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① Introduction

Quantum Entanglement (QE)

Two parts (subsystems) A and B in a total system are quantum 
mechanically correlated.

     

Pure States:  Non-zero QE ⇔ 
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Direct Product

A B

Minimal Unit of 
Entanglement

The best (or only) measure of quantum entanglement 

for pure states is known to be entanglement entropy (EE).

EE＝ # of Bell Pairs between A and B



Entanglement Entropy (EE)

An amount of quantum entanglement (for pure states) 
is measured by   

First we decompose the Hilbert space:

We introduce the reduced density matrix 

by tracing out B

  

The entanglement entropy (EE)         is defined by

A

.   BAtot HHH =

A BExample：Spin-chain

AS

Entanglement Entropy (EE) .

]logTr[ AAAS −= ＃ of Bell Pairs 

between A and B∝
[Refer to e.g. Nilsen-Chuang’s text book]



Ex2:  Trapped-ion quantum simulator Ex3. Topological EE
 in superconducting qubits

Measurement of EE in Experiments 

Ex.1: Ultracold bosonic atoms 
in optical lattices



N

A
A

G
S

4

)(Area 
=

Entanglement Entropy 
between A and B

  = Minimal Area Surface 
which surrounds A in AdS 

Holographic Entanglement Entropy [Ver.1:Static]

A

B

A

Gravity 
in AdS = CFT

on Boundary

Minimal Surface

A

[Ryu-Takayanagi 2006]

AdSd+2

CFTd+1

Information in A is encoded in the entanglement wedge EWA !

AEW

[Czech-Karczmarek-Nogueira-Raamsdonk, Wall 2012, Headrick-Hubeny-Lawrence-Rangamani 2014….]



Holographic Entanglement Entropy  [Ver.2:Time-dep.]
[Hubeny-Rangamani-TT 07]

A generic Lorentzian asymptotic AdS spacetime is dual to 
a time dependent state |Ψ(t)〉 in the dual CFT.

The time-dependent entanglement entropy 

is computed from an extremal surface area: 

𝜌𝐴 𝑡 = Tr𝐵[| ۧΨ(𝑡) Ψۦ 𝑡 |] 𝑆𝐴 𝑡 .

𝑆𝐴 𝑡 = MinΓ𝐴
ExtΓ𝐴

𝐴(Γ𝐴)
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Question:  Any Ver 3.  Formula ?

Minimal areas in Euclidean time dependent 
asymptotically AdS spaces 

=  What kind of QI quantity in CFT ?

The answer is Pseudo Entropy ! 

[Nakata-Taki-Tamaoka-Wei-TT, 2020]
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(2-1) Definition of Pseudo (Renyi) Entropy

Consider two quantum states        and         , and define

the transition matrix:

We decompose the Hilbert space as

and introduce the reduced transition matrix:

ۧ|𝜓 ۧ|𝜑

𝜏
𝜓|𝜑

=
ۧ|𝜓 |𝜑ۦ

|𝜑ۦ ۧ𝜓
.

𝜏𝐴
𝜓|𝜑

= Tr𝐵 𝜏
𝜓|𝜑

.   BAtot HHH =

𝑆(𝑛) 𝜏𝐴
𝜓|𝜑

=
1

1 − 𝑛
logTr 𝜏𝐴

𝜓|𝜑 𝑛
.

𝑆 𝜏𝐴
𝜓|𝜑

= −Tr 𝜏𝐴
𝜓|𝜑

log𝜏𝐴
𝜓|𝜑

.Pseudo Entropy

Renyi Pseudo Entropy

② Pseudo Entropy and Holography



(2-2) Basic Properties of Pseudo Entropy (PE)

• In general,            is not Hermitian. Thus PE is complex valued.

• If either        or        has no entanglement (i.e. direct product state) , 
then

• We can show

• We can show

ۧ|𝜓 ۧ|𝜑

𝑆(𝑛) 𝜏𝐴
𝜓|𝜑

= 0.

𝑆(𝑛) 𝜏𝐴
𝜓|𝜑

= 𝑆(𝑛) 𝜏𝐴
𝜑|𝜓 †

.

