Physics of tridiagonal Hamiltonians: lessons from the Double-Scaled SYK model
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Tridiagonal matrices/Hamiltonian

Diagonal elements can be zero or non-zero. No off-diagonal elements are present other than the primary off-diagonals.
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We are interested in studying properties of such matrices, especially the matrix elements{a,, b, }. We call them as
“Lanczos coefficients”.

In finite size (of d) systems, 7 is finite and bounded by the size of the matrix/dimension of the Hilbert space for
Hamiltonians.

In the thermodynamic limit, d — oo, the coefficients{a,, b, } can extend to infinity. We will be use the scaling x = n/d to
express the quantities of interest in a size-independent manner.



Quantum Dynamics in Krylov space Parker-Cao-Avdoshkin-Scaffidi-Altmam (2018)

Balasubramanian-Caputa-Magan-Wu (2022)
Such matrices arise when the quantum dynamics is described in the Krylov space.
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We expand in a basis { | ¥(0)), H|¥(0)), H*|¥(0)) -}

One can perform Gram-Schmidt orthogonal procedure to produce an orthonormal basis (Krylov basis) set | K,), n = 0,1,2...
with the condition that | K,;) = | W(0)), then in this basis the Hamiltonian can be written in the tridiagonal form
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See Review article: PN-Roubeas-Azcona-Dymarsky-del Campo (2024)



Key message: The goal tis to tridiagonalize a Hermitian Hamiltonian such that the eigenvalues of the given Hamiltonian
and its tridiagonalized version are identical.
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In many occasions, we would like to study large d disordered systems. Such systems can be effectively described by
Random Matrix Theory (RMT). An example is the SYK model.

In such cases, we do not talk about each individual eigenvalue, rather we talk about the statical distribution of the elements.

Each eigenvalue #D Each Lanczos coefficients

Density of states <> Statistics of Lanczos coefficients
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Dumitriu, Edelman (2002)



Our question: What is the relationship between the density of states of eigenvalues and the statistics of the Lanczos

coefficients? | |
Bessis-ltzykson-Zuber (1980), Marino (2004)

Balasubramanian-Magan-Wu (2023, 2024)
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Few points to note:

1. Here a(x) and b(x) are the MEAN or AVERAGE Lanczos coefficients.

2. The master relation is derived using the large d approximation. Hence, the validity of the master relation gets
better as the system size increases.

3. If a(x) = 0O, the DOS is even, The reverse statement is also true: even DOS implies a(x) = O.

4. Given a(x) and b(x), evaluating p(E) is straightforward. On the other hand, the reverse is difficult. One needs to
solve the integral equation.

5. The master relation is valid only in the bulk of the spectrum. It is not valid at the edge n ~ o(1) and the tail
d — n ~ o(1) of the Lanczos spectrum.



Let’s try some examples: d =5000, avg=100.

Gaussian Unitary Ensemble (GUE):  Set of Hermitian matrices, drawn from a particular distribution.
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We numerically tridiagonalize such Hamiltonian ensemble and find: 2 1 o0 1

a(x) =0, bx)=4/1-x

L O@b(x)? — (E - a(x))?)
Consistent with the “Master relation”  p&) = J dx .
0 m/4b(x)? — (E — a(x))?




Normal distribution: eigenvalues are uncorrelated. o4t //\\ jz?eE?/?
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We numerically tridiagonalize such Hamiltonian ensemble and find: 00l — J«?ﬁvf L L] xﬁ"m ;
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a(x) =0, b(x)=\/—%lnx.
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Consistent with the “Master relation” p(E) =~ | dx
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These are two extreme limits. How about a DOS that interpolates between the
two regimes?




