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Predicted Black Holes

https://www.nobelprize.org/prizes/physics/2020/popular-information/

Singularity theorem by Roger Penrose (1965)

Penrose (1965)

https://link.aps.org/doi/10.1103/PhysRevLett.14.57


Is a black hole stable?: Perturbation equation

Perturbation of a spinning BH

Perturbation of a non-spinning BH
Regge and Wheeler (1957) Zerilli (1970)

Teukolsky (1973)

odd parity even parity

https://journals.aps.org/pr/abstract/10.1103/PhysRev.108.1063
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.2.2141
https://ui.adsabs.harvard.edu/abs/1973ApJ...185..635T/abstract


Is a black hole stable?: ringdown

Vishveshwara (1970)

Damping oscillation. Stable.

https://www.nature.com/articles/227936a0


Is a black hole stable?: quasinormal modes
Quasinormal mode (QNM) frequencies

Leaver (1985)

Chandrasekhar and Detweiler (1975)

https://royalsocietypublishing.org/doi/10.1098/rspa.1985.0119
https://royalsocietypublishing.org/doi/10.1098/rspa.1975.0112
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2M = 1

damping rate

frequency

QNMs and spin

Mass-spin measurement 
Testing gravity in strong-field regime

fundamental mode

(long-lived mode)

overtones

(rapidly decay)
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We heard the ringing!

GW150914
LIGO (2016)

https://arxiv.org/abs/1602.03841


>10 events with louder ringdown!! 
(SNR > 8 in pre- and post-merger signals; O1-O3)

LVK (2021)

https://arxiv.org/abs/2112.06861


Testing gravity / Exploring new physics
GWTC-3 LVK (2021)

New physics or statistical error?

- Combining 12 event only.

- Bias from the prior (                ) non-negligible.

LVK’s O4 and O5 will update!
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https://arxiv.org/abs/2112.06861


Fundamental mode Higher overtones

Overtones? Onset of QNM excitation?

strain peak

strain peak

m
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Giesler+ (2019)Isi+ (2019)

https://arxiv.org/abs/1903.08284
https://arxiv.org/abs/1905.00869


Universal excitation

QNM excitation factor

sourceGR
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Oshita (2021)

Giesler, Ma, Mitman, Oshita, Teukolsky, et al. (2024)

QNM fit (NR + data analysis)

Theory (excitation factor)

Leaver (1986) Zhang, Berti, Cardoso (2013) Oshita (2021)

https://arxiv.org/abs/2109.09757
https://arxiv.org/abs/2411.11269
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.34.384
https://arxiv.org/abs/1305.4306
https://arxiv.org/abs/2109.09757


Extraction of multiple QNMs? 
Controversial …

Bhagwat+ (2019)
Baibhav+ (2023)

https://arxiv.org/abs/1910.08708
https://arxiv.org/abs/2302.03050


Beyond general relativity 
- Double-horizon black hole

Ghost condensation 


Horava-Lifshitz theory


khronometric theory

N. Arkani-Hamed, H.C. Cheng, M. A. Luty, S. Mukohyama (2004)


P. Horava (2009)


D. Blas, O. Pujols, S. Sibiryakov (2011)

Cardoso, Mukohyama, NO, Takahashi (2024)

Simulation result with my numerical code
Anomalous modulation in ringdown signal
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signal

- QNM frequency of a BH in the loop quantum gravity
Livine, Montagnon, NO, Roussille (2024)

Drastic modification 

in highly-damped QNM frequencies
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Motivated by loop quantum gravity

https://arxiv.org/abs/2404.05790
https://arxiv.org/abs/2405.12671


Is the remnant a BH?

Quasinormal modes

GW150914
(the first detection of GWs by LIGO)

strain

time

Near-horizon physics

black hole

light ring

dominated by noise

horizon



Black hole “mimickers” or quantum-gravity models

stretched horizon

firewall

gravastar

wormhole Visser (1996)

Mazur, et al. (2002)

Almheiri, et al. (2014)
Susskind, et al. (1993)

Appear as black holes from a distance.

Differs from the standard picture near their surface.

fuzzball

Black hole area quantization Bekenstein (1974)

Mathur, et al. (2002)



GW echoes -phenomenological model-

potential barrier

(GR)

Perturbation equation
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New physics

NO, Tsuna, Afshordi (2020)
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r⇤

horizon far region

Abedi, Afshordi, NO, Wan (2020)

Time domain

QNM

https://arxiv.org/abs/2001.11642
https://arxiv.org/abs/2001.09553


Probing quantum gravity and  
the third-generation gravitational-wave detectors
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Frequency [Hz]

resonance frequency resonance frequency

Abedi, Afshordi, NO, Wan (2020)

NASA

Laser Interferometer Space Antenna Cosmic Explorer

Mid-2030s 1st 2030s 2nd 2040s

Einstein Telescope

2035

https://arxiv.org/abs/2001.09553


Computation of 
quasinormal modes

Direct integration or shooting method (numerical, lower tones)


Leaver’s method (numerical [Newton method], high accuracy, any overtones (?) in principle)


WKB approximation (analytic, accurate for lower tones and for higher angular modes)


Monodromy technique (analytic, accurate for higher tones, difficult to look for a proper contour)


Spectral method (very new!)


Exact WKB technique (analytic, accurate for higher tones, straightforward to set a contour)


…and more

Chandrasekhar and Detweiler (1975)

Leaver (1985)

Schutz and Will (1985)

Motl and Neitzke (2003)

Miyachi, Namba, Omiya, Oshita, in prep.

Chung, Wagle, Yunes (2023)

https://royalsocietypublishing.org/doi/10.1098/rspa.1975.0112
https://royalsocietypublishing.org/doi/10.1098/rspa.1985.0119
https://adsabs.harvard.edu/pdf/1985ApJ...291L..33S
https://arxiv.org/abs/hep-th/0301173
https://arxiv.org/pdf/2302.11624


