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Linear GWs
Primordial GW bg can be produced by inflation as well as density contrast

from the correct amplitude, and is unavoidable in the slow-
roll regime. Therefore, the slow-roll approximation over-
estimates the amplitude of the spectrum at very high
frequencies. Moreover, the use of the Taylor-expanded
form of the slow-roll approximation, which is used widely
in previous works, makes the deviation larger and also
increases the frequency range over which it occurs.
Obviously, these deviations are also present when the
change of g! is taken into account.

Other characteristic features in the spectrum are pro-
duced after the end of inflation. When comparing with the
spectrum which does not include g! changes and the
neutrino anisotropic stress, we find these two effects cause
damping over wide frequencies. While the changes of g!
produce damping of higher frequencies (above 10"12 Hz)
as explained in Sec. III C, the neutrino anisotropic stress
mainly causes damping at lower frequencies (10"17 Hz to
10"10 Hz). At frequencies where the two effects overlap,
the spectrum shows features produced by a combination of
both the change of g! and the neutrino anisotropic stress.
We present a close-up of the overlapped region in Fig. 2.
Note that we additionally show the spectrum which only
includes the effect of g! changes to make it clear which
effect causes the damping at each frequency. It may be seen
that the stepwise changes of g! induce a steplike shape in
the spectrum and the neutrino anisotropic stress only af-
fects the modes which reenter the horizon after the time of
their decoupling at 2 MeV. The magnitude of the damping
due to neutrino anisotropic stress may be derived analyti-
cally to be 35.6% [21]. Note that our result does not show
the dip and peak around f0 ¼ 0:8$ 10"10 Hz (k0 ¼ 5$
10"10 Hz) as seen in the results of Ref. [22]. We find that
the feature does not arise for the reason given in
Appendix D of Ref. [22], but instead is the result of
inaccurate treatment of the source term. For details, see
Appendix C.2

The change of the Hubble rate produces features in the
spectrum around the frequency of the mode that reenters
the horizon at the time of the change. One can relate the
frequencies today to the temperature of the Universe at the
time when the modes reenter the horizon as [43]

f0 ¼ 1:65$ 10"7 $ 1

2!

!
Thc

1 GeV

"!
g!sðThcÞ
100

""ð1=3Þ

$
!
g!ðThcÞ
100

"
1=2

Hz: (37)

For example, substituting the temperature of the quark-
gluon phase transition (called QGP P.T. in the figures),
which is assumed to occur at 180 MeV, for Thc yields f0 ’
10"8 Hz. Indeed, at around this frequency, we do find the
large step due to the sudden change of g! [22]. Also, the

change of the frequency dependence (!GW / k0 to k"2) at
around f0 ’ 107 Hz corresponds to the reheating tempera-
ture TRH ’ 2$ 1014 GeV, which is derived by substituting
" ¼ 10"2m ’ 1011 GeV into Eq. (27). It is notable that the
k"2 dependence above 107 Hz is the reheating effect due to
the fact that the Hubble rate has the same evolution as a
matter-dominated universe during reheating.
One thing we have to mention here is the significant rise

at the highest frequencies, which is proportional to k4.
These are the modes which have not crossed outside the
horizon during inflation, so that their amplitude decrease as
!GW / a"2 all the way through keeping the gradient of the
initial spectrum. Of course they may not in truth exist
because they does not ‘‘freeze in’’ as classical fluctuations.
One may regard them not as gravitational waves which
have been propagating since the epoch of inflation, but as
quantum perturbations of the space-time metric which are
arising ‘‘just now.’’3

B. Low reheating temperature

Here, we consider different reheating temperatures, re-
ferring to the upper bound from the gravitino problem,
TRH < 106–109 GeV [44]. As we discussed in the previous
subsection, the reheating temperature determines the char-
acteristic frequency of the feature induced by reheating, so
that different reheating temperatures are expected to result
in different spectrum shapes. Here, we consider the case of

FIG. 2. Portion of the same spectrum of Fig. 1, focusing on the
features induced by the change of g! and the neutrino anisotropic
stress. Note that !GW is plotted on a linear scale. The black
spectrum includes both contributions, the dark gray one includes
only the effect of g! changes, and the light gray one does not
include either.

2We thank Y. Watanabe (private communication) for helping
to clarify the reason for the difference between our results and
theirs.

