
Perturbative Reheating  
& Thermalization

Kyohei Mukaida @KEK, SOKENDAI
1312.3097, 1402.2846, 1901.11027, 
2208.11708, 2402.14054, 2407.15926

w/ K.Harigaya, M.He, K.Kohri, M.Yamada

via cascades of energetic SM particles 



Introduction



~ eV
2.73K

~ MeV

Infl
ati

on

?
• Cosmic inflation (accelerated expansion)

Beginning of Hot Universe?

- Solves Horizon/Flatness problem 

- Provides the origin of density fluctuations

๏ Dilutes everything including baryons, dark matter…
Time



~ eV
2.73K

~ MeV

Infl
ati

on

?- Solves Horizon/Flatness problem 

- Provides the origin of density fluctuations

Hot Universe 

• Big Bang Nucleosynthesis

• Cosmic Microwave Background

• Cosmic inflation (accelerated expansion)

69%

26%

5%

Dark Matter

Matter → Baryon Asymmetry

Dark Energy

?
?

?

๏ Dilutes everything including baryons, dark matter…
Time

Beginning of Hot Universe?



~ eV
2.73K

~ MeV

Infl
ati

on

?- Solves Horizon/Flatness problem 

- Provides the origin of density fluctuations

Hot Universe 

• Big Bang Nucleosynthesis

• Cosmic Microwave Background

• Cosmic inflation (accelerated expansion)

69%

26%

5%

Dark Matter

Matter → Baryon Asymmetry

Dark Energy

?
?

?

Reheating? ?

๏ Dilutes everything including baryons, dark matter…
Time

Beginning of Hot Universe?



Reheating and Thermalization

<latexit sha1_base64="cU/GGlX4m6ApHc2YlCkQsf0t/b0="></latexit>

¡

<latexit sha1_base64="Xik936Vk10+qxI6p4++wjgP7Tus="></latexit>

V (¡)

Standard Model 
+ …

Thermal equil.

out of equil. 
Inflaton condensate



Reheating and Thermalization

<latexit sha1_base64="cU/GGlX4m6ApHc2YlCkQsf0t/b0="></latexit>

¡

<latexit sha1_base64="Xik936Vk10+qxI6p4++wjgP7Tus="></latexit>

V (¡) Large 

coupling

Standard Model 
+ …

Small coupling

Thermal equil.

out of equil. 
Inflaton condensate

<latexit sha1_base64="TUoxurs9vLy0zIjhIv1005I0ItI="></latexit>

¡√̄√, ¡|©| 2, ¡G
µ∫G µ∫

, · · ·

<latexit sha1_base64="+YUYM3zNS6lcmnrD02u04+tL1WQ="></latexit>

¡G
µ∫G̃ µ∫

, ¡@ · J , · · ·



Reheating and Thermalization

<latexit sha1_base64="cU/GGlX4m6ApHc2YlCkQsf0t/b0="></latexit>

¡

<latexit sha1_base64="Xik936Vk10+qxI6p4++wjgP7Tus="></latexit>

V (¡) Large 

coupling
<latexit sha1_base64="WSvSEbJ47hvYbsQYP+DGzhHOUJU="></latexit>

¡¡ · · ·! SMSM

Standard Model 
+ beyond…

5

ingredient for its ability to describe the corresponding
quantum field dynamics [33].

The oscillating behavior with constant maximum am-
plitude at early times is visible from the inset of Fig. 1.
Subsequently, for t ⇠ Q

�1 log(��1) the corrections from
classical-statistical fluctuations change this behavior dra-
matically and trigger a transient rapid field decay. This
happens when the size of fluctuations has grown such
that their contribution to the energy density becomes
comparable to that from the macroscopic field. At this
stage the evolution becomes strongly non-linear which
even leads to a temporary field growth [31]. The non-
linear dynamics finally leads to a power-law decay of the
field amplitude

�0(t) ⇠ Q (Qt)�� (15)

with the predicted exponent � = 1/3 [5] given by the gray
dashed line in Fig. 1.

As shown in Ref. [5], during the turbulent stage be-
tween Q

�1 log(��1) ⌧ t ⌧ Q
�1

�
�5/4 the distribution

function approaches a self-similar behavior,

f(t, p) = (Qt)↵fS((Qt)�p) , (16)

with the universal scaling exponents ↵, � and the sta-
tionary scaling function fS . The dynamical scaling expo-
nents describe the evolution of typical occupation num-
bers and momenta. For hard modes, which dominate
the energy density, � = �1/5 determines the evolution
of characteristic momenta and ↵ = �4/5 of their occu-
pancy. The latter exponent determines the parametric
time tquant ⇠ Q

�1
�
�5/4 at which the typical occupancies

become order one and the classicality condition (1) is no
longer fulfilled.

Wave turbulence [51] describes the transport of con-
served quantities such as energy density. Accordingly,
in momentum space power-law cascades form. This can
be either a ‘direct cascade’, for transport towards higher
momenta, or an ‘inverse cascade’ into the infrared. In
the inertial range of momenta, where the distribution
function is described as a momentum power-law, one can
write

f(p) ⇠

✓
Q

p

◆

(17)

with a universal scaling exponent . The proportionality
factor depends in general on time for isolated systems
as in our case, i.e. without applied sources or sinks that
could lead to stationary cascades.