Definition of QNM frequencies

Black hole’s “free oscillation” → excitation of BH QNMs 

boundary condition

e�i!r⇤
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<latexit sha1_base64="EiHWC4luzKZrqR9vcQLb6YZ3RE4=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyERUbsrunFZwT6gTctketMOnUzCzEQoIeCvuHGhiFu/w51/4/Qh+Dxw4XDOvdx7T5BwprTrvluFhcWl5ZXiamltfWNzy97eaag4lRTqNOaxbAVEAWcC6pppDq1EAokCDs1gdDnxm7cgFYvFjR4n4EdkIFjIKNFG6tl70M0Y7sQRDAiW3axDlM7znl12nYrrVU49/Jt4jjtFGc1R69lvnX5M0wiEppwo1fbcRPsZkZpRDnmpkypICB2RAbQNFSQC5WfT83N8aJQ+DmNpSmg8Vb9OZCRSahwFpjMieqh+ehPxL6+d6vDcz5hIUg2CzhaFKcc6xpMscJ9JoJqPDSFUMnMrpkMiCdUmsZIJ4fNT/D9pHDue63jXJ+XqxTyOItpHB+gIeegMVdEVqqE6oihD9+gRPVl31oP1bL3MWgvWfGYXfYP1+gG88ZYA</latexit><latexit sha1_base64="EiHWC4luzKZrqR9vcQLb6YZ3RE4=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyERUbsrunFZwT6gTctketMOnUzCzEQoIeCvuHGhiFu/w51/4/Qh+Dxw4XDOvdx7T5BwprTrvluFhcWl5ZXiamltfWNzy97eaag4lRTqNOaxbAVEAWcC6pppDq1EAokCDs1gdDnxm7cgFYvFjR4n4EdkIFjIKNFG6tl70M0Y7sQRDAiW3axDlM7znl12nYrrVU49/Jt4jjtFGc1R69lvnX5M0wiEppwo1fbcRPsZkZpRDnmpkypICB2RAbQNFSQC5WfT83N8aJQ+DmNpSmg8Vb9OZCRSahwFpjMieqh+ehPxL6+d6vDcz5hIUg2CzhaFKcc6xpMscJ9JoJqPDSFUMnMrpkMiCdUmsZIJ4fNT/D9pHDue63jXJ+XqxTyOItpHB+gIeegMVdEVqqE6oihD9+gRPVl31oP1bL3MWgvWfGYXfYP1+gG88ZYA</latexit><latexit sha1_base64="EiHWC4luzKZrqR9vcQLb6YZ3RE4=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyERUbsrunFZwT6gTctketMOnUzCzEQoIeCvuHGhiFu/w51/4/Qh+Dxw4XDOvdx7T5BwprTrvluFhcWl5ZXiamltfWNzy97eaag4lRTqNOaxbAVEAWcC6pppDq1EAokCDs1gdDnxm7cgFYvFjR4n4EdkIFjIKNFG6tl70M0Y7sQRDAiW3axDlM7znl12nYrrVU49/Jt4jjtFGc1R69lvnX5M0wiEppwo1fbcRPsZkZpRDnmpkypICB2RAbQNFSQC5WfT83N8aJQ+DmNpSmg8Vb9OZCRSahwFpjMieqh+ehPxL6+d6vDcz5hIUg2CzhaFKcc6xpMscJ9JoJqPDSFUMnMrpkMiCdUmsZIJ4fNT/D9pHDue63jXJ+XqxTyOItpHB+gIeegMVdEVqqE6oihD9+gRPVl31oP1bL3MWgvWfGYXfYP1+gG88ZYA</latexit><latexit sha1_base64="EiHWC4luzKZrqR9vcQLb6YZ3RE4=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEVyERUbsrunFZwT6gTctketMOnUzCzEQoIeCvuHGhiFu/w51/4/Qh+Dxw4XDOvdx7T5BwprTrvluFhcWl5ZXiamltfWNzy97eaag4lRTqNOaxbAVEAWcC6pppDq1EAokCDs1gdDnxm7cgFYvFjR4n4EdkIFjIKNFG6tl70M0Y7sQRDAiW3axDlM7znl12nYrrVU49/Jt4jjtFGc1R69lvnX5M0wiEppwo1fbcRPsZkZpRDnmpkypICB2RAbQNFSQC5WfT83N8aJQ+DmNpSmg8Vb9OZCRSahwFpjMieqh+ehPxL6+d6vDcz5hIUg2CzhaFKcc6xpMscJ9JoJqPDSFUMnMrpkMiCdUmsZIJ4fNT/D9pHDue63jXJ+XqxTyOItpHB+gIeegMVdEVqqE6oihD9+gRPVl31oP1bL3MWgvWfGYXfYP1+gG88ZYA</latexit>

V (r⇤)
<latexit sha1_base64="TPHcQLfIZXGEM2frCLK0qSN4z3o=">AAAB8nicdVDJSgNBEO1xjXGLevTSGIR4GWZE1NyCXjxGMAtMxtDT6Uma9HQP3TVCGPIZXjwo4tWv8ebf2FkE1wcFj/eqqKoXpYIb8Lx3Z2FxaXlltbBWXN/Y3Nou7ew2jco0ZQ2qhNLtiBgmuGQN4CBYO9WMJJFgrWh4OfFbd0wbruQNjFIWJqQvecwpASsFzYq+zTvEwPioWyp7btXzq6c+/k1815uijOaod0tvnZ6iWcIkUEGMCXwvhTAnGjgVbFzsZIalhA5JnwWWSpIwE+bTk8f40Co9HCttSwKeql8ncpIYM0oi25kQGJif3kT8ywsyiM/DnMs0AybpbFGcCQwKT/7HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9I8dn3P9a9PyrWLeRwFtI8OUAX56AzV0BWqowaiSKF79IieHHAenGfnZda64Mxn9tA3OK8fU62RSQ==</latexit><latexit sha1_base64="TPHcQLfIZXGEM2frCLK0qSN4z3o=">AAAB8nicdVDJSgNBEO1xjXGLevTSGIR4GWZE1NyCXjxGMAtMxtDT6Uma9HQP3TVCGPIZXjwo4tWv8ebf2FkE1wcFj/eqqKoXpYIb8Lx3Z2FxaXlltbBWXN/Y3Nou7ew2jco0ZQ2qhNLtiBgmuGQN4CBYO9WMJJFgrWh4OfFbd0wbruQNjFIWJqQvecwpASsFzYq+zTvEwPioWyp7btXzq6c+/k1815uijOaod0tvnZ6iWcIkUEGMCXwvhTAnGjgVbFzsZIalhA5JnwWWSpIwE+bTk8f40Co9HCttSwKeql8ncpIYM0oi25kQGJif3kT8ywsyiM/DnMs0AybpbFGcCQwKT/7HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9I8dn3P9a9PyrWLeRwFtI8OUAX56AzV0BWqowaiSKF79IieHHAenGfnZda64Mxn9tA3OK8fU62RSQ==</latexit><latexit sha1_base64="TPHcQLfIZXGEM2frCLK0qSN4z3o=">AAAB8nicdVDJSgNBEO1xjXGLevTSGIR4GWZE1NyCXjxGMAtMxtDT6Uma9HQP3TVCGPIZXjwo4tWv8ebf2FkE1wcFj/eqqKoXpYIb8Lx3Z2FxaXlltbBWXN/Y3Nou7ew2jco0ZQ2qhNLtiBgmuGQN4CBYO9WMJJFgrWh4OfFbd0wbruQNjFIWJqQvecwpASsFzYq+zTvEwPioWyp7btXzq6c+/k1815uijOaod0tvnZ6iWcIkUEGMCXwvhTAnGjgVbFzsZIalhA5JnwWWSpIwE+bTk8f40Co9HCttSwKeql8ncpIYM0oi25kQGJif3kT8ywsyiM/DnMs0AybpbFGcCQwKT/7HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9I8dn3P9a9PyrWLeRwFtI8OUAX56AzV0BWqowaiSKF79IieHHAenGfnZda64Mxn9tA3OK8fU62RSQ==</latexit><latexit sha1_base64="TPHcQLfIZXGEM2frCLK0qSN4z3o=">AAAB8nicdVDJSgNBEO1xjXGLevTSGIR4GWZE1NyCXjxGMAtMxtDT6Uma9HQP3TVCGPIZXjwo4tWv8ebf2FkE1wcFj/eqqKoXpYIb8Lx3Z2FxaXlltbBWXN/Y3Nou7ew2jco0ZQ2qhNLtiBgmuGQN4CBYO9WMJJFgrWh4OfFbd0wbruQNjFIWJqQvecwpASsFzYq+zTvEwPioWyp7btXzq6c+/k1815uijOaod0tvnZ6iWcIkUEGMCXwvhTAnGjgVbFzsZIalhA5JnwWWSpIwE+bTk8f40Co9HCttSwKeql8ncpIYM0oi25kQGJif3kT8ywsyiM/DnMs0AybpbFGcCQwKT/7HPa4ZBTGyhFDN7a2YDogmFGxKRRvC56f4f9I8dn3P9a9PyrWLeRwFtI8OUAX56AzV0BWqowaiSKF79IieHHAenGfnZda64Mxn9tA3OK8fU62RSQ==</latexit>

Horizon Infinity

This B. C. is satisfied

only at complex frequencies:

