 62, 485
Leahy D. A., & Li L. 1995, MNRAS, 277, 1177
Levin Y. 2007, MNRAS, 377, 159
Li B. A., Krastev P. G., Wen D. H., & Zhang N. B. 2019, Euro. Phys. J. A, 55,

117
Miller M. C., Lamb F. K., Dittmann A. J., et al. 2019, ApJL, 887, L24
Miller M. C., Lamb F. K., Dittmann A. J., et al., 2021, ApJL, 918, L28
Morozova V., Radice D., Burrows A., & Vartanyan D. 2018, ApJ, 861, 10
Negele J. W., & Vautherin D. 1973, Nucl. Phys., A207, 298 (NV)
Oertel M., Hempel M., Klähn T., & Typel S. 2017, Rev. Mod. Phys., 89, 015007.
Ogata S., & Ichimaru S. 1990, Phys. Rev. A, 42, 4867
Oyamatsu K., & Iida K., 2003 Prog. Theor. Phys., 109, 631
Oyamatsu K., & Iida K. 2007, Phys. Rev. C, 75, 015801
Passamonti A., & Andersson N. 2012, MNRAS, 419, 638
Pechenick K. R., Ftaclas C., & Cohen J. M. 1983, ApJ, 274, 846.
Pethick C. J., & Potekhin A. Y. 1998, Phys. Lett. B427, 7
Poutanen J., & Gierlinski M. 2003, MNRAS, 343, 1301
Psaltis D., & Özel F. 2014, ApJ, 792, 87
Riley T. E., Watts A. L., Bogdanov S., et al. 2019, ApJL, 887, L21
Riley T. E., Watts A. L., Ray P. S., et al. 2021, ApJL, 918, L27
Romani R. W., Kandel D., Filippenko A. V., et al. 2022, ApJL, 934, L17
Schumaker B. L., & Thorne K. S. 1983, MNRAS, 203, 457
Shlomo S., Kolomietz V. M., & Colò G. 2006, Eur. Phys. J. A, 30, 23
Sotani H., & Miyamoto U. 2018, Phys. Rev. D, 98, 044017
Sotani H., & Ota S. 2022, Phys. Rev. D, 106, 103005
Sotani H., Kohri K., & Harada T. 2004, Phys. Rev. D, 69, 084008
Sotani H., Kokkotas K. D., & Stergioulas N. 2007, MNRAS, 375, 261
Sotani H., Yasutake N., Maruyama T., & Tatsumi T. 2011, Phys. Rev. D, 83,

024014
Sotani H., Nakazato K., Iida K., & Oyamatsu K. 2012, Phys. Rev. Lett., 108,

201101
Sotani H., Nakazato K., Iida K., & Oyamatsu K. 2013, MNRAS, 428, L21
Sotani H., Iida K., Oyamatsu K., & Ohnishi A. 2014, Prog. Theor. Exp. Phys.

2014, 051E01
Sotani H., Iida K., & Oyamatsu K. 2017, MNRAS, 470, 4397
Sotani H., Iida K., & Oyamatsu K. 2018, MNRAS, 479, 4735
Sotani H., Iida K., & Oyamatsu K. 2019, MNRAS, 489, 3022
Sotani H., Takiwaki T., & Togashi H. 2021, Phys. Rev. D, 104, 123009
Sotani H., Nishimura N., & Naito T. 2022, Prog. Theor. Exp. Phys. 2022, 041D01
Steiner A. W., & Watts A. L. 2009, Phys. Rev. Lett., 103, 181101
Steiner A. W., Lattimer J. M., & Brown E. F. 2013, ApJL, 765, L5
Strohmayer T. E., & Watts A. L. 2005, ApJ, 632, L111
Strohmayer T. E., & Watts A. L. 2006, ApJ, 653, 593
Strohmayer T., van Horn H. M., Ogata S., et al. 1991, ApJ, 375, 679
Sun, X., Miao, Z., Sun, B. & Li, A., ApJ, 942, e55
Suvorov A. G., Kuan H. J., & Kokkotas K. D. 2022 A&A, 664, A177
van Hoven M., & Levin Y. 2011, MNRAS, 410, 1036
Torres-Forné A., Cerdá-Durán P., Passamonti A., et al. 2019, MNRAS, 482, 3967
Xiao S. et al., 2022, arXiv:2205.02186.

Article number, page 8 of 9

Sotani et al.: NS model constrained from high QPOs

0 2 4 6 8 10 12
0

0.5

1.0

1.5

2.0

2.5

3.0

n

2α
n

DH

NV

WFF3 (1.4M⊙)

APR (1.4M⊙)

APR (2.0M⊙)

Fig. A.1. The coefficients of 2an in Eq. (A.1) for the neutron star models constructed with two different crust EOSs, NV (Negele & Vautherin
1973) and DH (Douchin & Haensel 2001). For the interior (core) we have used the APR and WFF3 EOS. The open and filled marks correspond to
results with NV and DH EOS, while the solid, dashed, and dotted lines correspond to the results for the 1.4M�, 2.0M� neutron star models for
the APR EOS, and 1.4M� neutron star models for the WFF3 EOS.

