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1) Background



Backgrounds

* Heavy quarkonia is the simplest hadron to observe and study their
properties = e.g., charmonia (cc¢) and bottomonia (bb)

* A study about the radiative M1 transition!' with good (J*) and transverse
(j,) currents in BLFQ have been conducted

- vyielding different results in coupling constant on c¢ and bb,
- different l_c)l distribution on these two currents

* In this work, Light-front quark model (LFQM) will be used to derive the
radiative transition = good (J*) and transverse () current

[1]Lietal., PRD 98 (2018), 034024



2) Formalism



Light-Front Quark Model

* Light-Front Dynamics (LFD) and Constituent Quark Model (CQM)
- treat hadron as a bound state (qg, qqq)

* The light-front wave function (LFWF)
Ul (2, ke, N) = ®ps(a, k) R;{j;q_(m? k).

- Lorentz invariant variable x; = p/ /P*; k,

- RadialWF: P, s(x. k) (the trial wave function)
1
> Spin-orbit WF: R7”: = —— @, (p)Tpanvs (ps).
AgAg \/ﬁﬂfﬂ} )\q( q) P(V) }Lq( q)
% I'p = 7s, (pseudoscalar)
3 € - (pg — Pg)
L I'y = —¢(J, :
g Iv ¢(J:) + Mo+ m, +m,  (vector)




Radiative M1 Transition ‘ AL = 0, AS = 1, parity change

* The transition form factor (TFF) Fy» (g?) is defined by

(P(P")] J&s

the matrix element J;f = (P(P")

wo oot | @x (P1) j L ux(p1)
T =) <‘I;M Sz Q7" Jz

AN

- Z f d;:(;wh

(x, k') )®(x,

v ZRU{H( k’ iy (ph) Nz U)\(Pl)Rifi(m, k)

Va!

(0) V(P b)) = iec"*"€,q, Py Fyp(Q2),

the tensor term
E'EE#HPJEHQPPJFV'P(QEL

- Good (u = +) and
transverse (4 = 1) current
are used to explore the TFF



* The lowest Feynman diagram V(P) - P(P')y

q * Coupling constant,
f gvp = Fyp(0)
. po . . i . « Decay width
“h i s (Y —Py) = e ;j 0 Fp ks
‘77771, where
Fyp(Q?) = eqI*(mq,mg, Q%) + egl*(mg, mq, Q). T

quark anti-quark

u , _ * Branching ratio
where [; (m;, m,, Q%) is the one-loop integral

I — / ded®k . (z, K )P(z, k1)
2(2m)3 /A2 + k2 \/A? + K%

V — Py)
1_1':["1:::~ta.1

Br(V — Pvy) = I

Oﬁ(il’l? kJ_)

operator 3







Determining the parameter ‘ Variational principle

* Defining the mixing state (1S - 3S) 25

Psg 35 1‘: 35

;- Cy C3

» Trial wave function - Gaussian (H.O Basis) (@15) ({j: %a pé:) (
- €3

»Assuming some interactions
* Screened pot., Coulomb, Hyperfine

4oy
S b(1—e™HT) Ve | — 8 _ 2(Sq - 57) oo
VES = a + . Coul. 3 Vhyp. 3myma V-Veoul.

»Variational analysis 2 mass spectra on 1S?]
* Treat pertubatively, i.e., neglecting Hyp. term

oM - 9, (‘I‘( q (H + I/7-:;«_1111" + I/7-;‘(_1'1_11) v _> .
a;q _ azl (Ho 35.- Paa) _ 0, = determinea,f,a, etc.
F qq

[2] Ridwan et al., ITM Web Conf. (2024), 01016

HO
O1g

(0593

HO
D35
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Parameter result = Variational Principle

OMyz _ O(®[[Ho + V| |®) _ 0Ho | OVig _

0/ N 0/ dp + Jf

0

n.and Y in 1S as inputs

ﬁﬂ I'jl;g = ﬂg;g m,. my (1 Fixed parameters
12.12 8.44 1.61 497 -0.41 0.18
It Qg Bee B3 57

0.027 0402 05417 0.7019 1.0595 » 6 parameters are obtained

11



0.0

0.5 10 15 20 25 30
k. [GeV]

¢n5

(Dns

0 1 2 3 4 5
k. [GeV]
40
— O35
30 1 Dy
®
201 3S
v 101 YA PR
e ..-./ -\
0 TR TR
101 TN T o
\ /
—201 .
0.0 0.2 0.4 0.6 0.8 1.0
X

Wave function in the mixing

state

1S 1S 1S HO
P15 i~ €3” C3 O1g
b | = (s s s ) o
OEYS C‘?S c%s c§5 c;’)glf}
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Vo [GeV]

» Veons in every model

2 ]
1- Our Veons =2 Screened
effect.
D ]
b(1l — e M7
VConf =a+ ( ) )
-1 M
— = (] (linear) o
= qa + br
-2 = Arifi et al. (Pure) Viin -+ o,
- = Arifi et al. (Mixed)
3 === This Work
0.0 0.5 1.0 1.5 2.0
r [fm] quite important!

