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1) Background



Backgrounds
• Heavy quarkonia is the simplest hadron to observe and study their 

properties → e.g., charmonia (𝑐 ҧ𝑐) and bottomonia (𝑏ത𝑏)

• A study about the radiative M1 transition[1] with good ( 𝐽+) and transverse 
( Ԧ𝒋⊥) currents in BLFQ have been conducted
→ yielding different results in coupling constant on 𝑐 ҧ𝑐 and 𝑏 ത𝑏,

→ different 𝑘⊥ distribution on these two currents

• In this work, Light-front quark model (LFQM) will be used to derive the 
radiative transition → good ( 𝐽+) and transverse ( Ԧ𝒋⊥) current

4[1] Li et al., PRD 98 (2018), 034024



2) Formalism



Light-Front Quark Model
• Light-Front Dynamics (LFD) and Constituent Quark Model (CQM) 
→ treat hadron as a bound state (𝑞 ത𝑞, 𝑞𝑞𝑞)

• The light-front wave function (LFWF)

→ Lorentz invariant variable 𝑥𝑖 =  𝑝𝑖
+/𝑃+; 𝒌⊥
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→ Radial WF: 

→ Spin-orbit WF: 

(the trial wave function)

(pseudoscalar)

(vector)O
pe

ra
to

r



7

Radiative M1 Transition Δ𝐿 = 0, ΔS = 1, parity change

• The transition form factor (TFF) 𝐹𝒱𝒫(𝑞2) is defined by 

the matrix element  𝒥ℎ
𝜇

= ⟨𝒫 𝑃′ 𝐽𝑒𝑚
𝜇

𝒱 𝑃, ℎ ⟩ the tensor term

→ Good (𝜇 = +) and 
transverse (𝜇 = ⊥) current 
are used to explore the TFF



• The lowest Feynman diagram 𝒱 𝑃 → 𝒫 𝑃′ 𝛾

quark anti-quark

where 𝐼ℎ
𝜇

(𝑚1, 𝑚2, 𝑄2) is the one-loop integral

• Coupling constant, 
𝑔𝒱𝒫 = 𝐹𝒱𝒫(0) 

• Decay width

where

• Branching ratio

operator 8



3) Result



Determining the parameter Variational principle

➢Trial wave function → Gaussian (H.O Basis)
• Defining the mixing state (1S – 3S)

➢Assuming some interactions
• Screened pot., Coulomb, Hyperfine 

➢Variational analysis → mass spectra on 1S [2]

• Treat pertubatively, i.e., neglecting Hyp. term

[2] Ridwan et al., ITM Web Conf. (2024), 01016

determine 𝑎, 𝛽, α, etc.
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Parameter result  →  Variational Principle 
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𝜂𝑐  and Υ in 1S as inputs

Fixed parameters

➢ 6 parameters are obtained



Wave function in the mixing 
state
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➢ 𝑉𝐶𝑜𝑛𝑓  in every model
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Our 𝑉𝐶𝑜𝑛𝑓  → Screened 
effect.

quite important!



➢ Mass Spectra

→ All heavy mesons are in good agreement with experimental data, except Υ(3𝑆).
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➢ Decay Constant

Pseudoscalar

Vector

Explicit form

→ Only Υ’s which have moderately difference value between ours and 
experimental data.
→ The hierarchy: 𝑓1𝑆 > 𝑓2𝑆 > 𝑓3𝑆
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operator

One-loop integral

➢ Simplifying tensor and matrix element term will establish the operator.