3These modes are considered to be contributing to the cosmo-
logical constant and tuned to be very small. However, for
reference, if they contribute to the total energy density of the
Universe, the energy density of the gravitational waves exceeds
that of the scalar field for f0 * 1011 Hz, and the linear analysis
becomes invalid.
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Figure 8. The spectrum of inflationary GWs for a broad frequency interval. Here we fix the infla-

tionary scale as V 1/4
inf = 1.5⇥1016 GeV. We also show the temperature Thc at which the corresponding

mode reenters the horizon.

of inflationary GWs. All the modes with a fixed wavenumber k enter the horizon at the
same time and start to oscillate simultaneously, and hence they are coherent in the temporal
phase. However, direct detection experiments cannot resolve this oscillation since k⌧0 � 1.
For this reason, we replace a rapidly oscillating factor by 1/2 as we have done in eq. (2.11).
Hereafter, we use ⌦gw to refer the averaged quantity.

As mentioned in section 2.2, we have included the contribution of free-streaming photons
to the anisotropic stress in the second line of eq. (4.1). The e�ciency of the damping e↵ect
caused by this term is characterized by the coe�cient f�(u), which reads

f�(u) =

⇣
g⇤s,fin
g⇤s(T )

⌘ 4
3
⌦�h

2

⌦Mh2
⇣
a(u)

a0

⌘
+ g⇤⇢(T )

2

⇣
g⇤s,fin
g⇤s(T )

⌘ 4
3
⌦�h

2

, (4.8)

where ⌦Mh
2
' 0.14 [78] is the matter density parameter. In figure 9, we show the impact

of this term on the spectrum of the primordial GWs. We see that f�(u) becomes less than
0.145 at T = 3000K, but this value is not small enough to ignore the contribution to the
anisotropic stress completely. Indeed, we find that the modes reenter the horizon at the
epoch of the photon last scattering are subjected to additional damping e↵ects. The e↵ect
is most pronounced at f ⇡ 9.88 ⇥ 10�18Hz for Tls = 3000K, and the amplitude of GWs is
suppressed by about 14% at that frequency.

Note that there are some wiggly features at both ends of the dip in the left panel of
figure 9. The oscillatory feature appearing at higher frequencies (f & 10�17Hz) is similar
to that observed in refs. [29, 31] in the context of the damping e↵ect due to free-streaming
neutrinos. As mentioned in refs. [29, 31], this feature is an artifact caused by the fact that the
anisotropic stress term suddenly appears in the right-hand side of eq. (4.1) at T = Tls. We

– 35 –

ρGW ∝ a−4, ρbg ∝ a−3(1+w) > −4

Kuroyanagi, Chiba, Sugiyama ‘08 Saikawa & Shirai ‘18

r ∼ 0.15
nT ∼ − 1.76 × 10−2

αT ∼ − 3.11 × 10−4 r ∼ 0.04
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cf. Saga, Ichiki, Sugiyama ‘14
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Scalar-induced GWs

Scalar-induced GWs and Smooth Crossovers

Tomita ’67, Baumann, Steinhardt, Takahashi, Ichiki ’07, … 
Domenech ’21 (review)

[∂2
η + k2 −

1 − 3w
2

ℋ2](ahk) = 4aSk

GW bg from oscillation of density contrast

Sk = ∫
d3q

(2π)3
eij(k)qiqj[2ΦqΦk−q

+
4

3(1 + w) (Φq +
Φ′ q

ℋ ) (Φk−q +
Φ′ k−q

ℋ )]

Φ′ ′ k + 3ℋ(1 + c2
s )Φ′ k + [c2

s k2 + 3ℋ2(c2
s − w)] Φk = 0

- induced tensor

- Bardeen potential (scalar)

??
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Stellar Mass Function in Ultra-Faint Dwarfs…? 
Esser, Rijcke, Tinyakov ‘23