40 80 120 160 200
200

400

600

800

1000

1200

1400

ς (MeV)

fr
eq

ue
nc

y 
(H

z)

(1.4M⊙, 14km)

Ns/Nd = 0

835.9-84.7
+77.3

2nd

1st

Fig. B.1. The 1st (dotted line) and 2nd (solid line) overtones of the
` = 2 crustal torsional oscillations for a neutron star model with
(M,R) = (1.4M�, 14km) and Ns/Nd = 0 is shown as functions
of & . For reference, we plot the lowest observed QPO frequency (red
shaded area) in GRB 200415A, i.e., 835.9�84.7

+77.3 Hz (Castro-Tirado et al.
2021). The ranges for & (dark shaded area) and &QPO (the area between
the dashed lines) are also drawn for comparison.

40 80 120 160 200

1

2

3

4

5

ς (MeV)

fr
eq

ue
nc

y 
(k

H
z)

2nd

5th

16th

1.4M⊙, 14km

8th

� = 142.1 MeV

Fig. B.2. Identification of the QPOs observed in GRB 200415A as
crystal torsional oscillation overtones for a neutron star model with
M = 1.4M� and R = 14 km, assuming that the lowest QPO in GRB
200415A corresponds to the 2nd overtone.

Article number, page 9 of 9

A&A proofs: manuscript no. output

Appendix A: Magnetic effects on the crustal
torsional oscillations

In this study, we ignored the effects of the magnetic field on
crustal torsional oscillations. The signal reported in Castro-
Tirado et al. (2021), seems to be weaker than that observed in
SGR 1806-20, which was estimated to be  (2�4)⇥1015 G (Co-
laiuda & Kokkotas 2011; Gabler et al. 2018). For smaller mag-
netic field strengths, i.e., B  1015 G, the presence of the mag-
netic field can hardly be imprinted in the oscillation spectra. For
B � 1015 G there is shifting in the torsional oscillation frequen-
cies, and a “continuous” spectrum appears if one considers re-
stricted geometries for the magnetic field (Levin 2007; Colaiuda
et al. 2009; van Hoven & Levin 2011; Colaiuda & Kokkotas
2011; Gabler et al. 2012, 2018) while for mixed poloidal-toroidal
fields the magnetoelastic oscillations spectrum is becoming dis-
crete (Colaiuda & Kokkotas 2012).

The effect of the magnetic field on pure torsional oscillations
has been studied in Sotani et al. (2007). There it was shown that
for a variety of neutron star models and EOS the shift in the
torsional oscillations frequencies obeys the following formula

`fn

`f
(0)

n

⇡
"
1 + `↵n

✓
B

Bµ

◆2
#1/2

, (A.1)

where `f
(0)

n is the torsional mode frequency of the n-th overtone
of a non-magnetized neutron star, while `fn is the frequency of
the equivalent magnetized one with the same parameters (M , R,
EOS). B is the strength of the surface magnetic field normal-
ized by Bµ = 4 ⇥ 1015 G. In a most recent calculation, this re-
sult is almost confirmed through two-dimensional analysis with
a poloidal magnetic field (Gabler et al. 2018), where the oscil-
lation frequencies are named as magnetically modified torsional
modes.

In the previous studies (Sotani et al. 2007), the coefficients
`↵n, have been calculated only for n = 0, 1 and their values
vary from 0.3 to 0.5 for EOS NV (Negele & Vautherin 1973)
and 0.4 to 1.5 for EOS DH (Douchin & Haensel 2001). Here
we calculated 2↵n for larger values of n as it is shown in Fig-
ure A.1. The values seem to reach a maximum value of about
2↵n ⇡ 2 � 2.5 for EOS DH and 2↵n ⇡ 0.8 � 1.1 for EOS NV.
Thus the deviation of the magnetized neutron star frequencies
from those of the non-magnetized ones are <⇠ 3.4% for the EOS
NV and <⇠ 7.5% for the EOS DH, if we assume B ⇠ 1015 G.
These values are still within the limits of uncertainty (⇠ 10%)
estimated in Castro-Tirado et al. (2021). For values of the mag-
netic field significantly higher than B ⇠ 1015 G, our approach is
failing.

Appendix B: Can the 836 Hz QPO be the 2nd
overtone?