Mag = (Ho) +(Veont)+ (Voou) + (Viap) 13



» Mass Spectra

12 /~\
— (15) = (25) = (35) @& Exp. / \
10 . / -
i 1
T 8
e
" -
© 6 ’
=
4 1 " -
- &
2

Mgz = (UM H |U)) = (@ [Hy + Vyg] | ®)

ﬂ-j{qq- = (H{}) + (Itfbonf} + (1‘ffloul> + '(v?[-l}'p>

'".'I'r: J IUJ’ Ec B I: ﬂlb \V

-> All heavy mesons are in good agreement with experimental data, except Y(35).
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» Decay Constant

| \ O|gy*q|V (P, N)) = fyMe*(P,\) | Vector

]

=1

=]
L

T 9§ oo T summues . / \ Olgv*sqlP) = ifpP* Pseudoscalar

fe, v [MeV]

PV

(2m)° \/A2 + k2

200 4

400 - —T— Explicit form
suu-_T_ . i — \ / fpv—\/_/ d;/dkl r, k)

100

% e B B o \&

- Only Y’s which have moderately difference value between ours and
experimental data.
—> The hierarchy: ;¢ > foc > f35
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One-loop integral

| dmkoJ_ Dz, k' P(z, k) _
f = / 3 JAZ LKA LK Oh (. k1)
1 1
operator
e(h) O
e(0) ... | = Only good current (h = 0) does not have operator since G = 0
2
e(+1) 2(1 — z) {AJF % (ki - (qu;;m )]
1
1 2k4 M o 2(ky - q.)?
((0) A (A B) + o [a -2+ - o) (ks g - 222D

» Simplifying tensor and matrix element term will establish the operator.

» We use these to find the properties and compare each other between current
16



»Coupling constant (gyp): good vs transverse

Bottomonia gyp (GeV*-1)

Charmonia gvp (GeV*-1)

J/b@AS) = nc(1S)y

0.74523 [y = +, h = 1]

0.74523 [ = R(L), h = 0]

Y(2S) - n.(28)y

0.71341 [ = +, h = 1]

0.71341[u = R(L), h = 0]

P(35) = n:(BS)y

0.68771[u =+, h = 1]

0.68771 [u = R(L), h = 0]

0.71\

Fee (Q%) [GeVT!]
o o o
= L (=3}

<
w

o
[N

— pu=+,h=1
u=R(L),h=0

J/pAS) = n.(AS)y

o

=
=
A

4

6
Q? [GeV?]

10

12

-0.12792[p = +, h = 1]

S) » 185
Y(15) = np(1S)y -0.12792 [ = R(L), h = 0]

-0.12508 [ = +, h = 1]

Y(2S) - 2
@8 =M @8y 608 11 = RL), h = 0]

-0.12265 [y = +, h = 1]

Y(35) = np(3S)y

-0.12265 [ = R(L), h = 0]

u=+andu = R(L) give
the same result!
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» Coupling constant for: (in GeV*-1)

Charmonia Bottomia
Transition Our BLFQI[3] GI[4] Transition Our BLFQI3] GI[4]
J/b(1S) — n.(1S)y | 0.745 0873 069  Y(1S) — n(1S)y | -0.128 -0.141 -0.130
»(28) = n.(25)y | 0713 0739 0.68  Y(2S) — n,(25)y | -0.125 -0.134 -0.120
(2S) — n.(15)y |-0.060 -0.144 -0.056 T(2S) — n,(1S)y | 0.005 0.011 0.007
(3S) — n.(35)y | 0.688 . . T(3S) = n(35)y | -0.123 -0.134 -0.120
U(3S) — n.(25)y |-0.059 ... . T(3S) — m(25)y | 0.005 0.009 0.007
»(3S) — n.(1S)y |-0.011 ... . T(3S) — n(1S)y | 0.001 0.005 0.004
n.(2S) — J/(1S)y | -0.060 ... . m(2S) — Y(1S)y | 0.005 0.006
n.(3S) = ¥ (28)y |-0.059 ... . m(3S) — Y(2S)y | 0.005 0.004
11e35) = J/P(1S)y | -0011 ... ... | [m(3S) = T(1S)y | 0.001 0.002

- Minus sign indicates a destructive in the transition

[3] Li et al., PRD 98 (2024), 034024
[4] Godfrey & Isgur, PRD 32 (1985), 189
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0.71 — — JIp(15) > n(1S)y
SR CcC — - Y(25)-n(2S)y
0.61:\ ceee W(3S) > Nc(3S)y

V(nS) » P'S)y
(n=n’) )

\
0 2 4 6 8 10 12
Q? [GeV?]
» the allowed transition due to the overlap

P CUsimzEe= o of the initial and final wave function.
—0.04- ‘,-"/'/ bb 9 /
N o [dad’ky [0z K )0(z K L) Oz k)

4 " 22m)° AT+ k2JAT kD

= _0.08 , 4 1
~0.10{ &/ — Y(15)~ne(1S)Y
— = Y(25) - np(2S)y

—0.12] == Y(35) - ne(3S)y

0.0 25 5.0 75 100 125 150 175 20.0

Q? [GeV?]
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Fee (Q?) [GeV™!]