<latexit sha1_base64="6YSMMKhzH3dAmaYIUC7wJQjXq4k=">AAACDHicdVDLSsNAFJ3UV62vqks3g0VwFRLpcyEUu3FZwdpCE8pkOm2HTiZhZiKUkA9w46+4caGIWz/AnX/jpImgogcGDuecy9x7vJBRqSzrwyisrK6tbxQ3S1vbO7t75f2DGxlEApMeDlggBh6ShFFOeooqRgahIMj3GOl7807q92+JkDTg12oREtdHU04nFCOlpVG54gQ+mSJ4DjMyinkCHcph7PhIzTwPdhKdssyWZbdqDZiRZjUn9Ra0TWuJCsjRHZXfnXGAI59whRmScmhboXJjJBTFjCQlJ5IkRHiOpmSoKUc+kW68PCaBJ1oZw0kg9OMKLtXvEzHypVz4nk6mG8rfXir+5Q0jNWm6MeVhpAjH2UeTiEEVwLQZOKaCYMUWmiAsqN4V4hkSCCvdX0mX8HUp/J/cnJl23axdVSvti7yOIjgCx+AU2KAB2uASdEEPYHAHHsATeDbujUfjxXjNogUjnzkEP2C8fQIjXJsX</latexit>

! = !n 2 C

wave equation (Regge-Wheeler, Teukolsky, …)
<latexit sha1_base64="xTQkKE8XP2N3ki6zCtQfuTm/OAY="></latexit>⇥
@2r⇤ + !2 � V (r⇤)

⇤
 !(r

⇤) = S!(r
⇤)

r⇤ ⌘ r + rg log(r/rg � 1)
<latexit sha1_base64="JEtrWZDg38EFF6Yw2b1aLxfcucU=">AAACDnicdVDLSsNAFJ34rPUVdelmsBQqYkxE1O6KblxWsA9oYphMJ+3QSSbOTAol9Avc+CtuXCji1rU7/8bpQ/B54MLhnHu5954gYVQq2343Zmbn5hcWc0v55ZXVtXVzY7MueSowqWHOuGgGSBJGY1JTVDHSTARBUcBII+idj/xGnwhJeXylBgnxItSJaUgxUlryzaK4zlwk1RC65CalfSjgHhR+B7qMd0riQNN9Z9c3C7ZVtp3ysQN/E8eyxyiAKaq++ea2OU4jEivMkJQtx06UlyGhKGZkmHdTSRKEe6hDWprGKCLSy8bvDGFRK20YcqErVnCsfp3IUCTlIAp0Z4RUV/70RuJfXitV4amX0ThJFYnxZFGYMqg4HGUD21QQrNhAE4QF1bdC3EUCYaUTzOsQPj+F/5P6oeXYlnN5VKicTePIgW2wA0rAASegAi5AFdQABrfgHjyCJ+POeDCejZdJ64wxndkC32C8fgBKqpr4</latexit><latexit sha1_base64="JEtrWZDg38EFF6Yw2b1aLxfcucU=">AAACDnicdVDLSsNAFJ34rPUVdelmsBQqYkxE1O6KblxWsA9oYphMJ+3QSSbOTAol9Avc+CtuXCji1rU7/8bpQ/B54MLhnHu5954gYVQq2343Zmbn5hcWc0v55ZXVtXVzY7MueSowqWHOuGgGSBJGY1JTVDHSTARBUcBII+idj/xGnwhJeXylBgnxItSJaUgxUlryzaK4zlwk1RC65CalfSjgHhR+B7qMd0riQNN9Z9c3C7ZVtp3ysQN/E8eyxyiAKaq++ea2OU4jEivMkJQtx06UlyGhKGZkmHdTSRKEe6hDWprGKCLSy8bvDGFRK20YcqErVnCsfp3IUCTlIAp0Z4RUV/70RuJfXitV4amX0ThJFYnxZFGYMqg4HGUD21QQrNhAE4QF1bdC3EUCYaUTzOsQPj+F/5P6oeXYlnN5VKicTePIgW2wA0rAASegAi5AFdQABrfgHjyCJ+POeDCejZdJ64wxndkC32C8fgBKqpr4</latexit><latexit sha1_base64="JEtrWZDg38EFF6Yw2b1aLxfcucU=">AAACDnicdVDLSsNAFJ34rPUVdelmsBQqYkxE1O6KblxWsA9oYphMJ+3QSSbOTAol9Avc+CtuXCji1rU7/8bpQ/B54MLhnHu5954gYVQq2343Zmbn5hcWc0v55ZXVtXVzY7MueSowqWHOuGgGSBJGY1JTVDHSTARBUcBII+idj/xGnwhJeXylBgnxItSJaUgxUlryzaK4zlwk1RC65CalfSjgHhR+B7qMd0riQNN9Z9c3C7ZVtp3ysQN/E8eyxyiAKaq++ea2OU4jEivMkJQtx06UlyGhKGZkmHdTSRKEe6hDWprGKCLSy8bvDGFRK20YcqErVnCsfp3IUCTlIAp0Z4RUV/70RuJfXitV4amX0ThJFYnxZFGYMqg4HGUD21QQrNhAE4QF1bdC3EUCYaUTzOsQPj+F/5P6oeXYlnN5VKicTePIgW2wA0rAASegAi5AFdQABrfgHjyCJ+POeDCejZdJ64wxndkC32C8fgBKqpr4</latexit><latexit sha1_base64="JEtrWZDg38EFF6Yw2b1aLxfcucU=">AAACDnicdVDLSsNAFJ34rPUVdelmsBQqYkxE1O6KblxWsA9oYphMJ+3QSSbOTAol9Avc+CtuXCji1rU7/8bpQ/B54MLhnHu5954gYVQq2343Zmbn5hcWc0v55ZXVtXVzY7MueSowqWHOuGgGSBJGY1JTVDHSTARBUcBII+idj/xGnwhJeXylBgnxItSJaUgxUlryzaK4zlwk1RC65CalfSjgHhR+B7qMd0riQNN9Z9c3C7ZVtp3ysQN/E8eyxyiAKaq++ea2OU4jEivMkJQtx06UlyGhKGZkmHdTSRKEe6hDWprGKCLSy8bvDGFRK20YcqErVnCsfp3IUCTlIAp0Z4RUV/70RuJfXitV4amX0ThJFYnxZFGYMqg4HGUD21QQrNhAE4QF1bdC3EUCYaUTzOsQPj+F/5P6oeXYlnN5VKicTePIgW2wA0rAASegAi5AFdQABrfgHjyCJ+POeDCejZdJ64wxndkC32C8fgBKqpr4</latexit>

<latexit sha1_base64="vVTmhbXwzW7VW6SlfwDH8C3fXFo=">AAACBnicdVBLSwMxGMzWV62vVY8iBIsgPpZd6fNW9OKxgq2F7lqyabYNzWaXJCsspScv/hUvHhTx6m/w5r8xfQgqOhCYzHwfyYwfMyqVbX8Ymbn5hcWl7HJuZXVtfcPc3GrKKBGYNHDEItHykSSMctJQVDHSigVBoc/ItT84H/vXt0RIGvErlcbEC1GP04BipLTUMXcFdFUERefoGLpQ3BxOrifQpTxQacfM21bVdqrFMpySSmFGSlXoWPYEeTBDvWO+u90IJyHhCjMkZduxY+UNkVAUMzLKuYkkMcID1CNtTTkKifSGkxgjuK+VLgwioQ9XcKJ+3xiiUMo09PVkiFRf/vbG4l9eO1FBxRtSHieKcDx9KEgY1EnHncAuFQQrlmqCsKD6rxD3kUBY6eZyuoSvpPB/0jy1nJJVvCzka2ezOrJgB+yBA+CAMqiBC1AHDYDBHXgAT+DZuDcejRfjdTqaMWY72+AHjLdPY26XOA==</latexit>

