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Defects are interesting objects in physics Nengs tall]

 Line defect: Wilson-'t Hooft line, impurities, cosmic strings, ...
e Higher-dimensional defects: D-branes, ...

e Topological defects: Skyrmions (2D), Hopfions (3D), ...

Normally, only one defect is considered in a physical system. What if there
exists more than one defect ? In this situation, perhaps we can do more

engineering. The simplest situation is to consider two defects.

e Two of the same dimension

G) Two of different dimensions (spacetime D> 2)



What is a composite defect ?

We can start by doing some engineering, taking a line defect and a

surface defect

When a lower-dimensional defect is embedded inside a higher-dimensional

defect, this gives rise to a composite defect.
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My plans:

e Defects as localized interactions

e What does not work: Free O(N) model ind =4 - €

e What does work: Free O(N) model d =3 - €

e A (weak) C-theorem conjecture for the composite defects

° Summary and open questions



Defects as Localized interactions



Defects as Localized interactions

In the model we are considering, defects are represented by the localized
interactions. This means that they can flow under local renormalization
group (RG) flow. The local deformations are marginal classically. For

example, a scalar field has a classical dimension

We can build local deformations of the type / d"z¢?

Being classically marginal requires that Ay =T
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To suit our purposes, we would like to construct TWO such defects of
dimensions r and p (r < p).

g0 r
Sd1:FATdy¢la Sdz—ﬁ [depz¢k,

r. k,pleZt,1<r<p<dandl<k

Requiring them being classically marginal, we have the following allowed

configurations (one should thinkd=m- ¢, € -> o)

d| 3 4 2n
r{l1|1l 1 2| n—1
[12 (1l 2 1
P2 |3 3 [
kEil4|2 3 3 2




d=2n-¢ (n=2)



A single scalar model with composite defect

Model: Line defect + surface defect

1 h
I:§/dda:(8qb)2+?0/ d2g¢2+go/dz¢ e
|R2

Epsilon expansion of the bare couplings,

oh  d9h
h0:M€<h+ 12 +...>,

€ €2

0 0
go = M</? (h+ I+ 229+...)

€ €

Regularization of the theory, one-point function of the renormalized field

should be finite
([¢](z)) = finite, ([¢*](z)) = finite.
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All loop calculation

Type | diagram: Chain type  (¢(z))

B Surface defect

RS ® Line defect

We can use the free field propagator to calculate perturbatively

I'm(z) = (—g0) h0/2 /d“/HdQTyz () [ [ 6*(9:) 6(2))

7=0
. dd r~ —— e—iﬁx N P — c
= —go(—ho) / (QW)d_T 718111 Fol1By, 1) = (4m) =" By ~T (5)
Summing up all the diagrams gives
dd—rﬁ 1 e—iﬁm

00 = ) | oot D 7
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Type ll diagram: Loop type, with only surface defects  (¢*(z))

T(z) = B Surface defect

........

dd 2r dd e—z:cp
— (_h0>m/(27_‘_)d_€r (27_‘_) ( I )2]92 (|p|\H|)

Summing up all the diagrams gives the non-factorizable part

<¢2 / 44— 2rp dd e txp —hyg
2m)4=2r (2m)4 (P + p)?p? 1 + ho fr(|p), 1)
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Finiteness conditions give the renormalized coupling

M2 hgM—¢2 1 Me 1 1
+ _
90 go 2Te

Comments:

e If “2” is not there...

e The line coupling is corrected by the surface coupling, but not vice versa

e The localized RG flows on the surface and the line cannot flow to the
fixed point simultaneously -> no conformal composite defect

e This analysis applies for free theories in even dimensions (n>2), they

cannot host conformal composite defects
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[Tom Shachar’s talk]

O(N) model with composite defects

Model: surface defect + line defect

1

I _/ ddajaugblﬁp“qbl—F@/ ng (¢I¢1)2+QO,IJ/d2¢I¢J D(2)
2 Jra R? R

4! 2
D)

Diagrams up to the second order

62z B Surface defect
x, ® Line defect
Do,1
Divergent
(¢ (z)) diagram




O(1) model: only a single scalar
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A SRR e In this dimension, both conformal
line and surface defects can be
hosted separately o
e An exciting fact: conformal
composite defect exists !!! o
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More generally O(N) case: O(N) -> O(m) * O(N-m) on the line

gIJ:diag<gag7"'7g7g,7g/7"'7g:)
m N m
Beta functions:
N +38
Brn = —2eh + —+h2—1—(higher order)
A8
1 5 1 ,
Bg=—€g+ -9+ —(mg+(N—-m)g +29)h+---,
27 A8
1
Bg’__eg/+_g + —