𝑆(𝑛) 𝜏𝐴
𝜓|𝜑

= 𝑆(𝑛) 𝜏𝐵
𝜓|𝜑

. →“SA=SB”

𝜏𝐴
𝜓|𝜑

When does PE become real ? 
Real valued Euclidean PI= Holographic PE
Pseudo Hermiticity [Guo-He-Zhan 2022]

For thermal pseudo entropy, Kramers-Kronig relation 
relates the real part of PE  to the imaginary part. 
[Caputa-Chen-Tsuda-TT 2024]



𝑆 𝜏𝐴
𝜓|𝜑

= MinΓ𝐴

𝐴(Γ𝐴)

4𝐺𝑁

(2-3) Holographic Pseudo Entropy (HPE) Formula
[Nakata-Taki-Tamaoka-Wei-TT, 2020]

As we will later see,  we can apply 
HPE also to some Lorentzian spacetimes.
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In Euclidean time dependent background, 
the minimal surface area coincides with 
the pseudo entropy.



(2-4) Pseudo Entropy and Quantum Phases
[Mollabashi-Shiba-Tamaoka-Wei-TT 20, 21]

Basic Properties of Pseudo entropy in QFTs

[1]  Area law

[2]  The difference

is negative if       and       are in a same phase.

∆𝑺 = 𝑺 𝝉𝑨
𝟏|𝟐

+ 𝑺 𝝉𝑨
𝟐|𝟏

− 𝑺 𝝆𝑨
𝟏 − 𝑺 𝝆𝑨

𝟐

 terms),subleading(
A)Area(

~
1

+

−dAS



PE in a 2 dim. free scalar
when we change its mass.

ۧ|𝜓1 ۧ|𝜓2

What happen if they belong to different phases ?
Can ΔS be positive ?



Quantum Ising Chain with a transverse magnetic field

Ψ1→ vacuum of H(J1)
Ψ2→ vacuum of H(J2)

(We always set h=1)

J1=1/2 J1=1 J1=2

J<1   Paramagnetic Phase
J>1 Ferromagnetic Phase

We find
when Ψ1 and Ψ2 are in different phases !

∆𝑺 = 𝑺 𝝉𝑨
𝟏|𝟐

+ 𝑺 𝝉𝑨
𝟐|𝟏

− 𝑺 𝝆𝑨
𝟏 − 𝑺 𝝆𝑨

𝟐 > 𝟎
J2 J2 J2

N=16, NA=8



Heuristic Interpretation

Two gapped phases are 
separated by a gapless phase.

CFT !

Ψ1

Ψ2

A

PE is enhanced ! ∆𝑺 > 𝟎
AdS Dual of 
Gapless Interface

ΓA

The gapless interface (edge state) also occurs in topological orders.
➔Topological pseudo entropy 

[Nishioka-Taki-TT 2021, Caputa-Purkayastha-Saha-Sułkowski 2024]



Question

Is the pseudo entropy relevant for 
holography in Lorentzian spacetimes ? 

Yes, it is ! 
★ Traversable wormholes !

Time-like EE 
    dS Holography

[Kawamoto-Maeda-Nakamura-TT, 2025]

[Doi-Harper-Mollabashi-Taki-TT 2022,
Kawamoto-Ruan-Suzuki-TT 2023] 



AdS

AdS

z

Glue

Negative tension brane
Model A (Imaginary Janus deformation)
Model B (Double trace deformation)

Consider a simple model of traversable AdS wormhole:

CFT1

CFT2

CFT1
CFT2

x

z

0 z0 2z0

③ Simple model of traversable AdS wormhole



Two constructions of CFT dual of Traversable AdS wormhole

No interactions 
between A and B

[New !]

Entanglement 
between A and B
is Not necessary

Non-traversable
Traversable

[Gao-Jafferis
-Wall 16]
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CFT1 CFT2

0 z0 2z0
w 02z0 z0

Consider a scalar field Φ in the bulk:

Source 
J1

〈O1〉

Source 
J2

〈O2〉

42

2
2 d

mν,    ν
d

Δ +=+=



Two point functions read

CFT1 CFT2

O1 O2

〈O1O1〉

〈O1O2〉

〈O1O1〉

〈O1O2〉

exp decay



These results agree with the geodesic approximation  when Δ>>1.

In Lorentzian signature x0=it,  the two point function <O1O2> gets 
divergent at                                 as the two points are null separated:    04 2

0

22 =++− zxt

CFT1 CFT2

O1

O2
A characteristic feature of 
traversable AdS black hole



Holographic Entanglement Entropy ?

A B
CFT1

CFT2

How does SAB look like ?