If there is more than one conserved quantity, the sys-
tem may accommodate this by forming distinct cascades
in di↵erent momentum regimes. It has been shown
that for characteristic momenta p . Q the dynamics is
dominated by elastic scatterings [2]. This leads to an
additional conserved quantity that emerges during the
nonequilibrium time evolution even though total parti-
cle number is not conserved in the relativistic scalar field
theory. As a consequence, apart from a direct energy
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FIG. 2. The rescaled distribution function �f at di↵erent
times for � = 10�4. Power-laws with exponents 3/2, 4/3 and
4 are also shown.

cascade towards the ultraviolet, an inverse particle cas-
cade towards the infrared can be observed. For the single
component theory, this analysis was previously only done
for the direct cascade [4, 5]; the presence of the inverse
cascade was not established.
In Fig. 2 we show our results for the evolution of the

rescaled distribution function �f(t, p) for di↵erent fixed
times. At times Qt = 160 and 240 one observes the res-
onance behavior of the instability stage. The resonance
peak occurs first around p⇤/Q ⇡ 1.1 and its location is
proportional to the amplitude of the condensate at early
times, p⇤ = 0.52�0 [48]. Since the macroscopic field am-
plitude decreases with time, the peak is shifted to softer
momenta [5].
At later times, the peak serves as a source for energy

and particles, leading to momentum-scale invariant en-
ergy and particle fluxes towards the ultraviolet and the
infrared, respectively. Accordingly, di↵erent momentum
power-laws emerge to the left and to the right of the still
visible dominant resonance peak in Fig. 2. On the dou-
ble logarithmic plot the power-laws are well described
by straight lines with di↵erent slopes, corresponding to
di↵erent values for the exponent of (17) in distinct mo-
mentum ranges. The spectrum at Qt = 7100 is compared
to three power laws with the exponents

S = 4 , M =
4

3
, H =

3

2
. (18)

The hard scale exponent H = 3/2 describes the en-
ergy cascade towards higher momenta and results from
e↵ective 2 $ (1 + soft) processes involving the conden-
sate [4, 5]. The inverse particle cascade towards lower
momentummodes shows two distinct momentum regimes
depending on the size of the occupation numbers f(p)
in each regime. For �f(p) . O(1) the weak wave tur-
bulence exponent M = 4/3 describes the transport of
particles. In the nonperturbative regime of ultrasoft mo-
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ingredient for its ability to describe the corresponding
quantum field dynamics [33].
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plitude at early times is visible from the inset of Fig. 1.
Subsequently, for t ⇠ Q
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matically and trigger a transient rapid field decay. This
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longer fulfilled.

Wave turbulence [51] describes the transport of con-
served quantities such as energy density. Accordingly,
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as in our case, i.e. without applied sources or sinks that
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If there is more than one conserved quantity, the sys-
tem may accommodate this by forming distinct cascades
in di↵erent momentum regimes. It has been shown
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cascade towards the ultraviolet, an inverse particle cas-
cade towards the infrared can be observed. For the single
component theory, this analysis was previously only done
for the direct cascade [4, 5]; the presence of the inverse
cascade was not established.
In Fig. 2 we show our results for the evolution of the

rescaled distribution function �f(t, p) for di↵erent fixed
times. At times Qt = 160 and 240 one observes the res-
onance behavior of the instability stage. The resonance
peak occurs first around p⇤/Q ⇡ 1.1 and its location is
proportional to the amplitude of the condensate at early
times, p⇤ = 0.52�0 [48]. Since the macroscopic field am-
plitude decreases with time, the peak is shifted to softer
momenta [5].
At later times, the peak serves as a source for energy
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Heavy Long-lived Matter in the early Universe

• Candidates are ubiquitous in BSMs

• Implications?

Inflaton Moduli Primordial Black Hole (PBH)BSM particles …

- (possible) matter domination

- Entropy dilution

ρm ∝ a−3ρr ∝ a−4

Δ = Teq′￼
/Tdec Time

ρm ∝ a−3

ρr ∝ a−4

Teq′￼
Tdec

Δ
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Heavy Long-lived Matter in the early Universe

• Production of “energetic” particles
- Planck-suppressed decay of Inflaton/Moduli - Evaporating PBH w/ 109 g ≳ M ≫ MPl

Tdec ∼ Γϕ MPl ∼
mn

ϕ

Mn
Pl

mϕ ≪ mϕ

Thermal plasma w/  Tdec

ϕ
p ∼ mϕ

Thermal plasma w/  Tdec

p ∼ TH ≡
M2

Pl

M

Tdec ∼ ΓPBH MPl ∼
MPl

M
TH ≪ TH



Heavy Long-lived Matter in the early Universe

ϕ

Thermal plasma 
w/  Tdec

Decay of heavy 
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Thermalization?
Dark Matter production?

Baryogenesis?
Phase transition?
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→ energetic particles



Heavy Long-lived Matter in the early Universe

ϕ

Thermal plasma 
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Cascade of energetic particles 
in thermal plasma



In-medium Cascade of Energetic Particles

• Cascade via multiple splittings

Thermal plasma 
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• Bethe—Heitler v.s. Landau—Pomeranchuk—Migdal (LPM)

In-medium Cascade of Energetic Particles

- Bethe—Heitler formula

+ +
g g

g
m2

th ∼ αT2

p ∼ T

Scale-independent splitting

- LPM suppression

Interference

almost collinearp ≫ T

coherent multiple scatterings

ΓBH ∼ α3 T3

m2
th

∼ α2T

[Landau, Pomeranchuk; Migdal]



• Bethe—Heitler v.s. Landau—Pomeranchuk—Migdal (LPM)

