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§ Test fields in the black hole spacetime
§ Scalar field perturbations:  KG equation
§ EM perturbations: Maxwell equation

§ Gravitational perturbations
𝑔!" = 𝑔#!" + ℎ!" ℎ ≪ 1
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§ 𝑔!" = 𝑔#!" + ℎ!" in Regge-Wheeler gauge and after Fourier decom.:
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Odd parity (axial)

Even parity (polar)



§Schwarzschild black hole: 

§ Odd parity (axial): Regge-Wheeler equation

𝑉$ = 1 −
2𝑀
𝑟

𝑙 𝑙 + 1
𝑟%

−
6𝑀
𝑟&
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§ Even parity (polar): Zerilli equation

𝑉! =
" #$!"# %! %&# '$&()%!'!&*)!%'&*)$

'$ %'&() !

𝑑$

𝑑𝑟∗$
+𝜔$ Ψ = 𝑉&/(Ψ

𝜆 = (𝑙 + 2)(𝑙 − 1)/2

n In test field scenarios, the master equation can also be written in the Schrödinger-like form



§ Kerr black hole: Teukolsky equation

§ Newman-Penrose formalism – 𝑙, 𝑛,𝑚,𝑚∗

§ Described by Weyl scalars (some contractions of 𝐶2345)
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Angular eq.

Radial eq.

Spin-weighted
spheroidal harmonics
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%!

%&∗!
+ 𝜔' Ψ = 𝑉(/*Ψ   

𝑄 𝑟∗ ≡ 𝜔' − 𝑉(/*

Ψ, 𝑟∗ ≈ 𝑄-
.
/ exp{−𝑖 B

&∗!

&∗
𝑄 𝑡

.
' 𝑑𝑡}

Ψ,,, 𝑟∗ ≈ 𝑄-
.
/ exp{−𝑖 B

&∗

&∗#
𝑄 𝑡

.
' 𝑑𝑡}

• Scatterint problem with zero incident waves
• |𝑄'$(| ≪ |𝑄(±∞)|𝑟∗'

𝑟∗.

𝑟∗0

Schutz, Will (1985)
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𝑄 𝑡

.
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𝑟∗'
𝑟∗.

𝑟∗0

Approximating 𝑄 in region II as a parabola, the 
solution is given by

Ψ,, 𝑥 ≈ 𝑐.𝐷1(𝑥) + 𝑐'𝐷-1-.(𝑖𝑥)

where

𝑥 ≡ 2𝑄022
#
$𝑒

%&
$ 𝑟∗ − 𝑟∗0 and  𝜈 + .

'
≡ −𝑖𝑄0/ 2𝑄022 ./'

Schutz, Will (1985)
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𝑟∗'
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Taking 𝑥 → ±∞ for Ψ,,, and conecting with 
Ψ, Ψ,,,, one gets Γ −𝜈 = ∞

which implies
𝑄0

2𝑄022
.
'
= 𝑖 𝑛 +

1
2

with 𝑛 = 0,1,2…



16

𝑄0

2𝑄022
.
'
= 𝑖 𝑛 +

1
2

with 𝑛 = 0,1,2…

• 1st order:  Schutz, Will (1985)

• 3rd order: Iyer, Will (1987)

• 6th order: Konoplya (2003)

• Higher order: Matyjasek, Opala, Telecka 
(2017)(2019)

• Review: Konoplya, Zhidenko, Zinhailo (2019)
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𝑄0

2𝑄022
.
'
= 𝑖 𝑛 +

1
2

with 𝑛 = 0,1,2…

• 1st order:  Schutz, Will (1985)

• 3rd order: Iyer, Will (1987)

• 6th order: Konoplya (2003)

• Higher order: Matyjasek, Opala, Telecka 
(2017)(2019)

• Review: Konoplya, Zhidenko, Zinhailo (2019)

The n-th order WKB method requires 2n-th order derivatives at the potential peak
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Berti, Cardoso, Starinets (2009)

overtone: n

Oshita’s talk
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Berti, Cardoso, Starinets (2009)

overtone: n

Oshita’s talk

WKB valid when 𝑙 ≳ 𝑛
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Field propagation in BH spacetimes

∇3∇3𝐴 = ⋯

Photon propagation in BH spacetimes

𝑘3𝑘3 = 0
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Field propagation in BH spacetimes

∇3∇3𝐴 = 𝑶 𝝀/𝑳 ~ 𝟎

Photon propagation in BH spacetimes

𝑘3𝑘3 = 0

Geometric-optics approximations



§ Schwarzschild BH:  

25

• eikonal (𝑙 → ∞) QNMs

• 𝑉&~𝑉(~
]!