In the main part of the article, we identified the lowest QPO fre-
quency at 836 Hz as the 1st overtone. In this appendix, we ex-
amine the possibility of identifying the lowest QPO as the 2nd
overtone. In Fig. B.1 we plot the 1st and 2nd overtone of crustal
torsional oscillations for a neutron star model with 1.4M� and
14 km as a function of & . In the same figure we draw the observed
QPO frequency and the aforementioned values for & and &QPO.
It is apparent that the 836 Hz QPO frequency can be identified
as the 2nd overtone. In fact, as it is shown in Fig. B.2, all four
QPOs observed in GRB 200415A can be identified as the 2nd,
5th, 8th, and 16th overtones, if & = 142.1 MeV. However, as

it was mentioned earlier, the overtone frequencies increase with
compactness, which implies that the suitable & values for identi-
fying the observed QPOs should be larger, beyond the accepted
values for & . Therefore, for being in agreement with the range
& = 85.3�135.1 MeV, we will need to consider the neutron star
models with very small and somehow unphysical compactness.
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Appendix A: Magnetic effects on the crustal
torsional oscillations

In this study, we ignored the effects of the magnetic field on
crustal torsional oscillations. The signal reported in Castro-
Tirado et al. (2021), seems to be weaker than that observed in
SGR 1806-20, which was estimated to be  (2�4)⇥1015 G (Co-
laiuda & Kokkotas 2011; Gabler et al. 2018). For smaller mag-
netic field strengths, i.e., B  1015 G, the presence of the mag-
netic field can hardly be imprinted in the oscillation spectra. For
B � 1015 G there is shifting in the torsional oscillation frequen-
cies, and a “continuous” spectrum appears if one considers re-
stricted geometries for the magnetic field (Levin 2007; Colaiuda
et al. 2009; van Hoven & Levin 2011; Colaiuda & Kokkotas
2011; Gabler et al. 2012, 2018) while for mixed poloidal-toroidal
fields the magnetoelastic oscillations spectrum is becoming dis-
crete (Colaiuda & Kokkotas 2012).

The effect of the magnetic field on pure torsional oscillations
has been studied in Sotani et al. (2007). There it was shown that
for a variety of neutron star models and EOS the shift in the
torsional oscillations frequencies obeys the following formula
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where `f
(0)

n is the torsional mode frequency of the n-th overtone
of a non-magnetized neutron star, while `fn is the frequency of
the equivalent magnetized one with the same parameters (M , R,
EOS). B is the strength of the surface magnetic field normal-
ized by Bµ = 4 ⇥ 1015 G. In a most recent calculation, this re-
sult is almost confirmed through two-dimensional analysis with
a poloidal magnetic field (Gabler et al. 2018), where the oscil-
lation frequencies are named as magnetically modified torsional
modes.

In the previous studies (Sotani et al. 2007), the coefficients
`↵n, have been calculated only for n = 0, 1 and their values
vary from 0.3 to 0.5 for EOS NV (Negele & Vautherin 1973)
and 0.4 to 1.5 for EOS DH (Douchin & Haensel 2001). Here
we calculated 2↵n for larger values of n as it is shown in Fig-
ure A.1. The values seem to reach a maximum value of about
2↵n ⇡ 2 � 2.5 for EOS DH and 2↵n ⇡ 0.8 � 1.1 for EOS NV.
Thus the deviation of the magnetized neutron star frequencies
from those of the non-magnetized ones are <⇠ 3.4% for the EOS
NV and <⇠ 7.5% for the EOS DH, if we assume B ⇠ 1015 G.
These values are still within the limits of uncertainty (⇠ 10%)
estimated in Castro-Tirado et al. (2021). For values of the mag-
netic field significantly higher than B ⇠ 1015 G, our approach is
failing.

Appendix B: Can the 836 Hz QPO be the 2nd
overtone?

In the main part of the article, we identified the lowest QPO fre-
quency at 836 Hz as the 1st overtone. In this appendix, we ex-
amine the possibility of identifying the lowest QPO as the 2nd
overtone. In Fig. B.1 we plot the 1st and 2nd overtone of crustal
torsional oscillations for a neutron star model with 1.4M� and
14 km as a function of & . In the same figure we draw the observed
QPO frequency and the aforementioned values for & and &QPO.
It is apparent that the 836 Hz QPO frequency can be identified
as the 2nd overtone. In fact, as it is shown in Fig. B.2, all four
QPOs observed in GRB 200415A can be identified as the 2nd,
5th, 8th, and 16th overtones, if & = 142.1 MeV. However, as

it was mentioned earlier, the overtone frequencies increase with
compactness, which implies that the suitable & values for identi-
fying the observed QPOs should be larger, beyond the accepted
values for & . Therefore, for being in agreement with the range
& = 85.3�135.1 MeV, we will need to consider the neutron star
models with very small and somehow unphysical compactness.
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Conclusion
• magnetar QPOs are newly found in a giant gamma-ray flare (GRB 200415A)
• they can be identified with the overtones of the crustal torsional oscillations
• we get the constraint on NS mass and radius

• kHz QPOs found from other short GRBs
(Chirenti +23)

• 1113, 2649 Hz in GRB 910711
• 877, 2612 Hz in GRB 931101B
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