In-medium Cascade of Energetic Particles

- Bethe—Heitler formula

+ +
g g

g
m2

th ∼ αT2

ΓBH ∼ α3 T3

m2
th

∼ α2T

Scale-independent splitting

- LPM suppression

p ≫ T

coherent multiple scatterings

+ …

p-dependent splitting, i.e., LPM suppression

ΓLPM ∼ α t−1
form(p) ∼ α2T ×

T
p

[Arnold, Moore, Yaffe ’01,’02,’03; Arnold, Dogan ’08]

[Landau, Pomeranchuk; Migdal]

p ∼ T



• Cascade via LPM-suppressed multiple splittings

In-medium Cascade of Energetic Particles

Thermal plasma 

…

…

…

…
…

…
 p ≫ T

bottleneck: 1st splitting ~ Γ−1
LPM(p)

T



𝒞′￼′￼1↔2′￼′￼
[ fs] ⊃ −

(2π)3

p2vs ∑
s′￼,s′￼

∫
p

0
dk γs↔s′￼s′￼′￼

(p; k, p − k) fs(p)

Effective Kinetic Theory of SM

• LPM-suppressed splitting function for SM

ℒ fs(x, p, t) = 𝒮 + 𝒞2↔2[ fs] + 𝒞′￼′￼1↔2′￼′￼
[ fs]

Source Elastic scat. LPM-suppressed 
splitting

- Kinetic equation

- Splitting function for effective “1 to 2” processes

e.g., inflaton, PBHs

w/ s = ef, Lf, uf, df, Qf, ϕ, B, W, g

Splitting function

s, p
s′￼, k

s′￼′￼, p − k
+(inverse)

[KM, Yamada 2208.11708;  
Arnold, Morre, Yaffe ’01,’02,’03; Arnold, Dogan ’08]



γs→s′￼s′￼′￼
(p; xp, (1 − x)p) =

1
2

αss′￼s′￼′￼

(2π)4 2
×

P(vac)
s→s′￼s′￼′￼

(x)
x(1 − x)

× μ2
⊥ (1, x, 1 − x; s, s′￼, s′￼′￼)

i.e., self-consistent equation for vertex func.

Effective Kinetic Theory of SM (cont’d)

• LPM-suppressed splitting function for SM
- SM splitting function

SM gauge + top Yukawa

s

s

ga = B, W, g

αsgas = d (a)
Rs

C(a)
Rs

αa

u3

ϕ

Q3

αu3ϕQ3
= y2

t /(4π)

LPM suppression

= + + + +…+

s
s′￼

s′￼′￼

vacuum DGLAP 
splitting function

[KM, Yamada 2208.11708;  
Arnold, Morre, Yaffe ’01,’02,’03; Arnold, Dogan ’08]



γs→s′￼s′￼′￼
(p; xp, (1 − x)p) =

1
2

αss′￼s′￼′￼

(2π)4 2
×

P(vac)
s→s′￼s′￼′￼

(x)
x(1 − x)

× μ2
⊥ (1, x, 1 − x; s, s′￼, s′￼′￼)

Effective Kinetic Theory of SM (cont’d)

• LPM-suppressed splitting function for SM
- SM splitting function

SM gauge + top Yukawa LPM suppression

vacuum DGLAP 
splitting function

[KM, Yamada 2208.11708;  
Arnold, Morre, Yaffe ’01,’02,’03; Arnold, Dogan ’08]
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38, 87, 89]:

∞ga$ga ga (P ; xP, (1°x)P ) = 1
2

d (a)
A C (a)

A Æa

(2º)4
p

2

14 +x4 + (1°x)4

12 · x2(1°x)2 µ2
?,a(1, x,1°x; ga , ga , ga) , (2.30a)

∞s$ga s(P ; xP, (1°x)P ) = 1
2

d (a)
F C (a)

Fs
Æa

(2º)4
p

2

12 + (1°x)2

1 · x2(1°x)
µ2
?(1, x,1°x; s, ga , s) for s = (fermion), (2.30b)

∞ga$ss̄(P ; xP, (1°x)P ) = 1
2

d (a)
F C (a)

Fs
Æa

(2º)4
p

2

x2 + (1°x)2

12 · x(1°x)
µ2
?(1, x,1°x; ga , s, s) for s = (fermion), (2.30c)

∞¡$ga¡(P ; xP, (1°x)P ) = 1
2

d (a)
F C (a)

F¡
Æa

(2º)4
p

2

2
x2 µ

2
?(1, x,1°x; ¡, ga ,¡) , (2.30d)

∞ga$¡¡§(P ; xP, (1°x)P ) = 1
2

d (a)
F C (a)

F¡
Æa

(2º)4
p

2

2
12 µ

2
?(1, x,1°x; ga ,¡,¡) , (2.30e)

∞u3$¡Q3 (P ; xP, (1°x)P ) = 1
2

Æt

(2º)4
p

2

1
1 · (1°x)

µ2
?(1, x,1°x; u3,¡,Q3) , (2.30f)

∞¡$u3Q̄3
(P ; xP, (1°x)P ) = 1

2
Æt

(2º)4
p

2

1
x(1°x)

µ2
?(1, x,1°x; ¡,u3,Q3) , (2.30g)

where ga collectively represent the gauge bosons of gauge group Ga .\9 Note that we add a factor of 1/2 to

Eqs. (2.30b), (2.30c), (2.30f), and (2.30g) because we use chiral fermions rather than a Dirac fermion. Con-

tributions from switched diagrams are included in the splitting functions. For example, the rates of pro-

cesses such as q̄ $ ga q̄ are included in ∞q$ga q , where q̄ represents the anti-particle of q . If we want to treat

u3 $ ¡Q3 and Q3 $ ¡§u3 separately, we should multiply ∞u3$¡Q3 (= ∞Q3$¡§u3 ) by a factor of 1/2 for each

splitting rate [see Eqs. (A.7), (A.8), and (A.11)].