r ! r+, r⇤ ! �1
<latexit sha1_base64="Am4c1hQMFTqJvsuxOwwxrUZ9Ypc=">AAACDHicdVDLSgMxFM3UV62vqks3wSKIyjAjfe6KblxWsA/o1JJJM21oJjMkGaEM/QA3/oobF4q49QPc+Tem01FU9EDgcM653NzjhoxKZVnvRmZhcWl5JbuaW1vf2NzKb++0ZBAJTJo4YIHouEgSRjlpKqoY6YSCIN9lpO2Oz2d++4YISQN+pSYh6floyKlHMVJa6ucLAjoqgMfQodxTkxPoQHF9lGhfok5ZZs2ya6UKnJNqMSXlGrRNK0EBpGj082/OIMCRT7jCDEnZta1Q9WIkFMWMTHNOJEmI8BgNSVdTjnwie3FyzBQeaGUAvUDoxxVM1O8TMfKlnPiuTvpIjeRvbyb+5XUj5VV7MeVhpAjH80VexKA+ddYMHFBBsGITTRAWVP8V4hESCCvdX06X8Hkp/J+0Tk27bJYui4X6WVpHFuyBfXAIbFABdXABGqAJMLgF9+ARPBl3xoPxbLzMoxkjndkFP2C8fgB1aJln</latexit>

r ! +1, r⇤ ! +1

horizon

infinity

e.g., for Schwarzschild



<latexit sha1_base64="hAn4/PdM0dx2M280djitn5WZDjc=">AAAB+nicdVDLSgNBEJz1bXxt9OhlMAjxEnYl0eQmevEYxSRCdgmzk04cnH0w06uGNZ/ixYMiXv0Sb/6Nk4egogUNRVU33V1BIoVGx/mwZmbn5hcWl5ZzK6tr6xt2frOp41RxaPBYxuoyYBqkiKCBAiVcJgpYGEhoBdcnI791A0qLOLrAQQJ+yPqR6AnO0EgdO+8h3GF2DsOiF4fQZ3sdu+CUao5bqxzSCamWp+SgRt2SM0aBTFHv2O9eN+ZpCBFyybRuu06CfsYUCi5hmPNSDQnj16wPbUMjFoL2s/HpQ7prlC7txcpUhHSsfp/IWKj1IAxMZ8jwSv/2RuJfXjvFXtXPRJSkCBGfLOqlkmJMRznQrlDAUQ4MYVwJcyvlV0wxjiatnAnh61P6P2nul9yDUuWsXDg6nsaxRLbJDikSlxySI3JK6qRBOLklD+SJPFv31qP1Yr1OWmes6cwW+QHr7ROgXpRF</latexit>

Re(!)

<latexit sha1_base64="PYA1Z4XbamVC9rj9X6hWhnHLT2k=">AAAB+nicdVDJSgNBEO2Je9wSPXppDEK8hBlxSW6iF71FMAskIfR0KkmT7pmhu0YNYz7FiwdFvPol3vwbO4ugog8KHu9VUVXPj6Qw6LofTmpufmFxaXklvbq2vrGZyW5VTRhrDhUeylDXfWZAigAqKFBCPdLAlC+h5g/Ox37tBrQRYXCNwwhaivUC0RWcoZXamWwT4Q6TSzXKN0MFPbbfzuTcQsn1SkcndEqKhzNyXKJewZ0gR2YotzPvzU7IYwUBcsmMaXhuhK2EaRRcwijdjA1EjA9YDxqWBkyBaSWT00d0zyod2g21rQDpRP0+kTBlzFD5tlMx7Jvf3lj8y2vE2C22EhFEMULAp4u6saQY0nEOtCM0cJRDSxjXwt5KeZ9pxtGmlbYhfH1K/yfVg4J3XDi6Osydns3iWCY7ZJfkiUdOyCm5IGVSIZzckgfyRJ6de+fReXFep60pZzazTX7AefsEnsiURA==</latexit>

Im(!)

https://colab.research.google.com/drive/1Xe2MCXvLn-rcjdnVTNCwFozuxQfjo41P?usp=sharing

<latexit sha1_base64="OpiS0mNyE0oHED5PVP+YXb0TCnE=">AAACBXicdZDLSgMxFIYz9VbrbdSlLoJFcCHjTOl1IRTdiFCoYC/QGUsmzbShmQtJRiilGze+ihsXirj1Hdz5NqbtCCp6IOTj/88hOb8bMSqkaX5oqYXFpeWV9GpmbX1jc0vf3mmKMOaYNHDIQt52kSCMBqQhqWSkHXGCfJeRljs8n/qtW8IFDYNrOYqI46N+QD2KkVRSV9/P1eAptI6hDW08oIovT2o3OXWbRqmrZ02jYlqVQgnOoZxPoFiBlmHOKguSqnf1d7sX4tgngcQMCdGxzEg6Y8QlxYxMMnYsSITwEPVJR2GAfCKc8WyLCTxUSg96IVcnkHCmfp8YI1+Ike+qTh/JgfjtTcW/vE4svbIzpkEUSxLg+UNezKAM4TQS2KOcYMlGChDmVP0V4gHiCEsVXEaF8LUp/B+aOcMqGoWrfLZ6lsSRBnvgABwBC5RAFVyAOmgADO7AA3gCz9q99qi9aK/z1pSWzOyCH6W9fQIvWZSX</latexit>

2M = 1, � = J/M2 = 0.7
<latexit sha1_base64="9nVc03sWi7OOH2CQZ/W2eCUiQrw=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAgtlJCUPhdC0Y3LCvYBbSiT6aQdOpmEmUmhhP6JGxeKuPVP3Pk3TtsIKnrgwuGce7n3Hi9iVCrb/jA2Nre2d3Yze9n9g8OjY/PktCPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb3qz9LszIiQN+b2aR8QN0JhTn2KktDQ0zfyAMFYMCvAK5kvFUmFo5myrYTuNSg2uSb2ckmoDOpa9Qg6kaA3N98EoxHFAuMIMSdl37Ei5CRKKYkYW2UEsSYTwFI1JX1OOAiLdZHX5Al5qZQT9UOjiCq7U7xMJCqScB57uDJCayN/eUvzL68fKr7sJ5VGsCMfrRX7MoArhMgY4ooJgxeaaICyovhXiCRIIKx1WVofw9Sn8n3RKllO1KnflXPM6jSMDzsEFyAMH1EAT3IIWaAMMZuABPIFnIzEejRfjdd26YaQzZ+AHjLdPY5yRlg==</latexit>

(`,m) = (2, 2)

<latexit sha1_base64="A6rqxJxb/SbeYXAxmwn2ylN+HFg=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4GmZC1lvQi8cIZoHMEHo6naRJL0N3jxCG/IYXD4p49We8+Td2khFU9EHB470qqupFMaPaeN6Hk9vY3Nreye8W9vYPDo+KxyddLROFSQdLJlU/QpowKkjHUMNIP1YE8YiRXjS7Xvq9e6I0leLOzGMScjQRdEwxMlYKAsnJBA3TctlbDIslz216frNah2vSqGSk1oS+661QAhnaw+J7MJI44UQYzJDWA9+LTZgiZShmZFEIEk1ihGdoQgaWCsSJDtPVzQt4YZURHEtlSxi4Ur9PpIhrPeeR7eTITPVvbyn+5Q0SM26EKRVxYojA60XjhEEj4TIAOKKKYMPmliCsqL0V4ilSCBsbU8GG8PUp/J90y65fc6u3lVLrKosjD87AObgEPqiDFrgBbdABGMTgATyBZydxHp0X53XdmnOymVPwA87bJ/eYkaw=</latexit>!220