Fop (Q?) [GeV™]

0.1251
0.100
0.0751
0.050
0.0251 :

P((nS) » P(n'S)y

0.000 : s
S T /
e — anni g (n#n) )
—0.050] wer W(3S) = n(25)y
00 25 50 75 100 125 150 17.5 20.0
Q? [GeV?] . . .
» the hindered transition due to the
0.005 , orthogonality of the wave functions.
0.000 {3\ ----------- = SiTmmTmmT e
~0.005{ * \‘\.\_\ ------------- ds&dgkj_ @(3:. kj_)(]:’(itf, kJ_)
~0.010- ""-..,,______ IE = 5(2)3 5 " > 5 5 Oﬁ'(makL)-
—0.015- ' - ( ﬂ') \/.»4 —}-kl\/./il —i—kl

—0.0201 _ vios)sn,a8)y

—-0.0254 = ° Y(35)—’nb(15)Y\
vaee Y(35) - np(2S)y — |

—0.030 - : . . ‘ : :
0.0 2.5 5.0 7.5 10.0 125 15.0 175 20.0

Q? [GeV?] 20




»To see the contribution of k; in two frame, we plot the integrands
(thoseinside {...})vs k

O(x, K )®(z, kL)

2
" = k kL O (x, k depends on u and h!
" / l{f / 2(2m)% \JAZ + K2\ /A2 + K2 AGLEY P , K
- expect different curve
However....
I
1.0 — H=+ | =0 _
e L=RW) 1.0 transverse = — E::l
3 %] J1p(15) > n(1S)y osl
S 06 '.“-;
S <} o
g 049 VS = 0.6 ’ ‘/ good
) 0-2] Our ?0.4-— r,"l "\‘
0.0 - ;’I “1.‘
= 0.02 1 0.2 ;;’ ‘\\‘ Ref [1]
‘% 0.00 - ,‘j | )
0.0k -
0.5 1.0 15 2.0 2.5 0 2 4 6 8
k, [GeV~1] r, (GeV™)

[1]Li et al., PRD 98 (2018), 034024
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>»I'and Brin cc and bb

Transition " T(Our) ) Expt. [16] NRQM [20] RQM [21] [ Br(Our) \ Expt. [16] NRQM [20] RQM [21]

J{ = n.(18)y 1.94 1.57 2.72 1.05 2.10 x1072 [L.7(0.4)x 1072 2.94 x10~? 1.13 %10~

¥(28) = 1.(29) 0.13 0.206 1.17 0.99 456 x10™* | 7(5)x10~* 3.98 x10™* 3.37 %1073
¥(38) — 1:(39)"y [1.53 x1073 9.93 1.91 x10~® 1.24 x10~*

V(28) = n.(18)~ 2.27 0.99 7.51 095 |7.72 <107 B.4(0.5)x10™% 2.55 x10™2 3.23 %1073

Y(38) —= 1.(29)y 0.47 5.94 x107°

¥(38) = 1.(18)y 0.22 2.75 x10~°

ne(28) — J/uy 3.30 2.34 x10™* | 1.39 x 10~*

n:(39)" = ¥(28)y 0.90

ne(38)" — J /1~y 0.47

T(18) = m(1S)y [8.96 x10~° 3.77 x10™* 5.8 x107* [1.66 x10™* 6.98x107°% 1.07x10™*

T(25) — n5(28)y [5.24 x10™* 5.62 x10™% 1.4 x107° [1.64 x10~° 1.76 x10™* 4.38 x10~°

T(3S)" — n(35)7v]2.34 x10~3 2.85 x10™% 0.8 x10~* |1.15 x10~* .. 1.40 x10~* 3.94 x10~°

T(2S) = n,(18)y [1.29 x1072| 1.76 x10™2 7.72 x10™* 6.4 x1073 [4.03 x10~™* |5 5+3§, x10™* 2.41 x10™% 2.00 x10~*

T(35) = m(28)y [2.77 x107% |< 1.26 x10™% 3.62 x10™* 1.5 x10™° |1.36 x10™* | <6.7 x10™* 1.78 x10~* 7.38 x10~°

Y(3S5) — m(18)y [3.02 x107%| 1.03 x10™% 7.70 x10™* 1.05 x10~*|1.48 x10~* p.1(0.7)x10~* 3.79 x10~* 5.17 x10~°

m(28) — T(18)y [2.54 x10~2 1.18 x10~*|1.06 x10~° 1.18 x10~®

m(38)T — T(28)y |1.91 x10~2 2.8 x1073

m(38)T — T(19)y .14 xm-j 2.4 x10~4 N\ y




4) Summary & Outlook



Summary and Outlook

e We have studied the radiative M1 transition for charmonia and
bottomonia,

» We obtained the same coupling constant gyp for the good and transverse
current,

» We found that our results yield the same k| distributions for the good and
transverse current

* We would consider the bad current (u = —) for the sake of
completeness.

Thank You For Your Attention! y



Thank You For Your Attention!