The functions of x in the above equations come from the DGLAP splitting functions. The function µ2
? is

given by (2.15) with G =SU(3)c£SU(2)L£U(1)Y , where

Na =

8
>><
>>:

15 ≥(3)
º2 T 3 for SU(3)

14 ≥(3)
º2 T 3 for SU(2)

6 ≥(3)
º2 T 3 for U(1)Y

(2.31)

m2
D,a =

8
>><
>>:

8ºÆ3T 2 for SU(3)
22º

3 Æ2T 2 for SU(2)
22º

3 Æ1T 2 for U(1)Y

(2.32)

from Eqs. (2.16) and (2.17).

The Boltzmann equations of the SM are as follows: The explicit form of each species is shown in Ap-

\9We add a factor of 1/2 to (2.30a) as a symmetry factor to avoid a double count, where we integrate over x from 0 to 1 rather than

from 0 to 1/2 in the Boltzmann equation.
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Effective Kinetic Theory of SM (cont’d)



Reheating after Inflation 
(i.e., Homogeneous source)



Suppression of Maximal Temperature

• Instantaneous v.s. Finite-time thermalization for inflaton → gluon + gluon

[KM, Harigaya 1312.3097; KM, Yamada 1506.07661, 2208.11708, 2402.14054]

- Instantaneous thermalization
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Figure 2: Spectra at the end of numerical simulations. (left) The blue/brown solid curves represent the hard/thermal spectra
respectively. We also show the initial spectra with the dashed lines in the same color. (right) The red dotted curve represents the
stationary solution corresponding to �split/� ! 0 given in Eq. (3.21). The color codings for the blue solid/dashed and brown
curves are the same as Fig. 1.

The red and green dotted lines represent the fitting functions for ) (C):

)res(C) '
8>>><
>>>:
0.006 ⇥ Cres for C ⌧ Cmax ,

13 ⇥ C�1/4res for C � Cmax .
(3.17)

All results are in good agreement with the analytic estimations. The asymptotic behavior for C � Cmax is
further confirmed by simulations with di�erent initial conditions as we show in Fig. 4 in Appendix. From
Fig. 1, the numerical coe�cients of the maximal temperature and corresponding time can be determined
as follows:
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These results confirm the analytic estimations (2.20) and (2.15), and the numerical prefactors are de-
termined from our numerical simulations. Note that U and 6¢ are absorbed into the numerical factors
because we substitute the SM values for them.

The blue curves in Fig. 2 show the spectra at the end of numerical simulations. In the left panel, the
initial spectrum (3.5) is represented by the blue dashed curve. The solid (dashed) brown curve represents
the thermal spectrum at the end (beginning) of numerical simulations. See Eqs. (2.17) and (2.18) for
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Suppression of Maximal Temperature

• Instantaneous v.s. Finite-time thermalization for inflaton → gluon + gluon

[KM, Harigaya 1312.3097; KM, Yamada 1506.07661, 2208.11708, 2402.14054]
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Figure 2: Spectra at the end of numerical simulations. (left) The blue/brown solid curves represent the hard/thermal spectra
respectively. We also show the initial spectra with the dashed lines in the same color. (right) The red dotted curve represents the
stationary solution corresponding to �split/� ! 0 given in Eq. (3.21). The color codings for the blue solid/dashed and brown
curves are the same as Fig. 1.

The red and green dotted lines represent the fitting functions for ) (C):
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13 ⇥ C�1/4res for C � Cmax .
(3.17)

All results are in good agreement with the analytic estimations. The asymptotic behavior for C � Cmax is
further confirmed by simulations with di�erent initial conditions as we show in Fig. 4 in Appendix. From
Fig. 1, the numerical coe�cients of the maximal temperature and corresponding time can be determined
as follows:
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These results confirm the analytic estimations (2.20) and (2.15), and the numerical prefactors are de-
termined from our numerical simulations. Note that U and 6¢ are absorbed into the numerical factors
because we substitute the SM values for them.

The blue curves in Fig. 2 show the spectra at the end of numerical simulations. In the left panel, the
initial spectrum (3.5) is represented by the blue dashed curve. The solid (dashed) brown curve represents
the thermal spectrum at the end (beginning) of numerical simulations. See Eqs. (2.17) and (2.18) for
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Γsplit(mϕ) < H Γsplit(mϕ) > H



• Attractor for Γsplit (mϕ) ≳ H ≳ Γϕ
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Figure 4: Same as Fig. 1 but with di�erent initial conditions. See Eq. (A.1) for their color codings.

the maximal temperature. Still, all results reach the maximal temperature within the time scale of order
Cmax, even if the simulation starts at a later time. All results agree at a later time (C � Cmax), at which
high-energy particles thermalize within the Hubble-time scale.

We expect that the cases with 5h(?0)/(105 ⇥ C�20 ?�30 ) = 1 (blue curves) are consistent initial conditions
in which the ambient plasma is generated by the energy injection via the thermalization of high-energy
particles. These cases agree with each other except for C ⇠ C0, even if we change the value of C0/?1/20 . This
supports the fact that it consistently starts within the attractor regime of (2.19). This is not the case for
di�erent values of 5h(?0)/(105 ⇥ C�20 ?�30 ), as shown in the figure. However, we note that the other initial
conditions may also be interesting in some of the cases mentioned above. Our numerical simulations can
also be used to analyze such cases.
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Figure 2: Spectra at the end of numerical simulations. (left) The blue/brown solid curves represent the hard/thermal spectra
respectively. We also show the initial spectra with the dashed lines in the same color. (right) The red dotted curve represents the
stationary solution corresponding to �split/� ! 0 given in Eq. (3.21). The color codings for the blue solid/dashed and brown
curves are the same as Fig. 1.