0.01

RG flows plotted w/

-01f
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Comments:

e Four CCD fixed points, 2 * O(N) symmetric + 2 * O(N) broken

e Unitarity (real couplings) requires N >= 23

e Local RG analysis shows that the non-trivial O(N) preserving one is
the most UV among the four for N > 4. We can perturb the coupling

around the fixed point, obtaining the eigenvalues for the phase space

(g,¢')
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dCFT data: An interesting mixing of composite operators

We consider two composite operators of the same classical dimension on the

e L i B (I
o= EL . V=g ; (@) ZS(M)

Apparently, once the surface coupling is turned on, at the quantum level, the

line defect

two operators stop to be orthogonal to be each other, as the wavefunction
renormalization matrix acquires off-diagonal entries. We can define a matrix
for the anomalous dimension

d
= 72!
7= Jlog M

Zg

fixed point

Its eigenvalues give rise to the anomalous dimensions of two new defect

operators, for instance, at the non-trivial O(N) symmetric fixed point,

12-N&N
84+ N

Y+
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Conjecture: Subdefect C-theorem



C - theorems

We can define a function, normally called a c-function after Zamolodchikov.
This function has monotonic properties along the RG flow. In 2d, it coincides
with the central charge s.t. it depicts the d.o.f. of the theory at different

energy scales and UV has more d.o.f. than the IR. There are three versions of

C theorem [2Zamolodchikov 1986]

e Weak version: C-function is non-increasing compared at the UV and
the IR fixed points connected by an RG flow;
e Strong version: C-function is non-increasing along the RG flow;

e Strongest version: the RG flow is a gradient flow of the C-function.
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A conjecture of the sub-defect C - theorem

Conjecture. In a unitary CFTy with a composite defect D@1 Pn) — U 4 DPi) consisting
of n sub-defects of p; dimensions satisfying 0 < p; < pa < --- < p, < d and DPY) c DP2)
... ¢ DPn) et ZP1spn) = (D@1 Pr) ) be the partition function on a d-sphere. Then, the

function C defined by

Z(p17p2 y 1T 7pn)
Z(p27 7pn)

C = sin (%}91) log

(4.1)

does not increase under any localized RG flow on the sub-defect D®1) of the lowest dimension,

Cuv > CIr . (4.2)

‘ Sd
) w

N

Rd
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An argument from conformal perturbation theory

Let us consider the following weakly relevant deformation localized on the

submost defect,

TP, pn) II()péi;:'f’ )+5\0 /dp% §O(7) , A=p—c

Adopting the Wilsonian renormalization procedure, we can find the

renormalized (dimensionless) coupling 3(s) = A(u) 1~ and o = Xo 55

() ()

Then the difference of the partition functions up to third order in the coupling

i) = go (POV) —gg == € o
0 0 Ogr(pl

510g Z(pla"' ,pn) <§) = 1Og Z(p17"'7p’fb) (g) _ log Z(p17"'7p7l) ( )
2 rp1+l
sin (%2L) T'(p1 + 1)

_1~
£ o w2C _4

< ~4
59 +3F(%)g +0(3")

CHE
3T(p1 +1) C2

This gives rise to the C-function C(g.) — C( +O(Y)

N
|
)
N—"
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Perturbative test in the d = 3 - € model

The conjectured sub-defect C-function for our model consists of

Z<h07 90, 96)
Z(h()a 07 0)

C=In = Oy + C3 + C5 + (higher order)

Diagrammatically,

C! 2 C13 CI/S

__mg3+(N—m)g’3 _I_mgﬁng(N—m)g’ﬁg,
192 7 32

Comments:

oc _
og

86_ N —m

o9~ 16

 Stationary around the fixed points, _% B, By

e Agrees with Local RG analysis, comparing the two O(N) symmetric

7T2 _1\3
fixed points  C(P) —C(R) = QiV(J(VN+ 8;13) ¢® + O(c")
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Future directions:

e Physical relevance of the composite defect,d =3- € ¢

o Adding a bulk interaction and re-investigate thed = 4 - €,

line surface & volume(interface)

e Proof of the subdefect C-theorem ?

An interesting open question:

e How can we fuse defects of different dimensions ?

[Bachas & Brunner ’o7]

[Diatlyk, Khanchandani, Popov & Wang "24]
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