DECAVSE 10V PRE
CHAMING MWD BEAVTIFUL

Alﬂgefm+aév2 arues .\o\agspo'\'.cam &

Backup Slide



q

now i ->The lowest Feynman diagram
| V(P) > P(P)y
2} 7 ‘7{;

q

Transition FF:
FV'P(QE) — EQI“(mQ: mii'.' Qﬂ) + Eﬁfﬂ(mﬁﬂ m"’-?'-' QE)'-'
quark anti-quark
where I,‘l‘(ml, m,, Q%) is the one-loop integral:

"o /dmkoL O(x, k' )P(z, k)
h 202m)3 S A2 + K2\ JA? + K2

O:::(.’II, kJ_)

operator

[ Coupling constant: gyp = Fyp(0) ] 8




> in cb mesons

Transition fF(Our)\ NRQM1 [20] RQM [19]

B (1S)" — B.(1S)y [4.74 x1073 4.04 x10™% 3.30 x10~2

B:(28)" — B.(28)y [1.77 x1073 3.30 x10™* 1.70 x10~?

B:(3S)" — B.(39)"v[8.09 x10~?
*(29)T — B.(1S)~ 0.58 0.56 0.43

BX(3S)T — B.(2S)y 0.17

B:(38)" — B.(18)y [4.97 x107?

B.(28) — B:(15)T~ 1.36 0.14 0.49

B.(3S)" — B (2S)T™~v| 0.33

B.(38)"T = BX(18)"y[\_ 0.12

- We cannot compute Br in cb mesons due to the unavailable of total width in PDG



poeh)  GL(PL#0)  Gy(PL=
€(0) 0 0
+ R + B
e(+1) eP"q eP"q
V2 V2
+ L + L
e(=1) eP"q eP'q
V2 V2
R €(0) —eMqgh —eMqg"
_ePRgR
+1 0
e(+1) 73
(o) C@PT PR eqm P!
V2 V2
L €(0) eMq*- eMq*
Pt 4+ phgh -pt
V2 V2
_ _pL L
e(=1) el q 0

the tensorterm > G;  ies"**’ €,q, P, Fyp(Q?),

R(L)

Transverse =2 ¢ = gy T iqy

» We consider P, = 0 and P; # 0 contribution.

Matrix elements in Jﬁ

/ u ! pr Ux\p )
ZR{]{]T( k? I );/(:El)'}’ﬂ k\;ﬁljﬁii}t(m, kJ_)

Matrix element T—=1T 1=l l-=1 1=l

ax (P Y us(pr) 2¢/pipi | 0 0 |2¢/ppy
iy (p)y ua(p1)  2pf 0 0 | 2pf°

ix (P ur(pr)  2pt" 0 0 2py

» Only different helicity which make matrix element
ZEero. 11



»To see the contribution of k| in two frame, we plot the integrands
(those inside{...}) vs k, (continued)

0.4

nc(28) = JIw(1S)y

0.27

0.0

—0.21

<
3

Integrand [GeV]

_0.4_

Our

—0.61

Integrand (GeV)

—0.8;
0.02

Al [GeV]

0.001

—0.02+

05 10 15 20 2.5 0 2 4 6 8
ki [Gev™] r. (GeV™!)



Numerical Calculation

* Parameter result = Variational Principle

OM,;  O(®|[Ho+ Vyg||®) 0OHy 0V -0 (3.18)

B 03 o3  0p

N.and Y in 1S asinputs

ng ﬂl;g - ﬂg;g m, Ty (1 b
12.12 8.44 1.61 497 -0.41 0.18
7, P 3= 53 B

0.027 0.402 0.5417 0.7019 1.0595




Analytical Calculation

* Light-Front Wave Function

. f . akz 1 _k2!232
his(e ki) = Q(QW)JV ox 3/4;93/2'9 |

T — 2 qp2\,—k?/282
Pas(z. ki) = 4/2(2m)3 31 \f’rif'j‘ 37’_,(2(25( 357 )e

ok
hao(z. k) = 1/2(27)3 : 153* — 203%k? + 4k>
das(e ki) = \/2(2m)3 S \/3—%”4511,2( 56 — 2052 + 4k?)
X f‘i_kzﬁ-ﬁg

where we define the mixing state

C12C13 512513 S13 D18

—S8192C23 — C12523513  C12C23 — 5125923513 S23C13 Pas

$12C23 — C12C23513 —C12523 — 512023513 (C23C13 P39
1S 1S 1S
c1- Gy C3 D15

28 258 .25

C: o)

1 2 -3 th - &

38 35 38 b3s Cij(sij) — COS Qij(SHl Qij)
" "' "':a A

(3.1)

(3.2)

22



* The mixing mass formula

e Kinetic term

m
g2
g3

Mg = (Ugq| H |V37) = (@[ [Ho + Vig] | @)

(3.3)

ﬂ*fq;j = (H{}} + <Vﬂnnf> + {Vﬂﬂul> + <VH}'P'>

(Hp) =

mw‘_z_[{““ﬂ 52Ky 5] + 952 (2 = 8)e 2K [ 5

(3.4)
+1ﬁﬁ(y.1fft—1fz..-1 %) + gsU(=1/2, =4, ) + gsU(=1/2, =5, J)]

12[}{:11’ — lﬂﬂﬁﬁlec:g + 13[’]1’.‘% + 60v 30103 — 131'}\"5{:3::3 + E?ﬁf::%,

40¢2 + 8v/30¢; 5 — 104v/5eae3 + 26062,
—4(10¢3 — 26v/5eacs + 2v30¢,e5 + 65¢3),

g1 = 4(—=6¢3 + 9v5eacsy — 1563 + 2v6(cyea — V5eie3)),
g5 = ES(V’E.’.‘Q{::; —5{:%},
g6 = ﬁﬂf:%,