The red and green dotted lines represent the fitting functions for ) (C):

)res(C) '
8>>><
>>>:
0.006 ⇥ Cres for C ⌧ Cmax ,

13 ⇥ C�1/4res for C � Cmax .
(3.17)

All results are in good agreement with the analytic estimations. The asymptotic behavior for C � Cmax is
further confirmed by simulations with di�erent initial conditions as we show in Fig. 4 in Appendix. From
Fig. 1, the numerical coe�cients of the maximal temperature and corresponding time can be determined
as follows:

)max ' 2.3 ⇥
 

5h(?0)
105C�20 ?�30

!2/5  
C0

2?1/20

!�2/5
,

' 0.050 ⇥
 

��

<3
�/"2

Pl

!2/5
<� , (3.18)

Cmax ' 5.0 ⇥ 102
 

5h(?0)
105C�20 ?�30

!�3/5  
C0

2?1/20

!3/5 ⇣ ?0
5 ⇥ 103

⌘1/2
,

' 1.6 ⇥ 103
 

��

<3
�/"2

Pl

!�3/5
<�1

� . (3.19)

These results confirm the analytic estimations (2.20) and (2.15), and the numerical prefactors are de-
termined from our numerical simulations. Note that U and 6¢ are absorbed into the numerical factors
because we substitute the SM values for them.

The blue curves in Fig. 2 show the spectra at the end of numerical simulations. In the left panel, the
initial spectrum (3.5) is represented by the blue dashed curve. The solid (dashed) brown curve represents
the thermal spectrum at the end (beginning) of numerical simulations. See Eqs. (2.17) and (2.18) for
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Suppression of Maximal Temperature



Universality in the Spectrum

• Hardtail composition irrespective of inflaton-SM coupling
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Figure 4: Same as Fig. 3, but the primary particle is injected solely for Q f 0 (upper left), Q3 (upper right), ¡ (middle left), g (middle

right), W (lower left), and B (lower right).

confirm this, we define an asymptotic value of total distributions for each sinj such as

f (asym)
tot,sinj

(p) ¥
X

s
∫s fs(p)

ØØØØ
p<p

(sinj)
asym

, (4.5)

¥ °̃ f̃ (asym)
tot,sinj

µ
p
p0

∂°7/2

. (4.6)

The proportionality constant is determined from numerical calculations for each sinj and is shown in Tabs. 2

and 3 for °̃ = 1. We also show the result of sinj = L f even though it does not reach the scaling solution.

For all cases, f̃ (asym)
tot,sinj

is the same with each other within an error of order 10%. The averaged value is about

22.4, which is consistent with the rough estimation of (3.28).\10 The derivation for different sinj may come

from numerical errors and the fact that the scaling solution is not an exact for a finite p/p0. In particular, a

\10For the case with only gluons, namely for the pure SU(3) gauge theory, we obtain f̃ (asym)
tot ' 11.3 from our numerical calculation.

22

Inflaton → gluon + gluon
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Figure 4: Same as Fig. 3, but the primary particle is injected solely for Q f 0 (upper left), Q3 (upper right), ¡ (middle left), g (middle

right), W (lower left), and B (lower right).

confirm this, we define an asymptotic value of total distributions for each sinj such as

f (asym)
tot,sinj

(p) ¥
X

s
∫s fs(p)

ØØØØ
p<p

(sinj)
asym

, (4.5)

¥ °̃ f̃ (asym)
tot,sinj

µ
p
p0

∂°7/2

. (4.6)

The proportionality constant is determined from numerical calculations for each sinj and is shown in Tabs. 2

and 3 for °̃ = 1. We also show the result of sinj = L f even though it does not reach the scaling solution.

For all cases, f̃ (asym)
tot,sinj

is the same with each other within an error of order 10%. The averaged value is about

22.4, which is consistent with the rough estimation of (3.28).\10 The derivation for different sinj may come

from numerical errors and the fact that the scaling solution is not an exact for a finite p/p0. In particular, a

\10For the case with only gluons, namely for the pure SU(3) gauge theory, we obtain f̃ (asym)
tot ' 11.3 from our numerical calculation.
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Figure 3: Particle distributions for each species s, rescaled by (p/p0)7/2. The legends for s are shown in the lower right figure. The

primary particle sinj is injected solely for e f (upper left), L f (upper right), u f 0 (middle left), u3 (middle right), and d f (lower left).

The dark and light shaded regions represent p < p(s)
asym and p < p(s)

asym0 , respectively.

Boltzmann equation with p0/T = 1014. The case with sinj = L f does not reach the scaling solution, even in

this scenario, whereas the case with sinj =W reaches the scaling solution at p(W )
asym = 6£10°14p0.

We also define p
(sinj)
asym0 such that Rs(p) ' R(asym)

s for p < p
(sinj)
asym0 for all s except s = L f ,W . This represents

the scale below which the dominant components, such as gluons, reach the scaling regime while particles

with only the slowest SU(2) interactions may not. The results are summarized in Tabs. 2 and 3. In Fig. 3, 4,

5, and 6, the dark and light shaded regions represent p < p(s)
asym and p < p(s)

asym0 , respectively. The difference

between p
(sinj)
asym and p

(sinj)
asym0 represents how slowly s = L f and W reach the scaling solution, even after the other

species achieve this.