ΓAB
(0,0)

x

t

(b,t) When

When

SAB becomes complex valued because                          .
Thus, SAB should be regarded as pseudo entropy.

ABAB  †



Janus deformation  =  asymmetric exactly marginal        

perturbations of doubled CFTs

④  CFT dual via Janus deformation (Model A)

)(1

)0(

CFT1CFT xOdxSS d

+= 

)(2

)0(

CFT2CFT xOdxSS d

−= 

We consider the TFD state of the doubled CFT for d=2.

In the standard Janus deformation,  γ is real valued.
We will extend γ to imaginary values. 

γ -γ

x
t

β/4β/4



When γ is real, the Janus deformed TFD state looks like

The replica method leads to 

| ۧ𝑻𝑭𝑫 = σ𝒏 𝒆−
𝜷(𝑬𝒏

𝟏
+𝑬𝒏

𝟐
)

𝟒 𝑬𝒏
(𝟏)

, γ|𝑬𝒏
(𝟐)

, −𝜸 |𝑬𝒏
(𝟏) ۧ, γ |𝑬𝒏

(𝟐) ۧ, −γ

ɤ -ɤ

ɤ -ɤ

|𝑻𝑭𝑫ۦ = ෍

𝒏

𝒆−
𝜷(𝑬𝒏

𝟏
+𝑬𝒏

𝟐
)

𝟒 𝑬𝒏
(𝟐)

, −γ|𝑬𝒏
(𝟏)

, 𝜸 ർ𝑬𝒏
(𝟏)

, γ | ർ𝑬𝒏
(𝟐)

, −γ |

[Bak-Gutperle-Karch 07]

𝑻𝑭𝑫|𝝈𝒏(𝒂)ۦ 𝝈𝒏 𝒃 | ۧ𝑻𝑭𝑫 We can compute the 
entanglement entropy.

Twist operator



When γ is imaginary, it is dual to an asymmetric TFD state:

Note:  

The replica method leads to 
iɤ -iɤ

iɤ -iɤ
| 𝑻𝑭𝑫ۧ † ≡ |𝑻𝑭𝑫ۦ ≠ 𝑻𝑭𝑫′ .

𝑻𝑭𝑫′|𝝈𝒏(𝒂)ۦ 𝝈𝒏 𝒃 | ۧ𝑻𝑭𝑫 This gives pseudo entropy.

(→post selection)

| ۧ𝑻𝑭𝑫 = σ𝒏 𝒆−
𝜷(𝑬𝒏

𝟏
+𝑬𝒏

𝟐
)

𝟒 𝑬𝒏
(𝟏)

, 𝒊γ|𝑬𝒏
(𝟐)

, −𝒊𝜸 |𝑬𝒏
(𝟏) ۧ, 𝒊γ |𝑬𝒏

(𝟐) ۧ, −𝒊γ

|′𝑻𝑭𝑫ۦ = ෍

𝒏

𝒆−
𝜷(𝑬𝒏

𝟏
+𝑬𝒏

𝟐
)

𝟒 𝑬𝒏
(𝟐)

, −𝒊γ|𝑬𝒏
(𝟏)

, 𝒊𝜸 ർ𝑬𝒏
(𝟏)

, 𝒊γ | ർ𝑬𝒏
(𝟐)

, −𝒊γ |



Explicit construction from Janus deformation

We start with  3D Janus BH solutions in [Bak-Gutperle-Hirano 07].

γ is Janus 
deformation
Parameter.

CFT1 CFT2

μ=μ0μ=-μ0

We now extend this solution to imaginary γ.



Traversable
wormhole

BTZ black hole

Janus 
black hole

μ=-μ0 μ=μ0

τ=-π/2

τ=π/2

μ0>π/2

μ0<π/2
μ0=π/2

C
FT1 C

FT
2



Holographic pseudo entropy (=geodesic length)

t1=-t

t2=t
CFT1 CFT2

SAB

t

𝜸𝟐 =
𝟑

𝟖

𝜸𝟐 = −
𝟓

𝟖

𝜸𝟐 = 𝟎

ΓAB

ΓAB  becomes light-like !
The characteristic feature of 
traversable wormhole.



For a realization of  AdS3/CFT2 Janus solution, consider

AdS3×S3×4 in IIB string theory, dual to the D1-D5 CFT

given by the symmetric product CFT:                                   .