Only good current (ℎ = 0) does not have operator since 𝒢0
+ = 0

➢ We use these to find the properties and compare each other between current
16



➢Coupling constant (𝑔𝒱𝒫): good vs transverse 
Charmonia 𝒈𝓥𝓟 (GeV^-1)

𝐽/𝜓 1𝑆 → 𝜂𝑐 1𝑆 𝛾
0.74523 [𝜇 = +, ℎ = 1]

0.74523 [𝜇 = 𝑅(𝐿), ℎ = 0]

𝜓 2𝑆 → 𝜂𝑐 2𝑆 𝛾
0.71341 [𝜇 = +, ℎ = 1]

0.71341 [𝜇 = 𝑅(𝐿), ℎ = 0]

𝜓 3𝑆 → 𝜂𝑐 3𝑆 𝛾
0.68771 [𝜇 = +, ℎ = 1]

0.68771 [𝜇 = 𝑅(𝐿), ℎ = 0]

Bottomonia 𝒈𝓥𝓟 (GeV^-1)

Υ 1𝑆 → 𝜂𝑏 1𝑆 𝛾
-0.12792 [𝜇 = +, ℎ = 1]

-0.12792 [𝜇 = 𝑅(𝐿), ℎ = 0]

Υ 2𝑆 → 𝜂𝑏 2𝑆 𝛾
-0.12508 [𝜇 = +, ℎ = 1]

-0.12508 [𝜇 = 𝑅(𝐿), ℎ = 0]

Υ 3𝑆 → 𝜂𝑏 3𝑆 𝛾
-0.12265 [𝜇 = +, ℎ = 1]

-0.12265 [𝜇 = 𝑅(𝐿), ℎ = 0]
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𝜇 = + and 𝜇 = 𝑅(𝐿) give 
the same result!

𝐽/𝜓 1𝑆 → 𝜂𝑐 1𝑆 𝛾



➢Coupling constant for: (in GeV^-1)

[3] Li et al., PRD 98 (2024), 034024
[4] Godfrey & Isgur, PRD 32 (1985), 189

[3] [4] [3] [4]
Charmonia Bottomia
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→ Minus sign indicates a destructive in the transition 
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𝒱 𝑛𝑆 → 𝒫 𝑛′𝑆 𝛾
(𝑛 = 𝑛′)

𝑐 ҧ𝑐

𝑏 ത𝑏

➢ the allowed transition due to the overlap 
of the initial and final wave function.
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𝒱 𝑛𝑆 → 𝒫 𝑛′𝑆 𝛾
(𝑛 ≠ 𝑛′)

𝑐 ҧ𝑐

𝑏 ത𝑏

➢ the hindered transition due to the 
orthogonality of the wave functions.



➢To see the contribution of 𝑘⊥ in two frame, we plot the integrands 
(those inside {…}) vs 𝑘⊥

depends on 𝜇 and ℎ!
→ expect different curve

However….

Our
VS

[1] Li et al., PRD 98 (2018), 034024

Ref. [1]

good

transverse
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➢Γ and Br in 𝑐𝑐 and 𝑏𝑏



4) Summary & Outlook



Summary and Outlook
• We have studied the radiative M1 transition for charmonia and 

bottomonia,
➢ We obtained the same coupling constant 𝑔𝒱𝒫  for the good and transverse 

current,
➢ We found that our results yield the same 𝑘⊥distributions for the good and 

transverse current 

• We would consider the bad current (𝜇 = −) for the sake of 
completeness.

24
Thank You For Your Attention!



Thank You For Your Attention!
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→The lowest Feynman diagram 
𝒱 𝑃 → 𝒫 𝑃′ 𝛾

quark anti-quark
where 𝐼ℎ

𝜇
(𝑚1, 𝑚2, 𝑄2) is the one-loop integral:

Coupling constant: 𝑔𝒱𝒫 = 𝐹𝒱𝒫(0) 

operator

Transition FF:
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➢Γ in 𝑐𝑏 mesons

→ We cannot compute 𝐵𝑟 in 𝑐𝑏 mesons due to the unavailable of total width in PDG  



the tensor term → 𝒢ℎ
𝜇

➢ We consider 𝑷⊥ = 0 and 𝑷⊥ ≠ 0 contribution.

➢ Only different helicity which make matrix element 
zero.