We want to consider a physics example, where a smooth interpolation from semicircle to normal distribution

IS possible.
Sachdev-Ye (1993), Kitaev (2015)

One example is the density of states in Double-Scaled SYK (DSSYK) model.
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We consider the double-scaled limit — 00, N—> o0, A= il fixed. Model becomes solvable.
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Cotler et al. (2016)
Define g = e~* such that large p SYK model is recoveredin 4 — 0 ,i.e., g — 1 limit. Maldacena-Stanford (2016)



The global DOS of the DSSYK model is Erdos, Schoener (2014), Cotler et al. (2016), Berkooz, Narayan, Simon (2018)
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Similar expression also arises in p-spin glass model, Parisi’s hypercube model, and as a weight function in the
orthogonality condition of g-deformed Hermite polynomials.
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One can also considers so called “triple-scaling limit” (low-energy), recovering Schwarzian DOS.

Relation with de-Sitter space etc. Susskind (2021), Lin (2022)



We only focus on the global DOS:

In two extreme limits the DOS reduces to semicircular and normal distribution respectively
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Corresponding Lanczos coefficients (which we already know)
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Numerical Approach:

We create a “toy” Hamiltonian or a matrix model such that it reproduces the DOS of the DSSYK model for each g.
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The result PN (2024)
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Approach via Random Matrix Theory (RMT): Construction of a Matrix Model
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We are looking for a RMT potential V(H) for the DSSYK.

Find the Lanczos coefficients using saddle-point method, by the effective action

Ser = Inp(ay, -+, a;_1, by, -+, by_1)

Sy [ 1 J J V(E)
In large d limit, —— = |dx(1 —x)Inb(x) — — |dx | dE
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b(x) (JdE E) ) =4(1 — x),
db(x) m\/4b(x)? — (E — a(x))? Given the potential, the
Saddle pOint equation: Lanczos coefficients can

directly be obtained
0 J V(E)
dE = 0.
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Solve for the potential:

1 p (E") . R = A Y (1 — g)g*
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The solution is Cappelli-Colomo (1998), Jafferis-Kolchmeyer-Mukhametzhanov-Sonner (2023)

© _1\yn—1 ] —
Vq(E)=22( ln) q”z<q’5+q—’5>Tzn(\/2 qE).

n=1

The same solution is obtained using the Frustrated spherical model Cappelli-Colomo (1998).
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Directly solving the potential is difficult.

Interestingly, the potential admits a polynomial expansion. Take up to M terms
S Ty(=) = Ty,(%)
Vq(E) ~ Zw%(q)EZ”. 20\~ = L2p A
n=1

The expansion coefficients w%(q) satisfy the constraint coupled equations

n—mi.m n m n—m-— m n m
;w;y(q);ma b (m) (m/2> =4(1 — x), gwrjl‘/[(q);(n—m)a Ip <m> (m/2> =0.

The second equation provides a, = 0, and the first equation provides a polynomial expression for b, :

wy, b +w,y, bM 2 4 =0, where w,, = f({wX(q)}). It’s a single variable equation.

Since we know the expansion coefficients we can easily solve the equation, focussing on real solutions of b .
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Bulk Lanczos coefficients (Lanczos descent) are obtained by the g-logarithm function

b, (%) =f(q)\(

With...

f0)=1, f(1)=1//2

g(0)=0, g()=1

PN (2024)
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Why this study is important from a physics perspective?

1. In the dual theory, the Lanczos descent is shown to capture non-perturbative physics [Kar-Lamprou-
Rozali-Sully (2022)] and the late-time dynamics of the boundary quantum theory. Combining with the edge
result of [Rabinovici-Garrido-Shir-Sonner (2023)], our results provide a saturation of Krylov complexity (not

discussed here).

2. From the bulk perspective, Krylov complexity is proposed to be dual to the wormhole size. Hence, our
results provides a non-perturbative definition of wormhole size [PN (2024), Balasubramanian-Magan-

Nandi-Wu (2024)].

3. The recent discovery of the duality of JT gravity/matrix model [Saad-Shenker-Stanford]. The partition
function of JT gravity by the gravitational path integral as a genus expansion. The zeroth order is the disk
partition function. Higher order topologies (handles) are known as spacetime wormholes - non-
perturbative physics. Our result can be potentially used to understand the higher genus contributions and

wormhole geometries in the bulk path integral.

Q. How do we understand the late-time dynamics, thermalisation etc. from the perspective of dual
non-perturbative gravitational theory?

Final slide



Thank you for your attention!
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