In Sec. 3.2, we discuss that the asympotic value of total distribution f̃ (asym)
tot is independent of sinj. To

21

Inflaton → Higgs + Higgs

[KM, Yamada 2208.11708]
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Figure 3: Particle distributions for each species s, rescaled by (p/p0)7/2. The legends for s are shown in the lower right figure. The

primary particle sinj is injected solely for e f (upper left), L f (upper right), u f 0 (middle left), u3 (middle right), and d f (lower left).

The dark and light shaded regions represent p < p(s)
asym and p < p(s)

asym0 , respectively.

Boltzmann equation with p0/T = 1014. The case with sinj = L f does not reach the scaling solution, even in

this scenario, whereas the case with sinj =W reaches the scaling solution at p(W )
asym = 6£10°14p0.

We also define p
(sinj)
asym0 such that Rs(p) ' R(asym)

s for p < p
(sinj)
asym0 for all s except s = L f ,W . This represents

the scale below which the dominant components, such as gluons, reach the scaling regime while particles

with only the slowest SU(2) interactions may not. The results are summarized in Tabs. 2 and 3. In Fig. 3, 4,

5, and 6, the dark and light shaded regions represent p < p(s)
asym and p < p(s)

asym0 , respectively. The difference

between p
(sinj)
asym and p

(sinj)
asym0 represents how slowly s = L f and W reach the scaling solution, even after the other

species achieve this.

In Sec. 3.2, we discuss that the asympotic value of total distribution f̃ (asym)
tot is independent of sinj. To
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Figure 4: Same as Fig. 3, but the primary particle is injected solely for Q f 0 (upper left), Q3 (upper right), ¡ (middle left), g (middle

right), W (lower left), and B (lower right).

confirm this, we define an asymptotic value of total distributions for each sinj such as

f (asym)
tot,sinj

(p) ¥
X

s
∫s fs(p)

ØØØØ
p<p

(sinj)
asym

, (4.5)

¥ °̃ f̃ (asym)
tot,sinj

µ
p
p0

∂°7/2

. (4.6)

The proportionality constant is determined from numerical calculations for each sinj and is shown in Tabs. 2

and 3 for °̃ = 1. We also show the result of sinj = L f even though it does not reach the scaling solution.

For all cases, f̃ (asym)
tot,sinj

is the same with each other within an error of order 10%. The averaged value is about

22.4, which is consistent with the rough estimation of (3.28).\10 The derivation for different sinj may come

from numerical errors and the fact that the scaling solution is not an exact for a finite p/p0. In particular, a

\10For the case with only gluons, namely for the pure SU(3) gauge theory, we obtain f̃ (asym)
tot ' 11.3 from our numerical calculation.
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Universality in the Spectrum [KM, Yamada 2208.11708]



Implications of Suppressed  & Hardtail?Tmax

• Non-thermal Dark Matter production of mDM > TR
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Figure 2: Spectra at the end of numerical simulations. (left) The blue/brown solid curves represent the hard/thermal spectra
respectively. We also show the initial spectra with the dashed lines in the same color. (right) The red dotted curve represents the
stationary solution corresponding to �split/� ! 0 given in Eq. (3.21). The color codings for the blue solid/dashed and brown
curves are the same as Fig. 1.

The red and green dotted lines represent the fitting functions for ) (C):
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(3.17)

All results are in good agreement with the analytic estimations. The asymptotic behavior for C � Cmax is
further confirmed by simulations with di�erent initial conditions as we show in Fig. 4 in Appendix. From
Fig. 1, the numerical coe�cients of the maximal temperature and corresponding time can be determined
as follows:
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These results confirm the analytic estimations (2.20) and (2.15), and the numerical prefactors are de-
termined from our numerical simulations. Note that U and 6¢ are absorbed into the numerical factors
because we substitute the SM values for them.

The blue curves in Fig. 2 show the spectra at the end of numerical simulations. In the left panel, the
initial spectrum (3.5) is represented by the blue dashed curve. The solid (dashed) brown curve represents
the thermal spectrum at the end (beginning) of numerical simulations. See Eqs. (2.17) and (2.18) for
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All results are in good agreement with the analytic estimations. The asymptotic behavior for C � Cmax is
further confirmed by simulations with di�erent initial conditions as we show in Fig. 4 in Appendix. From
Fig. 1, the numerical coe�cients of the maximal temperature and corresponding time can be determined
as follows:
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These results confirm the analytic estimations (2.20) and (2.15), and the numerical prefactors are de-
termined from our numerical simulations. Note that U and 6¢ are absorbed into the numerical factors
because we substitute the SM values for them.

The blue curves in Fig. 2 show the spectra at the end of numerical simulations. In the left panel, the
initial spectrum (3.5) is represented by the blue dashed curve. The solid (dashed) brown curve represents
the thermal spectrum at the end (beginning) of numerical simulations. See Eqs. (2.17) and (2.18) for
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Figure 4: Plot for the temperature profile for di�erent time steps. The initial temperature profiles, denoted as dashed lines, are
given by (4.2) (top left), (4.3) (top right), and (4.4) (bottom) with Amin = A⇤/10. In the upper two figures, the temperature profile
evolves in time from top to bottom.

4.2 Simulations for di�usion

Once we understand how radiation emitted as Hawking radiation is thermalized into the ambient plasma
and derive the source term, we are readily solve the di�usion equation numerically.