Primordial BHsRep. Prog. Phys. 84 (2021) 116902 Review

Figure 10. Constraints on f (M) from evaporation (red), lensing (magenta), dynamical effects (green), gravitational waves (black), accretion
(light blue), CMB distortions (orange), large-scale structure (dark blue) and background effects (grey). Evaporation limits come from the
extragalactic γ-ray background (EGB), CMB anisotropies (CMB), the Galactic γ-ray background (GGB) and Voyager-1 e± limits (V).
Lensing effects come from microlensing of stars in M31 by Subaru (HSC), in the Magellanic Clouds by MACHO (M) and EROS (E), in the
local neighbourhood by Kepler (K), in the Galactic bulge by OGLE (O) and the Icarus event in a cluster of galaxies (I), microlensing of
supernovae (SN) and quasars (Q), and millilensing of compact radio sources (RS). Dynamical limits come from disruption of wide binaries
(WB) and globular clusters (GC), heating of stars in the Galactic disc (DH), survival of star clusters in Eridanus II (Eri) and Segue 1 (S1),
infalling of halo objects due to dynamical friction (DF), tidal disruption of galaxies (G), and the CMB dipole (CMB). Accretion limits come
from x-ray binaries (XB), CMB anisotropies measured by Planck (PA) and gravitational waves from binary coalescences (GW). Large-scale
structure constraints come from the Lyman-α forest (Lyα) and various other cosmic structures (LSS). Background constraints come from
CMB spectral distortion (µ), 2nd order gravitational waves (GW2) and the neutron-to-proton ratio (n/p). The incredulity limit (IL)
corresponds to one hole per Hubble volume. These constraints are broken down into different categories in subsequent figures, these
including some less certain limits which are omitted here.

derived from the constraint on β(M) derived in section 2.3.1
by using equation (57). For M > 2M∗, one can neglect the
change of mass and the time-integrated spectrum dNγ/dE
of photons from each PBH is just obtained by multiplying
the instantaneous spectrum by the age of the Universe t0.
For PBHs of mass M, the discussion in the appendix of
[135] gives

dNγ

dE
∝

{
E3M3 (E < M−1)

E2M2 e−EM (E > M−1),
(58)

where we put h̄ = c = 8πG = 1. This peaks at E ∼ M−1 with
a value independent of M. The number of background photons
per unit energy per unit volume from all PBHs is then obtained
by integrating over the mass function:

E(E) =

∫ Mmax

Mmin

dM
dn
dM

dNγ

dE
(M, E), (59)

where Mmin and Mmax specify the mass limits. For a monochro-
matic mass function, this gives

E(E) ∝ f (M) ×
{

E3M2 (E < M−1)

E2M e−EM (E > M−1)
(60)

and the associated intensity is

I(E) ≡ EE(E)
4π

∝ f (M) ×
{

E4M2 (E < M−1)

E3M e−EM (E > M−1)
(61)

with units s−1 sr−1 cm−2. This peaks at E ∼ M−1 with
a value Imax(M) ∝ f (M)M−2. The observed extragalactic
intensity is Iobs ∝ E−(1+ϵ) ∝ M1+ϵ where ϵ lies between
0.1 (the value favoured in [196]) and 0.4 (the value
favoured in [283]). Hence requiring Imax(M) ! Iobs(M)
gives [135]

f (M) " 2 × 10−8
(

M
M∗

)3+ϵ

(M > M∗). (62)

As expected, this is equivalent to condition (33), which is rep-
resented in figure 7. We have seen that the Galactic γ-ray

21

Carr, Kohri, Sendouda, Yokoyama ‘20

PB
H 

/ 
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l D
M

All DM = PBH

Scalar-induced GWs and Smooth Crossovers 9

Carr & Hawking ’74
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Positivist Perspective?

Observational Evidence for Primordial Black Holes

Figure 38. PBH mass function with peaks induced by the thermal history of the Universe (thick, dashed curve;
cf. Ref. [34]). Figure includes the same pieces of positive evidence for PBHs as in Fig. 1. Also included, as a
comparison, are various monochromatic constraints on fPBH(M) (light-shaded regions), taken from Ref. [371].

D. Comparing Evidence with Thermal-History Model

In Figs. 1 and 38, we have indicated the PBH mass and dark matter fraction required to explain the

various type of observational evidence discussed in this review. We now explain the derivation of these

regions in more detail, considering the lensing, dynamical and GW arguments in turn. However, just

as for PBH constraints, all these estimates are based on various assumptions and subject to significant

uncertainties. In particular PBH properties (such as mass function, clustering etc.) can modify the

di↵erent regions. Unless indicated otherwise, we assume a monochromatic PBH mass function.

PBH dark matter fraction from lensing evidence. We have estimated the PBH dark matter

fraction for six types of lensing evidence in the following way:

• For HSC, we have reinterpreted the limits of Ref. [96]. Instead of assuming no detection, we have

computed the 2� confidence intervals for fPBH assuming that one PBH microlensing event was

observed. The limit is identified with a band using simple Poisson statistics. All the assumptions

are therefore identical to those of Ref. [96].