23



* Confinement pot. 2 exponential (screened) pot. :

S b(1—e™"")
Véont. =a+ =—

b b

Vi) = + + E.."_?,u{dLﬂE + do B8 u® + dy Bt + dy 5P’ + dE,;.LH:]

3840,/7 80

— Ve P (F1810 4 2852 + f38%u* + faB® + foB2® + fou')erfe [ ] }

(3.5)

dy = 32(60¢F — 4VB(10e1c2 + Vieres) + 15(8¢2 — 4Vheaes + 1162)), f
dy = 32{-1[’]{::'3 — 48v/5eseg + 115"{?{ + 2-;"%{—5:::1 o + 275y c3), f2
ds = 8(102 — 28v/5eacs + 2v/30¢; ¢35 + 8962), IE
dy = -E{\E{:gm — ﬁt’:%:]._ fa
ds = c3. §

fe

* Coulomb and Hyperfine pot.

3840,

lﬂ?ﬂ[r::f + 3:’.‘% + 5{:% - \fﬁm_ 9 — E\f’g{:gm}.

16{][1]{:% + 3[]{:% + V30103 — 2v6¢ 0 — IEV’E'u'.*gf:;\g:rf
16{5::% + ﬁﬂr.% — 15 \:“E{:gf::t + \ﬁf:lf::-:].

5[’1{:% - E\:‘Et‘gf:;g._

2

HBex

(Veou) = ——= (mmﬁ + 10063 + 89¢3 + 40v6eqe2 + 12v/30¢,¢5 + -1.-1V”§cgr_~3) :

45/

3.6)
S,.S5) o (32 2 /10 (3.
(Viyp) = {1:“1;}:;‘!; ( I‘f + lﬁrg + ?l']f«.: + ??\/;f:lf:g + 16 ?r:lf:;:; + lﬁ\,a"ﬁf:gf;i).

24




* Decay constant (DC) of pseudoscalar and vector meson are defined by

<U‘q_'}“”'}’5Q|P> — ?--JCJ_'S’PILIL Pseudoscalar : |
3.7

Olgy"q|V(P,A)) = fuMe"(P,\)| Vector

* The explicit form:
B d’k; P(x.k,)
frv = \/_/ dl/ 2 \/AZ e Opy (3.8)
Op = A A= (1—2x)m,+ xmg
2k* |
Oy = A+T D = My + m, + mg.




* To see the contribution of k| in two frame, we plot the integrands
(those inside{...}) vs k;

Good current

drdf ¢z, k' r. k 2 ki - 2
IF = frﬂm_{f — f{i- L)olz. k1) (.,4+ [ki-( L) D} (4.1)
w J,'ﬂfnﬂf'f. q7
Transverse current
- R T 1.2
[RE — /EIL'J_ {/dﬂff if{J,,l-cJ_}ﬂE.L._E:J_} [A (A-I— El-c_J_)
167 1‘1;['{1 —J::I;”nﬂ.faﬂfn D

5 (-2 - {0 - 20

]

(4.2)
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2.5
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Ww(35) = nc(3S)y

. 15 2.0
k, [GeV~1]

2.5

Integrand [GeV]

Al [GeV]

V(nS) » P(n'S)y
(n=n)

-

1.0

w(2S) - n(2S)y

2.0 2.5

1.0 1.5
k, [GeV~1]

53



Integrand [GeV] Al [GeV] Integrand [GeV]

Al [GeV]

w(25) = n(1S)y

0.5 1.0 1.5 2.0 2.5
k., [GeV™1]

Integrand [GeV]

Al [GeV]

\_

(V(nS) - P(n’S)y\
(n+n)

J

0.4 w(3S) - nA(1S)y

0.2

0.0

0.5 1.0 1.5 2.0
k. [Gev™1]

2.5
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* The transition form factor F,p(g*) can be defined as:

(P(P")|JE |V(P,h)) = iee" "¢, (P, h)q,P, Fyp(q*),| (3.9)
LHS RHS
1. The left-hand side (LHS):
boda ai(py) un(p) o
JY = ey @ d*ky oz, k' (. k R, (r. k R ko
R = X | o [ ror) D E R )R R e
- EZQJJ lg‘i f.-ﬁkmi k' )o(z, kl]q (3.10)
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2. The right-hand side (RHS), we define G;:
»Good current (4 = +)

eP*qght

7 G =

Gh = Fvp(Q?)

h=+1

»Transverse current (u = R(L))

L B Mok R _ ~¢ bR R

~>
|l
()
=y
Il
+
e



* The one-loop integral :

1. Good current ({(/{7) = FP*q%/2)

‘3

I ’lfﬁ U“ Dt}

1""-[-”':1._1':12?{;2} = f dz fr.fE oz, K }Q‘L ki) {A-i— i kE

(ki -qu)?

qi

}

2. Transverse current (

5“) = FMOCIJZ_)