The Janus deformation is performed by shifting 

the compactification radius R➔R1 in CFT1  and R➔R2 in CFT2.

Below we consider a toy model of  Janus CFT based on 

the c=1 free compactified scalar φ (radius R).   

A toy model of CFT dual

 51)(T Sym 4 QQ

1

)1(

R



2

)2(

R


.
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 +=



To probe its dual “geometry”, compute the two point function <V1V2> 

To evaluate the two point function,
we employed the doubling trick 
of interface CFT.

In the high temperature limit,

[Bachas-de Boer-Dijkgraaf-Ooguri 2001,  
Sakai-Saoth 2008]



t1=t t2=t

C
FT

1 C
FT2

t1=-t

t2=t

C
FT

1

C
FT2

Case 2

Case 1

η<0 for real γ
η>0 for imaginary γ

Qualitatively agree with the gravity dual



Entanglement entropy between A=CFT1 and B=CFT2

Area of throat Monotonically 
decreasing 
function of γ2

In the dual CFT , this corresponds to the EE in the deformed TFD state:

SA becomes its maximum at θ=π/4 (i.e. undeformed) and decreases 
as γ2 gets larger.  This is consistent with the gravity dual.



⑤ CFT dual via double trace deformation (Model B)

AdS

AdS

z

Double Trace 
Deformation

න 𝒅𝒙𝒅𝒚𝝀(𝒙, 𝒚)𝑶𝟏 𝒙 𝑶𝟐(𝒚)

CFT1

CFT2
x

Consider a double trace deformation 
between CFT1 and CFT2

The double trace deformation is dual to 
the change of boundary condition in AdS:

[Witten 2001]

Here the scalar field in each AdS is expanded as follows: 



In this way we can compute the two point functions:

Two point functions in the simple model of traversable WH
is reproduced by setting

Note:  In order to reproduce two point functions for all operators,
we need to perform the double trace deformations for all primaries.

UV regularized
DT deformation



Quantum info. aspect:  a toy model of coupled harmonic oscillators

T Or equally, 

ABAB  †

0)( ABS 

mixed=AB



Indeed, we can easily find 

because A and B are 
causally connected. 

𝑯𝒕𝒐𝒕 ≠ 𝑯𝑪𝑭𝑻𝟏 ⊗ 𝑯𝑪𝑭𝑻𝟐

0)( ABS 



This is analogous to the following setup in a single CFT:

u1

u2

v1

v2

e.g.  Free Dirac fermion CFT  c=1

If this interval 
is time-like, 
entropy gets 
complex valued !

[See also  Kusuki-Umemoto-TT  2017]



Cf. Time-like Entanglement Entropy in AdS/CFT

Consider a time-like version of entanglement entropy by rotating 

the subsystem A into a time-like one:

CFT on an infinite line Holographic calculation

𝑺𝑨 =
𝑪

𝟑
𝐥𝐨𝐠

𝑳

𝜺

𝑺𝑨 =
𝑪

𝟑
𝐥𝐨𝐠

𝑻

𝜺
+

𝝅

𝟔
𝒊𝑪𝑪𝑭𝑻

𝑳 → 𝒊𝑻
𝑳

𝑻

A

A

[Doi-Harper-Mollabashi-Taki-TT 22, 23, 
Heller-Ori-Sereantes 23, Milekhin-Adamska-Preskill 25] 

T/2

-T/2

/2

/2

Poincare AdS Global AdS



⑥ Conclusions
Pseudo entropy (PE) is a generalization of entanglement entropy.

       PE depends on both the initial and final state.

       PE is in general complex valued.

     ΔS for two states in different phases can be positive, while ΔS 
in the same phase is always non-positive  New order parameter

   In AdS/CFT, PE is equal to the minimal area in Euclidean 
time-dependent asymptotically AdS. Emergent space from PE

       Traversable wormholes in AdS can be probed by PE.
We point out that there are two different models of the CFT dual.

(i) Model A (Imaginary Janus deformation)

(ii) Model B (double trace deformation)

0)(    n,interactio no   , = ABFI S 

0)(    n,interactio   , = ABFI S 



Future directions

• Quantum information meaning of the complex values of PE ?

• Applications to non-Hermitian cond-mat physics ?

• Implications to quantum gravity  ?  Emergent time ?

• Constraints on QFTs using PE ?

:

:



Thank you !
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