The di�usion equation is read as (2.10) or

m

mC
d(C, A) = 1

3A2
m

mA


A2_mfp(C, A)

m

mA
d(C, A)

�
+ ((C, A) , (4.8)

for the spherically symmetric system. We note that _mfp(C, A) ⇠ 1/(U2) (C, A)) and d(C, A) = c26⇤)4(C, A)/30.
We take _mfp(C, A) = 1/(U2) (C, A)) in our numerical simulations. This can be rewritten as

m

mC
ln) (C, A) = 1

3U2A2)

"
m2 ln)
m ln A2

+ 3
✓
m ln)
m ln A

◆2
+
✓
m ln)
m ln A

◆#
+

15a6)
3/2
BH

64c66⇤A2)5/2
(̃( ?̃IR, Ã)

Ã
, (4.9)

where ?̃IR = 2IR) (C, A)/)BH. We take 2IR = 3 in our numerical simulations. Also, Ã can be rewritten in
terms of A via

Ã (A, C) =
π A )3/2(C, A 0)

)1/2
BH

dA 0 . (4.10)

The source term (̃( ?̃IR, Ã) is calculated by solving Boltzmann equation as shown in Fig. 2.
We numerically solve the di�usion equation. We discretize the radial coordinate in the logarithmic

scale such that A = Amin4 (=
0
A�1)�ln A with �ln A = 0.05 and an integer =0A = 1, 2, 3, . . . (< O(100)). The time
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Figure 1.1: A Schematic behavior of the energy dependence on the configuration of
the gauge and Higgs fields [A(x),ϕ(x) ] [6]. The minima correspond to topologically
distinct vacua with different baryon (B) and lepton (L) numbers. The configuration
[Asph(x), ϕsph(x) ] represents the saddle point of the energy functional, the sphaleron
solution.

to the next vacuum (B = b0 ± Nf and L = l0 ± Nf) occurs at the rate [6]

Γ = C(T ) T exp

(

−
Msph(T )

T

)

, (1.5)

where dimensionless factor C(T ) depends on the ratio v(T )/T and the coupling constants.4

Msph(T ) represents the free energy of the sphaleron configuration (at temperature T ),

which is given by [31]

Msph(T ) = 4πB(T )
v(T )

g2(T )
, (1.6)

where B(T ) depends on the gauge coupling g2(T ) and the 4-point coupling constant of

the Higgs potential λ(T ) as B = B(λ/g2
2), varying from 1.5 (λ/g2

2 → 0) to 2.7 (λ/g2
2 →

∞) [31]. The rate in Eq. (1.5) should be compared with the Hubble expansion rate

H = (π2g∗/90)1/2 × T 2/MG. (MG = 2.4× 1018 GeV is the reduced Planck scale and g∗ is

defined in Appendix B.2.) Then, it is found that the sphaleron rate in Eq. (1.5) indeed

exceeds the Hubble expansion rate for T > T∗, where T∗ is given by

T∗ % 4πB(T∗)
v(T∗)

g2(T∗)
×
[
ln
(

MG

T∗

)]−1

. (1.7)

4See comments below.
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Figure 2: Spectra at the end of numerical simulations. (left) The blue/brown solid curves represent the hard/thermal spectra
respectively. We also show the initial spectra with the dashed lines in the same color. (right) The red dotted curve represents the
stationary solution corresponding to �split/� ! 0 given in Eq. (3.21). The color codings for the blue solid/dashed and brown
curves are the same as Fig. 1.

The red and green dotted lines represent the fitting functions for ) (C):
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(3.17)

All results are in good agreement with the analytic estimations. The asymptotic behavior for C � Cmax is
further confirmed by simulations with di�erent initial conditions as we show in Fig. 4 in Appendix. From
Fig. 1, the numerical coe�cients of the maximal temperature and corresponding time can be determined
as follows:
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These results confirm the analytic estimations (2.20) and (2.15), and the numerical prefactors are de-
termined from our numerical simulations. Note that U and 6¢ are absorbed into the numerical factors
because we substitute the SM values for them.

The blue curves in Fig. 2 show the spectra at the end of numerical simulations. In the left panel, the
initial spectrum (3.5) is represented by the blue dashed curve. The solid (dashed) brown curve represents
the thermal spectrum at the end (beginning) of numerical simulations. See Eqs. (2.17) and (2.18) for
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evolves in time from top to bottom.

4.2 Simulations for di�usion

Once we understand how radiation emitted as Hawking radiation is thermalized into the ambient plasma
and derive the source term, we are readily solve the di�usion equation numerically.

The di�usion equation is read as (2.10) or
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d(C, A) = 1
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for the spherically symmetric system. We note that _mfp(C, A) ⇠ 1/(U2) (C, A)) and d(C, A) = c26⇤)4(C, A)/30.
We take _mfp(C, A) = 1/(U2) (C, A)) in our numerical simulations. This can be rewritten as
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where ?̃IR = 2IR) (C, A)/)BH. We take 2IR = 3 in our numerical simulations. Also, Ã can be rewritten in
terms of A via

Ã (A , C) =
π A )3/2(C, A 0)

)1/2
BH

dA 0 . (4.10)