I (my,mag®) =

f ded’ky  ¢(x, K Jo(x, k)
1673 riz(l — 1']1".}[}_-’!}54"'.1(}

A (A+
M

+‘E ({1 — EI‘}ki + (1 —x) {{kJ_ qL) —

2

D

)

2(k. :?Q'J_}E }H

g

(3.11)

(3.12)
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3. Transverse current ( 1( 1)) qf/\/—

RL 2 ded®k; o(x, k' )o(z, k) [(PL-ki) - AMs kT
fl{-l;(”*l-.rrlg-.f!} = f 23 {1-.:;}.-1*1’“_-1]‘{; [ﬂ (1—x)A D ..[U

1—x k2
"’gp;iﬂ { qj{rﬂ ki)qr-Pi)+4(ks-Pi)ky-q1) - - '[krt'-lﬂg(krl:'ﬂ

# 30sPu) - (P -qu)) - ST L) i b g (4 )]

D q; D
(3.1

Surprisingly for the transverse current (I 1), if we assume P, = 0, the one
loop integral will be the same as good current (I7),

3)

- ded’ky ¢(z, k' o(x, k l —x)x 2(ky -qu)? k3
Iﬂf;”[ml,mj._q}} = f 33 = {E{-I-J_i.]{ff;«,i;'_'} [{ U} {kﬁ_ 2( J'qj_ L) +(1l—z)z | A+ F)

]difkl o(x.k' )o(z. k1) [kz 20ki-q1)® ﬂ]
873 22(1 — ) Mo 1!,

(1-2)z =D L

_ fﬂfﬂf}kL olx. K )o(z. k) [A E (kz (k- f—lJ_:l' )
83 « Mo M, D Q2

(3.14)
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4. Result & Discussion
1) Mass Spectra



* Vcons in every model

2 i

Vo [GeV]

Our Veons =2 Screened

— = (] (linear)
m— Arifi et al. (Pure)

effect.
1 —e™Hr
VConf =a—+ b( © ) ’
H
VLin. =a -+ bra

- = Arifi et al. (Mixed)
=== This Work

0.5 1.0 1.5 2.0
r [fm]

;nrqu‘ = {Hﬂ> + {Vﬂunf> + {Vﬂﬂﬂ) + (VH}'F’>
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» Mass Spectra Result for c¢¢ and bb (in MeV)

NRQM [

Discrepancy between
Mtheo. and Mexp.

]

States | Mtpeo. Exp. Gl RQM

n.(1S) | 3002.3 29839 + 0.4 2970 2979 2989
n.(25) | 36145 36375 + 1.1 3620 3588 3602
n.(3S) | 4028.1 L 4060 3991 4058
J/4(1S) | 3102.4 30080 + 0.01 3100 3006 3004
(2S) | 3679.8 3686.1+ 0.06 3680 3686 3681
0(3S) | 4079.1 4039 +1 4100 4088 4129
m(LS) | 9319.2  9398.7 + 2 9400 9400 9428
m(2S) | 10038 0999 + 4 9980 9993 9955
m(35) 10495 . 10340 10328 10333
Y(1S) | 9397.8 04603 + 0.3 9460 9460 9463
T(2S) | 10089 10023.3 +0.3 10000 10023 9979
T(3S) | 10535 10355.2 + 0.5 10350 10355 10359

Gl: (Godfrey & Isgur, 1985), RQM: (Ebert et al., 2003), NRQM: (Soni et al., 2018)

» 0,62%
» 0,63%

> 0,11%
> 0,17%
> 0,99%
» 0,85%
> 0,39%

» 0,66%
> 0,66%

1.7%



 Mass Spectra Result for ¢b (in MeV)

RQM* NRQCD* [

Discrepancy between

Mtheo. and Mexp.

J

0,68%

States | MTyeo. Exp.* GIZ
B.(15) | 6231.6 62745+ 032 6270 6270 6272
B.(25) | 6846.4 68712+ 1 6850 6835 6864
B.(3S) | 7251.2 .. 7193 7306
B*(1S) | 6302.1 6340 6332 6321
B*(2S) | 6892.4 6890 6881 6900
B*(35) | 7287.2 7235 7338
Discrepancy:
Mtheo. T Mexp. % 100%
Mexp.

0,36%

Gl: (Godfrey & Isgur, 1985), RQM: (Ebert et al., 2003), NRQM: (Soni et al., 2018)



Mass [GeV]

* Mass Spectra in Graph

12

10+

= (15]

— (25]

(35)

[]

Exp.

+*

e Y

» All heavy mesons
are in good
agreement with
experimental data,
except Y(35).