<latexit sha1_base64="H27Dqfp4ebLapcaNRpm7sU3hmZc=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4GmZC1lvQi8cIZoHMEHo6naRJL0N3jxCG/IYXD4p49We8+Td2khFU9EHB470qqupFMaPaeN6Hk9vY3Nreye8W9vYPDo+KxyddLROFSQdLJlU/QpowKkjHUMNIP1YE8YiRXjS7Xvq9e6I0leLOzGMScjQRdEwxMlYKAsnJBA3TctlfDIslz216frNah2vSqGSk1oS+661QAhnaw+J7MJI44UQYzJDWA9+LTZgiZShmZFEIEk1ihGdoQgaWCsSJDtPVzQt4YZURHEtlSxi4Ur9PpIhrPeeR7eTITPVvbyn+5Q0SM26EKRVxYojA60XjhEEj4TIAOKKKYMPmliCsqL0V4ilSCBsbU8GG8PUp/J90y65fc6u3lVLrKosjD87AObgEPqiDFrgBbdABGMTgATyBZydxHp0X53XdmnOymVPwA87bJ/kdka0=</latexit>!221

<latexit sha1_base64="9YI4KCqeKd+xSMx3Ej21kTVL+ss=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFZLQ567oxmUF+4AmlMl00g6dzISZiVBCf8ONC0Xc+jPu/BunbQQVPXDhcM693HtPmDCqtON8WIWNza3tneJuaW//4PCofHzSUyKVmHSxYEIOQqQIo5x0NdWMDBJJUBwy0g9n10u/f0+kooLf6XlCghhNOI0oRtpIvi9iMkGjzPO8xahcceyW47ZqDbgmzWpO6i3o2s4KFZCjMyq/+2OB05hwjRlSaug6iQ4yJDXFjCxKfqpIgvAMTcjQUI5iooJsdfMCXhhlDCMhTXENV+r3iQzFSs3j0HTGSE/Vb28p/uUNUx01g4zyJNWE4/WiKGVQC7gMAI6pJFizuSEIS2puhXiKJMLaxFQyIXx9Cv8nPc9263bttlppX+VxFMEZOAeXwAUN0AY3oAO6AIMEPIAn8Gyl1qP1Yr2uWwtWPnMKfsB6+wT6opGu</latexit>!222

<latexit sha1_base64="/TKCoJlBF7GkUpf6Q49Jn0OsP2U=">AAACAnicdZDLSgMxFIYzXmu9jboSN8EiuCoz0utCKLpxWcFeoC0lk562oUlmSDJCGYobX8WNC0Xc+hTufBvTi6CiPwQ+/nMOJ+cPIs608bwPZ2l5ZXVtPbWR3tza3tl19/brOowVhRoNeaiaAdHAmYSaYYZDM1JARMChEYwup/XGLSjNQnljxhF0BBlI1meUGGt13cN2KGBA8DmeQzdpA+dYyEnXzXjZsueX80U8h1JuAYUy9rPeTBm0ULXrvrd7IY0FSEM50brle5HpJEQZRjlM0u1YQ0ToiAygZVESAbqTzE6Y4BPr9HA/VPZJg2fu94mECK3HIrCdgpih/l2bmn/VWrHplzoJk1FsQNL5on7MsQnxNA/cYwqo4WMLhCpm/4rpkChCjU0tbUP4uhT/D/WzrF/I5q9zmcrFIo4UOkLH6BT5qIgq6ApVUQ1RdIce0BN6du6dR+fFeZ23LjmLmQP0Q87bJwryl0E=</latexit>! = !`mn

https://colab.research.google.com/drive/1Xe2MCXvLn-rcjdnVTNCwFozuxQfjo41P?usp=sharing


Leaver’s method

Regge-Wheeler equation

Schwarzschild BH
<latexit sha1_base64="0JjA9HLwoXo0iS5uY5W96RtDbKM="></latexit>

2M = 1, ⇢ = �2iM!, ✏ = s2 � 1

<latexit sha1_base64="p0PF/nCD/hRtqp+Y15jbN/CICD8="></latexit>

s =

8
><

>:

±2,

±1,

0

<latexit sha1_base64="nyd+1jGTb23U3H0i3pLHOOY3NZA=">AAAB+HicdVDLSgNBEJyNrxgfWfXoZTAInsKumNct6MVjBPOAZAmzk0kyZHZ2mekNxiVf4sWDIl79FG/+jZNkBRUtaCiquunu8iPBNTjOh5VZW9/Y3Mpu53Z29/bz9sFhS4exoqxJQxGqjk80E1yyJnAQrBMpRgJfsLY/uVr47SlTmofyFmYR8wIyknzIKQEj9e18D9gdJCNFphxCOe/bBadYc9xaqYJXpHqRknINu0VniQJK0ejb771BSOOASaCCaN11nQi8hCjgVLB5rhdrFhE6ISPWNVSSgGkvWR4+x6dGGeBhqExJwEv1+0RCAq1ngW86AwJj/dtbiH953RiGVS/hMoqBSbpaNIwFhhAvUsADrhgFMTOEUMXNrZiOiSIUTFY5E8LXp/h/0jovuuVi6eaiUL9M48iiY3SCzpCLKqiOrlEDNRFFMXpAT+jZurcerRfrddWasdKZI/QD1tsnR2qULg==</latexit>

graviton
<latexit sha1_base64="XuU+v+zoG8xnQpU9lb+TVMfuVUc=">AAAB9HicdVDJSgNBEO2JW4xb1KOXxiB4CjOS9Rb04jGCWSAZQk+nkzTp6R67a4JhyHd48aCIVz/Gm39jZxFU9EHB470qquoFkeAGXPfDSa2tb2xupbczO7t7+wfZw6OmUbGmrEGVULodEMMEl6wBHARrR5qRMBCsFYyv5n5rwrThSt7CNGJ+SIaSDzglYCW/C+wekmikQMlZL5tz81XXqxbLeEkqhRUpVbGXdxfIoRXqvex7t69oHDIJVBBjOp4bgZ8QDZwKNst0Y8MiQsdkyDqWShIy4yeLo2f4zCp9PFDalgS8UL9PJCQ0ZhoGtjMkMDK/vbn4l9eJYVDxEy6jGJiky0WDWGBQeJ4A7nPNKIipJYRqbm/FdEQ0oWBzytgQvj7F/5PmRd4r5Ys3hVztchVHGp2gU3SOPFRGNXSN6qiBKLpDD+gJPTsT59F5cV6XrSlnNXOMfsB5+wQ785MX</latexit>

photon
<latexit sha1_base64="wvoUvM2zYxq474k92fdzWSJiPgo=">AAAB9HicdVDLSgNBEJyNrxhfUY9eBoPgadmVPG9BLx4jmAckS5idTJIhs7PrTG8wLPkOLx4U8erHePNvnCQrqGhBQ1HVTXeXHwmuwXE+rMza+sbmVnY7t7O7t3+QPzxq6TBWlDVpKELV8YlmgkvWBA6CdSLFSOAL1vYnVwu/PWVK81DewixiXkBGkg85JWAkrwfsHhJNiSBq3s8XHLvmuLVSBa9ItZiScg27trNEAaVo9PPvvUFI44BJoIJo3XWdCLyEKOBUsHmuF2sWETohI9Y1VJKAaS9ZHj3HZ0YZ4GGoTEnAS/X7REICrWeBbzoDAmP921uIf3ndGIZVL+EyioFJulo0jAWGEC8SwAOuGAUxM4RQxc2tmI6JIhRMTjkTwten+H/SurDdsl26KRbql2kcWXSCTtE5clEF1dE1aqAmougOPaAn9GxNrUfrxXpdtWasdOYY/YD19gkH/JL1</latexit>