^!
1 − $_

^

§ Odd parity (axial): Regge-Wheeler equation

𝑉$ = 1 −
2𝑀
𝑟

𝑙 𝑙 + 1
𝑟% −

6𝑀
𝑟&

§ Even parity (polar): Zerilli equation

𝑉! =
" #$!"# %! %&# '$&()%!'!&*)!%'&*)$

'$ %'&() !

𝜆 = (𝑙 + 2)(𝑙 − 1)/2



§ Spacetime symmetry is crucial

§ Non-rotating BH:  

Static and spherically symmetric 𝑑𝑠$ = −𝐴(𝑟)𝑑𝑡$ + `^!

a(^)
+ 𝑟$𝑑Ω$

26

𝑑$

𝑑𝑟∗$
+𝜔$ Ψ = 𝑉bΨ

• The potential for eikonal (𝑙 → ∞) QNMs: 𝑉 ≈ 4 &
&!

𝑙'

• The peak of the potential coincides with the photon 
sphere
• Photon sphere equation: 𝜕![𝐴(𝑟)/𝑟"] = 0

2 3 4 5
r

0.5

1.0

1.5

Vg

approach photon sphere when (𝑙 → ∞) 



§ The eikonal QNMs (𝑙 → ∞) and the photon sphere

𝜔 ≈ Ω5𝑙 − 𝑖(𝑛 + 1/2)|𝜆5|

§ 𝑅𝑒 𝜔 → Ω5 (orbital frequency of the photon sphere)

§ 𝐼𝑚 𝜔 → 𝜆5 (Lyapunov exponent) Cardoso, Miranda, Berti, Witek, Zanchin (2009)

§ 𝛾 ≡ 𝜆5/Ω5 (critical exponent)
27

critical curve
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Yang et al. (2012)

Recently extended to Kerr-Newman by Li et al. (2021)

• Separable geodesic equations (Carter constant), and separable wave equations
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• Consider general axisymmetric deformations of 
Schwarzschild BHs

In the presence of deformations:

• Radial and latitudinal sectors of geodesic equations are 
NOT separable

• Generic photon orbits 𝑟(𝜃) do NOT have constant 𝑟

• Complicated wave equations

• If deformations are small: Identify the correspondence 
by defining the  averaged radius along full closed 
photon orbits

29

CYC, Chiang, Tsao (2022)
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• Consider Vaidya spacetime 

𝑑𝑠' = − 1 − '6 1
&

𝑑𝜈' + 2𝑑𝑟𝑑𝜈 + 𝑟'𝑑Ω''

• Generic mass function 𝑚 𝜈 : only numerics

• Preliminary results on linear accretion 𝑚 𝜈 = 𝜇𝜈
• Conformal Killing vector
• Separable Klein-Gordon equation
• Photon sphere uniquely defined 

30

Capuano, Santoni, Barausse (2024), CYC, Chiang, Koga (ongoing)

Solanki, Perlick (2022), Koga, Asaka, Kimura, Okabayashi (2022)
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𝜔l ↔ Angular frequency on PS ↔ Size of shadow image

𝜔m ↔ Lyapunov exponent on PS ↔ Higher-order ring structures
Jusufi (2020), Cuadros-Melgar et al. (2020)

Jusufi (2020), Yang (2021)

§ Can the eikonal correspondence be violated?

§ Can it be tested observationally?

31
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§ In GR, the potential for eikonal (𝑙 → ∞) QNMs: 𝑉 ≈ 4 &
&!

𝑙'

§ The peak of the potential coincides with the photon sphere
§ Photon sphere equation: 𝜕![𝐴(𝑟)/𝑟"] = 0

§ This may not be true for modified gravity:

§ The peak of the potential may differ from the photon sphere of BHs
§ Non-minimal coupling between matter and curvature
§ String-inspired models

§ A preliminary proposal (i.e., nonrotating BH) for testing eikonal correspondence based 
on joint observations of ringdown and image black holes with similar masses 
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𝑉 ≈ 𝛼 𝑟
𝐴 𝑟
𝑟' 𝑙'

CYC, Chen (2020)CYC, Bouhmadi-López, Chen (2019) (2021)

approach photon sphere when (𝑙 → ∞) 

Moura, Rodrigues (2021)Konoplya, Stuchlik (2017)Cardoso, Gualtieri (2010)

CYC, De Felice, Tsujikawa (2024)



𝛾]
op_ ≡ 2𝑙

𝜔m
𝜔l

If the eikonal correspondence is satisfied:

𝛾]
op_ = 1 −

1
2𝑙

𝛾 + 𝑂 𝑙q$

𝛾]
op_ converges to 𝛾 from below when 𝑙 → ∞

34
Chen et al. (2022)

𝛾 ≡ 𝜆)/Ω) (critical exponent)

𝑙: multipole number
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𝑛 = 0

𝑛 = 1

𝑛 = 2

Gralla, et al. (2020)



𝛾rs ≡
1
𝜋
ln

𝑤r
𝑤rtu

𝛾rv ≡
1
𝜋
ln

𝑏r − 𝑏rtu
𝑏rtu − 𝑏rt$

36

𝑏7 ≡ 𝑏789:

𝑏7;7

𝑤7 ≡ 𝑏789: − 𝑏7;7

The 𝑛-th ring

Chen et al. (2022)

• Two ring observables converge to 𝛾 from 
above when 𝑛 → ∞

𝛾 ≡ 𝜆)/Ω) (critical exponent)



§Strong Lensing formula:

−𝛾 𝑛 +
1
2
𝜋 = ln 𝑎9 − 𝑌 𝑧: , 𝑧; + 𝜖9

§ 𝑎r = 1 − 𝑏y/𝑏r 𝜖r = 𝐶𝑎r ln 𝑎r
§ 𝑌: A constant determined by source and detector
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𝑏7 ≡ 𝑏789:

𝑏7;7

𝑤7 ≡ 𝑏789: − 𝑏7;7

critical curve

The 𝑛-th ring

Chen et al. (2022)



§ 𝑎5 = 1 − 𝑏6/𝑏5 𝜖5 = 𝐶𝑎5 ln 𝑎5

𝛾57≈ 𝛾 + (𝜖5&# − 𝜖5)/𝜋

𝛾58 ≈ 𝛾 +
𝜖5&# − 𝜖5 − 𝑒$9:(𝜖5&" − 𝜖5&#)

𝜋(1 − 𝑒$9:)

§ We find 𝐶 > 0 for most cases of interest
§ This implies 𝜖5 < 𝜖5&# < 0
§ Two ring observables converge to 𝛾 from above

when 𝑛 → ∞
38

𝑏7 ≡ 𝑏789:

𝑏7;7

𝑤7 ≡ 𝑏789: − 𝑏7;7

The 𝑛-th ring

Chen et al. (2022)
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Disk size: 𝑟?@~10𝑀γ1w γ2w γ1b
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Results insensitive to emission models!
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γ1w γ2w γ1b
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• Robust qualitative converging tendency in different metrics
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𝑆 = ∫ 𝑑{𝑥 −𝑔 𝜅𝑅 +
𝛼
4
𝜗𝑅𝑅∗ −

𝛽
2
∫ 𝑑{𝑥 −𝑔 𝜕𝜗 $

§ Parity-violating term from the CS correction
Jackiw, Pi (2003) Alexander, Yunes (2009)

§ Motivated from string theory
Campbell, Kaloper, Madden, Olive (1993) Moura, Schiappa (2006)

§ Schwarzschild metric: an exact vacuum solution

§ Schwarzschild perturbations: Axial mode coupled to scalar modes
Cardoso, Gualtieri (2010) Molina, Pani, Cardoso, Gualtieri (2010) Motohashi, Suyama (2011)(2012) Kimura (2018)

§ The modes violate eikonal correspondence



𝑆 = ∫ 𝑑{𝑥 −𝑔 𝜅𝑅 +
𝛼
4
𝜗𝑅𝑅∗ −

𝛽
2
∫ 𝑑{𝑥 −𝑔 𝜕𝜗 $

𝑑$

𝑑𝑟∗$
+𝜔$

Ψ
Θ

= 𝑉uu 𝑉u$
𝑉$u 𝑉$$

Ψ
Θ

𝑉uu = 1 − $_
^

] ]tu
^! − |_

^% , 𝑉$$ = 1 − $_
^

] ]tu
^! 1 + }|_!

~3^& + $_
^%

𝑉u$ = 𝑉$u = 1 − $_
^

]tu !
3~ ]qu !

|_
^'
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CS correction dynamical scalar field

coupled QNM equation:
Ψ : axial mode

Θ : scalar mode
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CS correction dynamical scalar field

coupled QNM equation:
Ψ : axial mode

Θ : scalar mode

break eikonal correspondence
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𝛾!
"#$ > 𝛾%& or 𝛾%': A smoking gun of 
eikonal correspondence violation 
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§ WKB method
§ semi-analytic method
§ Powerful for calculating QNMs with 𝑙 ≳ 𝑛

§ Eikonal correspondence between QNMs and shadows

§ Testing the correspondence
§ Testing GR through joint observations of GW and images