37



AM [GeV]

Ratio (Ru)

* Mass Gap & Ratio

S — AMz5_15 m— MM 35_25) [ Exp. > AMZS_lS > AM3S_25'
0 [ === et i i i P —— ; """ and AMp > AMy,.
» There are significant
e e e i | difference on bb’s.
r|r-l: j}rlp .E.E B; ”.tl ‘T;
13
e M35 (M 15— M35 /Mg *  Exp.
13 { —2 S — » Mys/Myg > Mzg /Mg
» Overall are comparable
11 A _— ——— . .
. — with experimental data.
— —
10 . T T T . T
MNc Jﬂﬂ B, B; Mo Y

38



4. Result & Discussion
2) Decay Constant



* Decay Constant (in MeV)

n:(1S)  J/(1S) B.(1S) BX1S) m(1S)  T(1S)
fTheo. 349.1 396.7 397.1 427.9 629.6 669.4
Exp. 335(75)  407(5) . .. 689(5)
Lattice® 2" | 395(2.4)  405(6) 427(6)(2) 667(6)(2) 649(31)
RQMZ® . ... 410(20) . .
Sum Rules 387(7)  418(9) .
BS™ 292(25) 459(28) . . 496(20)
BS23!1 385 519(1) . 709 .
CCQM*2 536(58) .
RQM2* 313 411 .. 504 718
RQM33 402 393 599 065
NRQM?> 350 326 . .. 646 647
LFQM (CJ)* 326 360 349 369 507 529
LFQM (CJ2)*7 | 353 361 389 391 605 611

Discrepancy between
ftheo. and fexp.

J : n:(1S) > 4.2%  J/Y(1S) - 2.5% Y(1S) - 2.9%

b _ [ My,

| 4’”&5ED6§9

bxp | 3MyTemer
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* Decay Constant (in MeV)

Discrepancy:

ftheo. _ fexp.

X 100%
fexp.

n:(2S)  ¥(2S9) B.2S) Bf(2S) m(2S) T(29)
fTheo. 224 2856  278.9 319 456.9  510.9
Exp. 294(5) 497(5)
Lattice . 481(39)
LFD*® 288(6) . .
BLFQ* | 299(68) 312(73) 524(58) 518(48)
RQM233 173 261 . . 363 459
RQM3* | 240 293 . . 411 475
NRQM* | 278 257 . . 519 519

n.(3S) w(3S) B.3S) B(3S) m(3S) T(39)

JTheo. 163.9 2302 2195 265.1 3632 4273
Exp. ... 238(5) ... ... 430(4)
RQM2% | 127 206 . . 208 385
RQM33* | 193 258 . . 354 418
NRQM* | 249 230 . . 475 475

Y(2S) > 2.9%
Y(2S) - 2.8%

Y(3S) - 3.3%

Y(3S) - 0.63%
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fo, v [MeV]

* Decay Constant in Graph

700 4

600

500 4

400 4

300 4

200 1

100

— (15] — (35) B Lattice u
— (25] & Exp. A Sum Rules
[ ] 1
| ——
NN S—
e Jly B B’ e

» Only Y’s which have
moderately
difference value
between ours and
experimental data.

» f1s > fas > f3s
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Af [MeV]

Ratio (R¢)

* DC Gap & Ratio

300
— Afis_35 = Afps_zz; @ Exp. > AflS—ZS > Af25_35 and

- = y Afp > Afy.
100 - —— - » There are significant

i | _'_ | | | | difference on Y’s.

MNec Jp B: B; Mo Y

Sl — e fslfis  ® Ex
w—— > (F/p > (F/f v
14 - e . » There are significant
12 —r —_— difference on Y’s.
10

e Iy B, B* Mo Y
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4. Result & Discussion
3) Radiative Decay



* Partial decay width (I') [KeV] for cC

Transition Result Exp. NRQM* RQM?*
J/W(1S) = n.(1S) + v 1.94 1.57 2.72 1.05
»(28) = n:(25) + 7~ 0.134 0.206 1.17 0.99
»(2S) = n.(1S) +~ 2.27 0.99 7.51 0.95
V(3S) = n(38)T +~ | 1.53 x10™% ... 9.93
P(3S) = n:(29) + v 0.475 ..
»(3S) = n.(1S) +~ 0.22
Ne(2S) — J/Y(1S) + ~ 3.3
ne(3S)T — (2S) + v 0.904
N:(3S)T — J/(1S) +~ 0.475

» Few experimental data obtained from PDG.
» NRQM and RQM are used for comparison.

RQM: (Ebert et al., 2003), NRQM: (Soni et al., 2018) o9



* Partial decay width (

) [KeV] for bb

Transition Result Exp. NRQM RQM
T(1S) — m(1S) +~ |8.96 x10~? 3.77 x10=* 5.8 x107°
T(2S) — m(2S) +~ | 5.24 x10~* 5.62 x10™% 1.4 x1073
T(2S) — n(1S) +~ | 1.29 x1072  1.76 x10=2 7.72 x10™* 6.4 x1073
T(39)" — m(3S)" +~ | 2.34 x107* 2.85 x10™* 0.8 x1073
T(3S) — m(2S) +v | 277 x107% < 1.26 x1072 3.62 x10~* 1.5 x107?
T(3S) = n(1S) +~ | 3.02 x10~*  1.03 x10~2 7.7 x10=* 1.05 x10~*
m(2S) — T(1S) +v | 2.54 x10~* 1.18 x107*
m(3S)T — Y(25) + v | 1.91 x1072 2.8 x10~?
(3S)T — YT(1S) +~ | 1.14 x10™2 2.4 x10~*

RQM: (Ebert et al., 2003), NRQM: (Soni et al., 2018)
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» Partial decay width (T") [KeV] for cbh