scalar
Boundary condition

Ansatz; expansion of the QNM eigenfunction

<latexit sha1_base64="40hVpFsc1wOe6J/7L5GUVn4xpXI=">AAACC3icdVC7SgNBFJ2Nrxhfq5Y2g0GwCrviK1ZBG8sIRoUkhNnJ3WTI7Owyc1cSlvQ2/oqNhSK2/oCdf+PkIajogYHDOedy554gkcKg5304uZnZufmF/GJhaXlldc1d37gycao51HgsY30TMANSKKihQAk3iQYWBRKug97ZyL++BW1ErC5xkEAzYh0lQsEZWqnlbrOWog2EPmYnFPoJU6Mo5TGENiRA4bDlFr1S2fPLB0d0Qo73p+SwTP2SN0aRTFFtue+NdszTyA5zyYyp+16CzYxpFFzCsNBIDSSM91gH6pYqFoFpZuNbhnTHKm0axto+hXSsfp/IWGTMIApsMmLYNb+9kfiXV08xPG5mQiUpguKTRWEqKcZ0VAxtCw0c5cASxrWwf6W8yzTjaOsr2BK+LqX/k6u9kn9YOrjYL1ZOp3XkyRbZJrvEJ0ekQs5JldQIJ3fkgTyRZ+feeXRenNdJNOdMZzbJDzhvn9ctm54=</latexit>

an: expansion coe�cient

Leaver (1985)

https://royalsocietypublishing.org/doi/10.1098/rspa.1985.0119


Plunging the ansatz into the Regge-Wheeler equation, we get:

Three-term recurrence relation

<latexit sha1_base64="Jl2PuxBisr0opcDVMABBgE1tdCw=">AAAB8XicdVDLSsNAFL2pr1pfVZduBovgKiRiX7uiG5cV7APbUCbTSTt0MokzE6GE/oUbF4q49W/c+TdO2wgqeuDC4Zx7ufceP+ZMacf5sHIrq2vrG/nNwtb2zu5ecf+graJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cjn3O/dUKhaJGz2NqRfikWABI1gb6RYPHNQX9A45g2LJseuOWy9X0ZLUzjNSqSPXdhYoQYbmoPjeH0YkCanQhGOleq4Tay/FUjPC6azQTxSNMZngEe0ZKnBIlZcuLp6hE6MMURBJU0Kjhfp9IsWhUtPQN50h1mP125uLf3m9RAc1L2UiTjQVZLkoSDjSEZq/j4ZMUqL51BBMJDO3IjLGEhNtQiqYEL4+Rf+T9pntVuzy9XmpcZHFkYcjOIZTcKEKDbiCJrSAgIAHeIJnS1mP1ov1umzNWdnMIfyA9fYJpSOQSA==</latexit>

a0 6= 0 (Determine the scale of the solution)



<latexit sha1_base64="MpbQ3zT3+0WJ2nU2gEW6/LdXgD8=">AAACDHicdVBLSwMxGMz6rPVV9eglWKWeyq7Y10EoevFYwdZCW9psNtVgNlmSb8Wy9Ad48a948aCIV3+AN/+N6UNQ0YHAMDMfYcaPBDfguh/OzOzc/MJiaim9vLK6tp7Z2GwYFWvK6lQJpZs+MUxwyerAQbBmpBkJfcEu/OuTkX9xw7ThSp7DIGKdkFxK3ueUgJW6mWwb2C0kvd6uPHJ3sa9iGRA9wFTJgI8iudzQptx8xfUqhRKekPLhlBQr2Mu7Y2TRFLVu5r0dKBqHTAIVxJiW50bQSYgGTgUbptuxYRGh1+SStSyVJGSmk4zLDPGeVQLcV9o+CXisfr9ISGjMIPRtMiRwZX57I/EvrxVDv9xJuIxiYJJOPurHAoPCo2VwwDWjIAaWEKpteYrpFdGEgt0vbUf4aor/J42DvFfMF84Os9Xj6RwptI120D7yUAlV0SmqoTqi6A49oCf07Nw7j86L8zqJzjjTmy30A87bJz+Omyg=</latexit>

“n = 0 boundary condition”

<latexit sha1_base64="VvzDyAAdDpET8cnXU44LZwab3kI="></latexit>

“n = 1 boundary condition”

In practical, we truncate the expansion.


Imposing its convergence.

Scale of the solution.

On the improvement of the truncation,

see, Leaver (1985) Nollert (1992)

https://royalsocietypublishing.org/doi/10.1098/rspa.1985.0119
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.47.5253


Kerr BH

Two functions are unknown: radial and angular part.

Teukolsky equation(s)

<latexit sha1_base64="xaJaqNg/jH94ylRq+c8tyq4nnkc=">AAAB+HicdVDJSgNBEO2JW4xLRj16aQyCp2FGsh6EoBePEcwCmSH0dHqSJj0L3TVCDPkSLx4U8eqnePNv7CQjqOiDgsd7VVTV8xPBFdj2h5FbW9/Y3MpvF3Z29/aL5sFhR8WppKxNYxHLnk8UEzxibeAgWC+RjIS+YF1/crXwu3dMKh5HtzBNmBeSUcQDTgloaWAWU3yBXRor7MKYARmYJdtq2E6jUsMrUi9npNrAjmUvUUIZWgPz3R3GNA1ZBFQQpfqOnYA3IxI4FWxecFPFEkInZMT6mkYkZMqbLQ+f41OtDHEQS10R4KX6fWJGQqWmoa87QwJj9dtbiH95/RSCujfjUZICi+hqUZAKDDFepICHXDIKYqoJoZLrWzEdE0ko6KwKOoSvT/H/pHNuOVWrclMuNS+zOPLoGJ2gM+SgGmqia9RCbURRih7QE3o27o1H48V4XbXmjGzmCP2A8fYJKLeS0A==</latexit>

u = cos ✓
<latexit sha1_base64="QuUjd+Fh763SKPy9G8BvoCY6RE8=">AAACEHicdVA9SwNBEN3zM8avqKXNYhCtwp3Ej1hFbSwVjAkkIextJrpkb+/YnRPDkZ9g41+xsVDE1tLOf+PmcoKKPhh4vDfDzDw/ksKg6344E5NT0zOzubn8/MLi0nJhZfXShLHmUOOhDHXDZwakUFBDgRIakQYW+BLqfv9k5NdvQBsRqgscRNAO2JUSPcEZWqlT2DrqJC2QkgZD2kK4xeSQGoiYTn3KQ2WQKRx2CkW3VHG9yu4+HZODckb2KtQruSmKJMNZp/De6oY8DkAhl8yYpudG2E6YRsElDPOteLSG99kVNC1VLADTTtKHhnTTKl3aC7UthTRVv08kLDBmEPi2M2B4bX57I/Evrxlj76CdCBXFCIqPF/ViSTGko3RoV2jgKAeWMK6FvZXyaxsGR5th3obw9Sn9n1zulLy90u55uVg9zuLIkXWyQbaJR/ZJlZySM1IjnNyRB/JEnp1759F5cV7HrRNONrNGfsB5+wSkZp2s</latexit>

A`m: separation constant
<latexit sha1_base64="ps6w163UfIIXrCpDRenh1P57IAI=">AAAB/nicdVDLSsNAFJ3UV62vqLhyM1gEQQxJ6XMhFHXhsoJ9QJuWyXTaDp1MwsxEKKHgr7hxoYhbv8Odf+O0jaCiBy4czrmXe+/xQkalsu0PI7W0vLK6ll7PbGxube+Yu3sNGUQCkzoOWCBaHpKEUU7qiipGWqEgyPcYaXrjy5nfvCNC0oDfqklIXB8NOR1QjJSWeuZB54owheA5FN0cPIMCnqJurmdmbatiO5VCCS5IOZ+QYgU6lj1HFiSo9cz3Tj/AkU+4wgxJ2XbsULkxEopiRqaZTiRJiPAYDUlbU458It14fv4UHmulDweB0MUVnKvfJ2LkSznxPd3pIzWSv72Z+JfXjtSg7MaUh5EiHC8WDSIGVQBnWcA+FQQrNtEEYUH1rRCPkEBY6cQyOoSvT+H/pJGznKJVuMlnqxdJHGlwCI7ACXBACVTBNaiBOsAgBg/gCTwb98aj8WK8LlpTRjKzD37AePsEQcmTxw==</latexit>

� = r2 � r + a2



BCs. : regular at the poles.