• For OGLE, we show the 2� allowed region provided in Fig. 8 of Ref. [93], combining the OGLE

confidence region with the HSC exclusion region

– 75/107 –

Carr, Clesse, García-Bellido, Hawkins, Kühnel ‘23
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Perspectives

Scalar-induced GWs and Smooth Crossovers

Large Primordial Perturbation

Primordial BHs Scalar-induced GWs

Smooth Crossover

Byrnes+ ‘18 
Escriva, Bagui, Clesse ’22 

Escriva & Sublis ’22 
Franciolini+ ’22 

Musco+ ‘23

Hajkarim & Schaffner-Bielich ’19 
Domenech ’19 
Domenech, Pi, Sasaki ’20 
cf. “Poltergeist” by Terada+
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QCD on SIGWs

Scalar-induced GWs and Smooth Crossovers

Abe, YT, Ueda ‘20

𝒫ζ(k) = Aζδ(ln k − ln k*) 𝒫ζ(k) = Aζ ( = 7 × 10−3)

/22
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QCD on SIGWs

Scalar-induced GWs and Smooth Crossovers

Abe & YT ‘23
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QCD on SIGWs

Scalar-induced GWs and Smooth Crossovers

Abe & YT ‘23
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SIGWs probe Crossover

Scalar-induced GWs and Smooth Crossovers

Escriva, Inui, YT, Yoo ‘24
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SIGWs probe Crossover

Scalar-induced GWs and Smooth Crossovers

Escriva, Inui, YT, Yoo ‘24
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 SC for DM PBH100 TeV

Scalar-induced GWs and Smooth Crossovers

Escriva, YT, Yoo ‘23
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Non-Gaussianity on SIGWs

Scalar-induced GWs and Smooth Crossovers

Abe, Inui, YT, Yokoyama ‘22
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Figure 9: The second-order (Vanilla) contribution in a diagram (left) and the resultant

normalized GW amplitude ⌦(2)

GW
/A

2
g (right).

be taken over all undetermined momenta qi (i = 1, 2, ...) other than k. All diagrams shown
below can be summarized in this integral.

3.2.1 Second-order contribution

Let us see specific examples order by order in our monochromatic power spectrum of the
curvature perturbation (2.20). There is only one topologically-independent diagram for the
leading order contribution (/ A

2
g), shown in the left panel of Fig. 9. Either for ++ or ⇥⇥

mode, this diagram reads

P
Vanilla

��
(⌧, k) = I��(⌧,k | q,q | q,k� q). (3.25)

The symmetry factor is unity because it has no loop structure, and the deformation factor is
two as it can be only “twisted” (any “flip” does not yield an independent diagram). Taking
account of the two polarization patterns, the amplitude of GW spectrum (3.7) then reads

⌦(2)

GW
(k) = 22 ⇥ 1

48

✓
k

aH

◆
2

PVanilla
++

(⌧ ! 1, k)

=
3A2

g

1024
k̃
2⇥(2� k̃)

⇣
k̃
2 � 4

⌘
2
⇣
3k̃2 � 2

⌘
2

⇥
✓
⇡
2

⇣
3k̃2 � 2

⌘
2

⇥(2
p
3� 3k̃) +


4 +

⇣
3k̃2 � 2

⌘
ln

����
4

3k̃2
� 1

����

�◆
, (3.26)

where k̃ = k/k⇤, and we used the asymptotic formula (3.21) of the kernel function Ik. The
GW spectrum has a sharp peak as one can see in the right panel of Fig. 9. This is because
we assume a monochromatic power spectrum.

3.2.2 Third-order contributions

The third-order contributions (/ A
3
g) are summarized in Fig. 10. The symmetric factor is

unity for the C and Z terms, while it is two for the 1-convolution term and 1-loop term.

– 15 –

�

k

�

k
q1 q2

q2

q2 � k

q1 � q2

q2 � k

q1 � k

(a) C : PC
��

�

k

q1

q1

q1 � k q2

q2

q2 � k

q1 + q2 � k �

k

(b) Z : PZ
��

q1 � k

�

k q2 � q1

q1 � k

q1 q1

q2

q1 � k

�

k

(c) 1-convolution : P 1c
��

�

k

l1 q1 � k

q1 � k

q1 q1

q1

q1 � k

�

k

(d) 1-loop : P 1`
��

Figure 10: Third-order contributions.