Transverse → 𝑞𝑅(𝐿) = 𝑞𝑥 ± 𝑖𝑞𝑦

Matrix elements in 𝒥ℎ
𝜇  
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Our
Vs

Ref. [1]

➢To see the contribution of 𝑘⊥ in two frame, we plot the integrands 
(those inside {…}) vs 𝑘⊥ (continued)



Numerical Calculation
• Parameter result  →  Variational Principle 
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(3.18)

𝜂𝑐  and Υ in 1S as inputs



Analytical Calculation
• Light-Front Wave Function

where we define the mixing state

(3.1)

(3.2)
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• The mixing mass formula

• Kinetic term

(3.3)

(3.4)
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• Confinement pot. → exponential (screened) pot. :

• Coulomb and Hyperfine pot.

(3.5)

(3.6)

24



• Decay constant (DC) of pseudoscalar and vector meson are defined by

• The explicit form:

Pseudoscalar

Vector
(3.7)

(3.8)
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• To see the contribution of 𝑘⊥ in two frame, we plot the integrands 
(those inside {…}) vs 𝑘⊥

Good current

Transverse current

52

(4.2)

(4.1)



𝑉 𝑛𝑆 → 𝑃 𝑛′𝑆 𝛾
(𝑛 = 𝑛′)

53



𝑉 𝑛𝑆 → 𝑃 𝑛′𝑆 𝛾
(𝑛 ≠ 𝑛′)
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• The transition form factor 𝐹𝑉𝑃(𝑞2) can be defined as:

1. The left-hand side (LHS):

LHS RHS

27

(3.9)

(3.10)



2. The right-hand side (RHS), we define 𝒢ℎ
𝜇:

➢Good current (𝜇 = +)

𝒉 = 𝟎 𝒉 = +𝟏 𝒉 = −𝟏

➢Transverse current (𝜇 = 𝑅(𝐿))

𝒉 = +𝟏 𝒉 = −𝟏

28



1. Good current ( 𝐽1
+ = 𝐹𝑃+𝑞⊥

2/2)

2. Transverse current ( 𝐽0
𝑅𝐿 = 𝐹𝑀0𝑞⊥

2)
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• The one-loop integral :

(3.11)

(3.12)



Surprisingly for the transverse current (𝐼1(−1)
𝑅𝐿 ), if we assume 𝑃⊥ = 0, the one 

loop integral will be the same as good current (𝐼1
+),

30

(3.14)

3. Transverse current ( 𝐽1(−1)
𝑅𝐿 = 𝐹𝑃⊥

2𝑞⊥
2/ 2)

(3.13)



4. Result & Discussion
1) Mass Spectra



• 𝑉𝐶𝑜𝑛𝑓  in every model
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Our 𝑉𝐶𝑜𝑛𝑓  → Screened 
effect.



• Mass Spectra Result for 𝑐 ҧ𝑐 and 𝑏 ത𝑏 (in MeV)

35

Discrepancy between 
𝑀𝑡ℎ𝑒𝑜. and 𝑀𝑒𝑥𝑝.

0,62%

0,63%

0,11%
0,17%
0,99%
0,85%
0,39%

0,66%
0,66%

1.7%

GI: (Godfrey & Isgur, 1985), RQM: (Ebert et al., 2003), NRQM: (Soni et al., 2018)



• Mass Spectra Result for 𝑐 ത𝑏 (in MeV)
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0,68%

0,36%

Discrepancy between 
𝑀𝑡ℎ𝑒𝑜. and 𝑀𝑒𝑥𝑝.

𝑀𝑡ℎ𝑒𝑜. − 𝑀𝑒𝑥𝑝.

𝑀𝑒𝑥𝑝.
× 100%

Discrepancy:

GI: (Godfrey & Isgur, 1985), RQM: (Ebert et al., 2003), NRQM: (Soni et al., 2018)



• Mass Spectra in Graph
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➢ All heavy mesons 
are in good 
agreement with 
experimental data, 
except Υ(3𝑆).