BCs. : ingoing at horizon & outgoing at infinity.



Angular part

Radial part



Inversion technique

is essentially equivalent to

The Newton method works very well for the nth overtone.

<latexit sha1_base64="hAn4/PdM0dx2M280djitn5WZDjc=">AAAB+nicdVDLSgNBEJz1bXxt9OhlMAjxEnYl0eQmevEYxSRCdgmzk04cnH0w06uGNZ/ixYMiXv0Sb/6Nk4egogUNRVU33V1BIoVGx/mwZmbn5hcWl5ZzK6tr6xt2frOp41RxaPBYxuoyYBqkiKCBAiVcJgpYGEhoBdcnI791A0qLOLrAQQJ+yPqR6AnO0EgdO+8h3GF2DsOiF4fQZ3sdu+CUao5bqxzSCamWp+SgRt2SM0aBTFHv2O9eN+ZpCBFyybRuu06CfsYUCi5hmPNSDQnj16wPbUMjFoL2s/HpQ7prlC7txcpUhHSsfp/IWKj1IAxMZ8jwSv/2RuJfXjvFXtXPRJSkCBGfLOqlkmJMRznQrlDAUQ4MYVwJcyvlV0wxjiatnAnh61P6P2nul9yDUuWsXDg6nsaxRLbJDikSlxySI3JK6qRBOLklD+SJPFv31qP1Yr1OWmes6cwW+QHr7ROgXpRF</latexit>

Re(!)

<latexit sha1_base64="PYA1Z4XbamVC9rj9X6hWhnHLT2k=">AAAB+nicdVDJSgNBEO2Je9wSPXppDEK8hBlxSW6iF71FMAskIfR0KkmT7pmhu0YNYz7FiwdFvPol3vwbO4ugog8KHu9VUVXPj6Qw6LofTmpufmFxaXklvbq2vrGZyW5VTRhrDhUeylDXfWZAigAqKFBCPdLAlC+h5g/Ox37tBrQRYXCNwwhaivUC0RWcoZXamWwT4Q6TSzXKN0MFPbbfzuTcQsn1SkcndEqKhzNyXKJewZ0gR2YotzPvzU7IYwUBcsmMaXhuhK2EaRRcwijdjA1EjA9YDxqWBkyBaSWT00d0zyod2g21rQDpRP0+kTBlzFD5tlMx7Jvf3lj8y2vE2C22EhFEMULAp4u6saQY0nEOtCM0cJRDSxjXwt5KeZ9pxtGmlbYhfH1K/yfVg4J3XDi6Osydns3iWCY7ZJfkiUdOyCm5IGVSIZzckgfyRJ6de+fReXFep60pZzazTX7AefsEnsiURA==</latexit>

Im(!)

<latexit sha1_base64="A6rqxJxb/SbeYXAxmwn2ylN+HFg=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4GmZC1lvQi8cIZoHMEHo6naRJL0N3jxCG/IYXD4p49We8+Td2khFU9EHB470qqupFMaPaeN6Hk9vY3Nreye8W9vYPDo+KxyddLROFSQdLJlU/QpowKkjHUMNIP1YE8YiRXjS7Xvq9e6I0leLOzGMScjQRdEwxMlYKAsnJBA3TctlbDIslz216frNah2vSqGSk1oS+661QAhnaw+J7MJI44UQYzJDWA9+LTZgiZShmZFEIEk1ihGdoQgaWCsSJDtPVzQt4YZURHEtlSxi4Ur9PpIhrPeeR7eTITPVvbyn+5Q0SM26EKRVxYojA60XjhEEj4TIAOKKKYMPmliCsqL0V4ilSCBsbU8GG8PUp/J90y65fc6u3lVLrKosjD87AObgEPqiDFrgBbdABGMTgATyBZydxHp0X53XdmnOymVPwA87bJ/eYkaw=</latexit>!220

<latexit sha1_base64="H27Dqfp4ebLapcaNRpm7sU3hmZc=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4GmZC1lvQi8cIZoHMEHo6naRJL0N3jxCG/IYXD4p49We8+Td2khFU9EHB470qqupFMaPaeN6Hk9vY3Nreye8W9vYPDo+KxyddLROFSQdLJlU/QpowKkjHUMNIP1YE8YiRXjS7Xvq9e6I0leLOzGMScjQRdEwxMlYKAsnJBA3TctlfDIslz216frNah2vSqGSk1oS+661QAhnaw+J7MJI44UQYzJDWA9+LTZgiZShmZFEIEk1ihGdoQgaWCsSJDtPVzQt4YZURHEtlSxi4Ur9PpIhrPeeR7eTITPVvbyn+5Q0SM26EKRVxYojA60XjhEEj4TIAOKKKYMPmliCsqL0V4ilSCBsbU8GG8PUp/J90y65fc6u3lVLrKosjD87AObgEPqiDFrgBbdABGMTgATyBZydxHp0X53XdmnOymVPwA87bJ/kdka0=</latexit>!221

<latexit sha1_base64="9YI4KCqeKd+xSMx3Ej21kTVL+ss=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFZLQ567oxmUF+4AmlMl00g6dzISZiVBCf8ONC0Xc+jPu/BunbQQVPXDhcM693HtPmDCqtON8WIWNza3tneJuaW//4PCofHzSUyKVmHSxYEIOQqQIo5x0NdWMDBJJUBwy0g9n10u/f0+kooLf6XlCghhNOI0oRtpIvi9iMkGjzPO8xahcceyW47ZqDbgmzWpO6i3o2s4KFZCjMyq/+2OB05hwjRlSaug6iQ4yJDXFjCxKfqpIgvAMTcjQUI5iooJsdfMCXhhlDCMhTXENV+r3iQzFSs3j0HTGSE/Vb28p/uUNUx01g4zyJNWE4/WiKGVQC7gMAI6pJFizuSEIS2puhXiKJMLaxFQyIXx9Cv8nPc9263bttlppX+VxFMEZOAeXwAUN0AY3oAO6AIMEPIAn8Gyl1qP1Yr2uWwtWPnMKfsB6+wT6opGu</latexit>!222

<latexit sha1_base64="hAn4/PdM0dx2M280djitn5WZDjc=">AAAB+nicdVDLSgNBEJz1bXxt9OhlMAjxEnYl0eQmevEYxSRCdgmzk04cnH0w06uGNZ/ixYMiXv0Sb/6Nk4egogUNRVU33V1BIoVGx/mwZmbn5hcWl5ZzK6tr6xt2frOp41RxaPBYxuoyYBqkiKCBAiVcJgpYGEhoBdcnI791A0qLOLrAQQJ+yPqR6AnO0EgdO+8h3GF2DsOiF4fQZ3sdu+CUao5bqxzSCamWp+SgRt2SM0aBTFHv2O9eN+ZpCBFyybRuu06CfsYUCi5hmPNSDQnj16wPbUMjFoL2s/HpQ7prlC7txcpUhHSsfp/IWKj1IAxMZ8jwSv/2RuJfXjvFXtXPRJSkCBGfLOqlkmJMRznQrlDAUQ4MYVwJcyvlV0wxjiatnAnh61P6P2nul9yDUuWsXDg6nsaxRLbJDikSlxySI3JK6qRBOLklD+SJPFv31qP1Yr1OWmes6cwW+QHr7ROgXpRF</latexit>

Re(!)