Hence they are summarized as

P
C

��
(⌧, k) = (2!FNL)

2I��(⌧,k | q1,q2 | q2,k� q2,q1 � q2),

P
Z

��
(⌧, k) = (2!FNL)

2I��(⌧,k | q1,q2 | q1,q2,k� q1 � q2),

P
1c

��
(⌧, k) =

(2!FNL)2

2!
I��(⌧,k | q1,q1 | k� q1,q2,q1 � q2),

P
1`

��
(⌧, k) =

✓
3!GNL

2!

Z
d3l1
(2⇡)3

Pg(l1)

◆
P

Vanilla

��
(k) = 3GNLAgP

Vanilla

��
.

(3.27)

One finds in the 1-loop term that adding self-closed loops to some diagram can be prac-
tically realized by multiplying the original diagram by the expansion coe�cients and the
perturbation amplitude Ag.

The deformation factors read 22 for the C, Z, and 1-convolution terms and 23 for the
1-loop term. Therefore, the third-order GW spectrum is given by

⌦(3)

GW
(k) = 2⇥ 1

48

✓
k

aH

◆
2h
22 ⇥ PC

++
(k) + 22 ⇥ PZ

++
(k) + 22 ⇥ P1c

++
(k) + 23 ⇥ P1`

++
(k)

i
.

(3.28)

Though the integrations cannot be done analytically in contrast to the Vanilla case (3.26), we
show the numerical results in Fig. 11, which include two polarizations and the deformation
factors. We do not explicitly show the 1-loop term because it is just a constant multiplication
of the Vanilla term shown in Fig. 9.

3.2.3 Fourth-order contributions

Fourth-order contributions (/ A
4
g) are summarized in Figs. 12 and 13. (1,1)-conv, Box, and

X terms have been provided in [25] and 2-conv term has been introduced by [26], while
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Figure 13: Fourth-order contributions with self-closed loops.

other contributions in Fig. 12 and all contributions in Fig. 13 are our new findings. They
read

P
(1,1)c

��
(⌧, k) =

(2!FNL)4

(2!)2
I��(⌧,k | q1,q1 | q1 � k+ q3,q3,q2,q2 � q1),

P
Box

��
(⌧, k) = (2!FNL)

4I��(⌧,k | q1,q2 | q1 � q3,q2 � q3,q3,q3 � k),

P
X

��
(⌧, k) = (2!FNL)

4I��(⌧,k | q1,q2 | q1 � k+ q2 � q3,q1 � q3,q2 � q3,q3),

(3.29)
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Figure 11: The normalized GW amplitude of third-order contributions except for the 1-
loop term, which is just a constant multiplication of the Vanilla term shown in Fig. 9. We
represent the third-order total amplitude as the black solid line. Dashed and dotted lines
respectively show where the sign of ⌦GW is positive and negative. We note that this plot is
including two polarizations and the deformation factors.
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Figure 12: Fourth-order contributions without self-closed loops.
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Kernel data? — QCD on SIGWs

Scalar-induced GWs and Smooth Crossovers

Franciolini, YT, Veermae in prep

𝒫h(η, k) = 2∫
∞

0
dt∫

1

−1
ds [ t(2 + t)(s2 − 1)

(1 − s + t)(1 + s + t) ]
2

I2(s, t, η, k) 𝒫ζ(uk) 𝒫ζ(vk)

u = (t + s + 1)/2 v = (t − s + 1)/2

I(s, t, η, k) = g1k(η) I2(s, t, η, k) − g2k(η) I1(s, t, η, k)

Ii(s, t, η, k) =
4
9

k2

a(η) ∫
η

0
dη̃ gik(η̃) a(η̃) Sk(η̃)

All crossover info!
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Kernel data? — QCD on SIGWs

Scalar-induced GWs and Smooth Crossovers

Franciolini, YT, Veermae in prep

p r e l i m i n a r yp r e l i m i n a r y p r e l i m i n a r y

𝒫ζ(k) = Aζ 𝒫ζ(k) = Aζ ×
( k

10 nHz )
0.5

for k < 10 nHz

( k
10 nHz )

−0.5
for k > 10 nHz

𝒫ζ(k) =
Aζ

2π
exp (−

ln2 k /(10 nHz)
2 )
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Thermal WIMP?

/22Scalar-induced GWs and Smooth Crossovers

Inui, Kuroyanagi, Makino, YT, Yokoyama in prep
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Summary

- Crossover affects SIGWs and PBHs 

- SIGWs and PBHs can probe Crossover 

-  crossover is an interesting target of LISA & PBH-DM 

- QCD effect can be included into Kernel in advance for PTA analysis
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