Transition Result NRQM1 NRQM?2 RQM
BX(1S)" — B.(18) +v | 474 x10™ 4.04 x10~* 5.31 x10™* 3.3 x10™*
B*(2S)" — B.(2S) +v | 1.77 x10™3 3.3 x10™% 2.11 x10™* 1.7 x10™*
B (2S)T — B.(1S) +~ 0.575 0.56 4.82 x10™° 4.28 x107!
B*(3S)" — B.(3S)" 4+~ | 8.09 x1073
B} (3S)T — B.(2S) + 1~ 0.171
B} (3S5)" — B.(18) + | 4.97 x10~2 .. . .
B.(2S) = B*(15)" +~ 1.36 0.14 5.68 x10™° 4.88 x10~!
B.(3S)T — B*(29)" + 0.332
B.(3S)T — B*(18)" + v 0.124

RQM: (Ebert et al., 2003), NRQM1: (Gao et al., 2024), NRQM2: (Soni et al., 2018) o7



* Branching ratio (Br) for cC

Transition Result Exp. NRQM RQM

J/p(1S) = ne(1S) +~ | 2.1x1072 (1.7 £ 0.4)x1072 294 x107% 1.13 x107*
V(28) = n.(28)+~ | 456 x107* (7 £5)x10™* 398 x10™* 3.37 x10~*
V(28) = n.(18) +~ | 7.72 x107® (3.4 £ 05)x10™% 255 x1072 3.23 x10~*
¥(3S) = n.(38)T +~ | 1.91 x10~® 1.24 x10~*

(3S) = 1.(2S) +~v |5.94 x107°

V(3S) = n(1S) +~ | 2.75 x107° .
N:(2S) — J/¥(1S) + v | 2.34 x10~* 1.39x107?

» Few experimental data obtained from PDG.
» Our result and exp. are quite comparable.
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e Branching ratio (Br) for bb

Transition Result Exp. NRQM RQM
T(1S) — m(1S) +~ | 1.66 x10~* 6.98x107% 1.07x10~*
T(2S) = n(2S) +~ | 1.64 x107° 1.76 x10™* 4.38 x107°
T(25) — ny(1S) +~ | 4.03 x107* 5575 x10™* 241 x10™°> 2 x107*
T(3S)" — m(3S)" +~ | 1.15 x10~* 1.4 x107*  3.94 x107°
T(3S) — n(2S) +~ | 454 x10~* <6.7 x10™*  1.78 x10™* 7.38 x107°
T(3S) — n(1S) +~ | 242 x1072 (5.1 £ 0.7)x10™* 3.79 x10™* 5.17 x107°
m(25) — Y(1S) +~ | 1.06 x107° 1.18 x1078
m(35)T — Y(25) + 4 . . 1.17 x10~°
m(35)T — Y(1S) + 4 . . 1 x107®

> No I}, forn.(3S) and cb mesons.
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5. Summary & Outlook



Summary

* We have studied and obtained mass spectra, decay constant, and
radiative decay of cc, bb, and cb mesons in the LFQM.

* Mass spectra: with using screened effect, our calculation is overall

in agreement with experimental result where AMy¢_1¢ > AM3c_5
and AMp > AMy,.

* Decay constant: We have obtained the hierarchy f;5 > fo5 > f35.

* Radiative Decay: We have obtained gy p for good and transverse
current with the same value before we proceed to seek I" and Br.
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Outlook

* |n the future, we would consider GEM (Gaussian Expansion
Method) ansatz to be used as the realistic wave function.

* We would also consider to obtain the one-loop integral for bad
current [~ for the sake of completeness.

oHO (k) = 2(2m)3 o=k /28°
715 3/433/2 -

r25 - J6m3/437/2 ‘ ?
2(27)3 (1584 — 2082%k? + 4k*) =k [2
24/30m3/4311/2 ) '
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For comparison to Li’s work for Integrand vs k(PR D 98, 2018):

I L] I 1} f |
1.0 0.6 —— mj=0
----- mj=1-
08 0.4}
> >
S S 02 ]
:é 0.6 é N
= = 00p="
204 iy
E =
02}
02 .
04
ﬂ.ﬂ ] 1 |
0 0 2 4 6 8
r, (GeV™hH r, (GeV™h
(a) J/u(1S) — n(15)+y (b) n(285) = J/y(18) +y

FIG. 3. Integrands of V(0) according to Egs. (I5) (m; = 0) and (I6) (m; = 1). As a representative of the allowed
(nS — n§ + y) transitions, the integrand in (a) has the same sign in the entire r, region. On the other hand, (b)
involves a transition with radial excitation, which is sensitive to small changes in the cancellations between positive

and negative contributions.
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cb mesons

Transition Result BLFQ Gl

B*(1S)" — B.(1S)+~ | 0.299

B*(2S)T — B.(2S)+~ | 0.281

B*(2S)" — B.(1S) +~ | -0.0339
B:(3S)" — B.(3S)T +~ | 0.268

B#(3S)"T — B.(2S) +~ | -0.0326
B*(3S)" — B.(1S) +~ | -0.00494
B.(2S) — B(1S)" +~ | -0.00339
B.(3S)T — B*(2S)" 4+~ | -0.0326
B.(38)" — B*(15)" + ~ | -0.00494
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