<latexit sha1_base64="PYA1Z4XbamVC9rj9X6hWhnHLT2k=">AAAB+nicdVDJSgNBEO2Je9wSPXppDEK8hBlxSW6iF71FMAskIfR0KkmT7pmhu0YNYz7FiwdFvPol3vwbO4ugog8KHu9VUVXPj6Qw6LofTmpufmFxaXklvbq2vrGZyW5VTRhrDhUeylDXfWZAigAqKFBCPdLAlC+h5g/Ox37tBrQRYXCNwwhaivUC0RWcoZXamWwT4Q6TSzXKN0MFPbbfzuTcQsn1SkcndEqKhzNyXKJewZ0gR2YotzPvzU7IYwUBcsmMaXhuhK2EaRRcwijdjA1EjA9YDxqWBkyBaSWT00d0zyod2g21rQDpRP0+kTBlzFD5tlMx7Jvf3lj8y2vE2C22EhFEMULAp4u6saQY0nEOtCM0cJRDSxjXwt5KeZ9pxtGmlbYhfH1K/yfVg4J3XDi6Osydns3iWCY7ZJfkiUdOyCm5IGVSIZzckgfyRJ6de+fReXFep60pZzazTX7AefsEnsiURA==</latexit>

Im(!)

<latexit sha1_base64="A6rqxJxb/SbeYXAxmwn2ylN+HFg=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4GmZC1lvQi8cIZoHMEHo6naRJL0N3jxCG/IYXD4p49We8+Td2khFU9EHB470qqupFMaPaeN6Hk9vY3Nreye8W9vYPDo+KxyddLROFSQdLJlU/QpowKkjHUMNIP1YE8YiRXjS7Xvq9e6I0leLOzGMScjQRdEwxMlYKAsnJBA3TctlbDIslz216frNah2vSqGSk1oS+661QAhnaw+J7MJI44UQYzJDWA9+LTZgiZShmZFEIEk1ihGdoQgaWCsSJDtPVzQt4YZURHEtlSxi4Ur9PpIhrPeeR7eTITPVvbyn+5Q0SM26EKRVxYojA60XjhEEj4TIAOKKKYMPmliCsqL0V4ilSCBsbU8GG8PUp/J90y65fc6u3lVLrKosjD87AObgEPqiDFrgBbdABGMTgATyBZydxHp0X53XdmnOymVPwA87bJ/eYkaw=</latexit>!220

<latexit sha1_base64="H27Dqfp4ebLapcaNRpm7sU3hmZc=">AAAB83icdVDJSgNBEO2JW4xb1KOXxiB4GmZC1lvQi8cIZoHMEHo6naRJL0N3jxCG/IYXD4p49We8+Td2khFU9EHB470qqupFMaPaeN6Hk9vY3Nreye8W9vYPDo+KxyddLROFSQdLJlU/QpowKkjHUMNIP1YE8YiRXjS7Xvq9e6I0leLOzGMScjQRdEwxMlYKAsnJBA3TctlfDIslz216frNah2vSqGSk1oS+661QAhnaw+J7MJI44UQYzJDWA9+LTZgiZShmZFEIEk1ihGdoQgaWCsSJDtPVzQt4YZURHEtlSxi4Ur9PpIhrPeeR7eTITPVvbyn+5Q0SM26EKRVxYojA60XjhEEj4TIAOKKKYMPmliCsqL0V4ilSCBsbU8GG8PUp/J90y65fc6u3lVLrKosjD87AObgEPqiDFrgBbdABGMTgATyBZydxHp0X53XdmnOymVPwA87bJ/kdka0=</latexit>!221

<latexit sha1_base64="9YI4KCqeKd+xSMx3Ej21kTVL+ss=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFZLQ567oxmUF+4AmlMl00g6dzISZiVBCf8ONC0Xc+jPu/BunbQQVPXDhcM693HtPmDCqtON8WIWNza3tneJuaW//4PCofHzSUyKVmHSxYEIOQqQIo5x0NdWMDBJJUBwy0g9n10u/f0+kooLf6XlCghhNOI0oRtpIvi9iMkGjzPO8xahcceyW47ZqDbgmzWpO6i3o2s4KFZCjMyq/+2OB05hwjRlSaug6iQ4yJDXFjCxKfqpIgvAMTcjQUI5iooJsdfMCXhhlDCMhTXENV+r3iQzFSs3j0HTGSE/Vb28p/uUNUx01g4zyJNWE4/WiKGVQC7gMAI6pJFizuSEIS2puhXiKJMLaxFQyIXx9Cv8nPc9263bttlppX+VxFMEZOAeXwAUN0AY3oAO6AIMEPIAn8Gyl1qP1Yr2uWwtWPnMKfsB6+wT6opGu</latexit>!222

<latexit sha1_base64="HzsKEuFKaaIFiNqkR7oZMXMp1hE=">AAACAXicdVDLSgMxFM3Ud32NuhHcBIvgqsxIW+1CEN24rGAf0JaSSW/b0ExmSO6IpdSNv+LGhSJu/Qt3/o3pQ1DRA4HDOedyc08QS2HQ8z6c1Nz8wuLS8kp6dW19Y9Pd2q6YKNEcyjySka4FzIAUCsooUEIt1sDCQEI16F+M/eoNaCMidY2DGJoh6yrREZyhlVrubgPhFodC2RBCmzIc0QZVp17LzXjZoucX88d0Sk5yM1IoUj/rTZAhM5Ra7nujHfEkBIVcMmPqvhdjc8g0Ci5hlG4kBmLG+6wLdUsVC8E0h5MLRvTAKm3aibR9CulE/T4xZKExgzCwyZBhz/z2xuJfXj3BzknTnhcnCIpPF3USSTGi4zpoW2jgKAeWMK6F/SvlPaYZR1ta2pbwdSn9n1SOsn4hm7/KZc7OZ3Uskz2yTw6JT47JGbkkJVImnNyRB/JEnp1759F5cV6n0ZQzm9khP+C8fQJ385br</latexit>

inverted at n = 0
<latexit sha1_base64="zuCZQaRhNKEdA0ihEhYT93UbMmc=">AAACAXicdVDLSgMxFM34rPVVdSO4CRbBVZmRPhdC0Y1LBWsLbSmZzK0GM5khuSOWoW78FTcuFHHrX7jzb0wfgooeCBzOOZebe/xYCoOu++HMzM7NLyxmlrLLK6tr67mNzQsTJZpDg0cy0i2fGZBCQQMFSmjFGljoS2j618cjv3kD2ohIneMghm7ILpXoC87QSr3cdgfhFlOhbAghoAyHtEPV4UEvl3cLNderlSp0QqrFKSnXqFdwx8iTKU57ufdOEPEkBIVcMmPanhtjN2UaBZcwzHYSAzHj1+wS2pYqFoLppuMLhnTPKgHtR9o+hXSsfp9IWWjMIPRtMmR4ZX57I/Evr51gv9q158UJguKTRf1EUozoqA4aCA0c5cASxrWwf6X8imnG0ZaWtSV8XUr/JxcHBa9cKJ0V8/WjaR0ZskN2yT7xSIXUyQk5JQ3CyR15IE/k2bl3Hp0X53USnXGmM1vkB5y3T3r7lu0=</latexit>

inverted at n = 2



Continue to tutorial.