• Mass Gap & Ratio
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➢ Δ𝑀2𝑆−1𝑆 > Δ𝑀3𝑆−2𝑆 
and Δ𝑀𝑃 > Δ𝑀𝑉.

➢ There are significant 
difference on 𝑏 ത𝑏’s.

➢ 𝑀2𝑆/𝑀1𝑆 > 𝑀3𝑆/𝑀2𝑆

➢ Overall are comparable 
with experimental data.



4. Result & Discussion
2) Decay Constant



• Decay Constant (in MeV)
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Discrepancy between 

𝑓𝑡ℎ𝑒𝑜. and 𝑓𝑒𝑥𝑝.
: 𝜂𝑐 1𝑆 → 4.2% 𝐽/𝜓 1𝑆 → 2.5% Υ 1𝑆 → 2.9%



• Decay Constant (in MeV)
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𝑓𝑡ℎ𝑒𝑜. − 𝑓𝑒𝑥𝑝.

𝑓𝑒𝑥𝑝.
× 100%

Discrepancy:

𝜓 2𝑆 → 2.9%

Υ 2𝑆 → 2.8%

𝜓 3𝑆 → 3.3%

Υ 3𝑆 → 0.63%



• Decay Constant in Graph
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➢ Only Υ’s which have 
moderately 
difference value 
between ours and 
experimental data.

➢ 𝑓1𝑆 > 𝑓2𝑆 > 𝑓3𝑆



• DC Gap & Ratio
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➢ Δ𝑓1𝑆−2𝑆 > Δ𝑓2𝑆−3𝑆 and 
Δ𝑓𝑃 > Δ𝑓𝑉.

➢ There are significant 
difference on Υ’s.

➢ 𝑓/𝑓′ 𝑃 > 𝑓/𝑓′ 𝑉.
➢ There are significant 

difference on Υ’s.



4. Result & Discussion
3) Radiative Decay



• Partial decay width Γ  [KeV] for 𝑐 ҧ𝑐

55

➢ Few experimental data obtained from PDG.
➢ NRQM and RQM are used for comparison.

RQM: (Ebert et al., 2003), NRQM: (Soni et al., 2018)



• Partial decay width Γ  [KeV] for 𝑏 ത𝑏

56
RQM: (Ebert et al., 2003), NRQM: (Soni et al., 2018)



• Partial decay width Γ  [KeV] for 𝑐 ത𝑏

57RQM: (Ebert et al., 2003), NRQM1: (Gao et al., 2024), NRQM2: (Soni et al., 2018)



• Branching ratio 𝐵𝑟  for 𝑐 ҧ𝑐

58

➢ Few experimental data obtained from PDG.
➢ Our result and exp. are quite comparable.



• Branching ratio 𝐵𝑟  for 𝑏 ത𝑏

59

➢ No Γ𝑡𝑜𝑡 for 𝜂𝑐(3𝑆) and 𝑐 ത𝑏 mesons.



5. Summary & Outlook



Summary
• We have studied and obtained mass spectra, decay constant, and 

radiative decay of 𝑐 ҧ𝑐, 𝑏 ത𝑏, and 𝑐 ത𝑏 mesons in the LFQM.
• Mass spectra: with using screened effect, our calculation is overall 

in agreement with experimental result where Δ𝑀2𝑆−1𝑆 > Δ𝑀3𝑆−2𝑆 
and Δ𝑀𝑃 > Δ𝑀𝑉.

• Decay constant: We have obtained the hierarchy 𝑓1𝑆 > 𝑓2𝑆 > 𝑓3𝑆.
• Radiative Decay: We have obtained 𝑔𝑉𝑃 for good and transverse 

current with the same value before we proceed to seek Γ and Br.

61



Outlook
• In the future, we would consider GEM (Gaussian Expansion 

Method) ansatz to be used as the realistic wave function.
• We would also consider to obtain the one-loop integral for bad 

current 𝐼− for the sake of completeness.
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For comparison to Li’s work for Integrand vs 𝑘⊥(PR D 98, 2018):

30



𝑐𝑏 mesons
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