The source term (̃( ?̃IR, Ã) is calculated by solving Boltzmann equation as shown in Fig. 2.
We numerically solve the di�usion equation. We discretize the radial coordinate in the logarithmic

scale such that A = Amin4 (=
0
A�1)�ln A with �ln A = 0.05 and an integer =0A = 1, 2, 3, . . . (< O(100)). The time
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Figure 1.1: A Schematic behavior of the energy dependence on the configuration of
the gauge and Higgs fields [A(x),ϕ(x) ] [6]. The minima correspond to topologically
distinct vacua with different baryon (B) and lepton (L) numbers. The configuration
[Asph(x), ϕsph(x) ] represents the saddle point of the energy functional, the sphaleron
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to the next vacuum (B = b0 ± Nf and L = l0 ± Nf) occurs at the rate [6]

Γ = C(T ) T exp

(

−
Msph(T )

T

)

, (1.5)

where dimensionless factor C(T ) depends on the ratio v(T )/T and the coupling constants.4

Msph(T ) represents the free energy of the sphaleron configuration (at temperature T ),

which is given by [31]

Msph(T ) = 4πB(T )
v(T )

g2(T )
, (1.6)

where B(T ) depends on the gauge coupling g2(T ) and the 4-point coupling constant of

the Higgs potential λ(T ) as B = B(λ/g2
2), varying from 1.5 (λ/g2

2 → 0) to 2.7 (λ/g2
2 →

∞) [31]. The rate in Eq. (1.5) should be compared with the Hubble expansion rate

H = (π2g∗/90)1/2 × T 2/MG. (MG = 2.4× 1018 GeV is the reduced Planck scale and g∗ is

defined in Appendix B.2.) Then, it is found that the sphaleron rate in Eq. (1.5) indeed

exceeds the Hubble expansion rate for T > T∗, where T∗ is given by

T∗ % 4πB(T∗)
v(T∗)

g2(T∗)
×
[
ln
(

MG

T∗

)]−1

. (1.7)

4See comments below.
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Figure 2: Spectra at the end of numerical simulations. (left) The blue/brown solid curves represent the hard/thermal spectra
respectively. We also show the initial spectra with the dashed lines in the same color. (right) The red dotted curve represents the
stationary solution corresponding to �split/� ! 0 given in Eq. (3.21). The color codings for the blue solid/dashed and brown
curves are the same as Fig. 1.

The red and green dotted lines represent the fitting functions for ) (C):
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All results are in good agreement with the analytic estimations. The asymptotic behavior for C � Cmax is
further confirmed by simulations with di�erent initial conditions as we show in Fig. 4 in Appendix. From
Fig. 1, the numerical coe�cients of the maximal temperature and corresponding time can be determined
as follows:
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These results confirm the analytic estimations (2.20) and (2.15), and the numerical prefactors are de-
termined from our numerical simulations. Note that U and 6¢ are absorbed into the numerical factors
because we substitute the SM values for them.

The blue curves in Fig. 2 show the spectra at the end of numerical simulations. In the left panel, the
initial spectrum (3.5) is represented by the blue dashed curve. The solid (dashed) brown curve represents
the thermal spectrum at the end (beginning) of numerical simulations. See Eqs. (2.17) and (2.18) for
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Figure 4: Same as Fig. 1 but with di�erent initial conditions. See Eq. (A.1) for their color codings.

the maximal temperature. Still, all results reach the maximal temperature within the time scale of order
Cmax, even if the simulation starts at a later time. All results agree at a later time (C � Cmax), at which
high-energy particles thermalize within the Hubble-time scale.

We expect that the cases with 5h(?0)/(105 ⇥ C�20 ?�30 ) = 1 (blue curves) are consistent initial conditions
in which the ambient plasma is generated by the energy injection via the thermalization of high-energy
particles. These cases agree with each other except for C ⇠ C0, even if we change the value of C0/?1/20 . This
supports the fact that it consistently starts within the attractor regime of (2.19). This is not the case for
di�erent values of 5h(?0)/(105 ⇥ C�20 ?�30 ), as shown in the figure. However, we note that the other initial
conditions may also be interesting in some of the cases mentioned above. Our numerical simulations can
also be used to analyze such cases.
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Figure 2: Cascades of primary particles. The leftmost part represents the primary particles sinj. Particle production occurs from left

to right, as indicated by the arrows. The horizontal axis represents the behavior of distributions at p º p0, indicated by the function

of y ¥ (p0 °p)/p0 (ø 1) at the first line. “fermions” represents the fermions that are not already produced in the cascades. For the

case of sinj = e f and B , the distribution of primary particles is a delta function plus some function of y . For the other cases, the

distribution of primary particles is proportional to y°1/2 without ±(y).

3 Analytic calculations

Before we solve the Boltzmann equations numerically, in this section, we provide analytic results at p º p0

and p ø p0. The asymptotic behavior at p º p0 provides an appropriate boundary condition for the distribu-

tion function at p = p0 from the delta-function source term. This is useful for the numerical calculations. The

asymptotic behavior at p ø p0 is phenomenologically important for discussing non-thermal DM production

during the thermalization process of SM particles. We will see that these analytic results are consistent with

our numerical results in Sec. 4.

3.1 Boundary condition and asymptotic behavior at p º p0

Here, we explain the asymptotic behaviors of distributions at p º p0, which are useful for imposing boundary

conditions on distributions in numerical calculations. The asymptotic behavior is different for the primary

particle and other particles. The splitting process at p º p0 is schematically represented in Fig. 2, where the
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Figure 2: Cascades of primary particles. The leftmost part represents the primary particles sinj. Particle production occurs from left

to right, as indicated by the arrows. The horizontal axis represents the behavior of distributions at p º p0, indicated by the function

of y ¥ (p0 °p)/p0 (ø 1) at the first line. “fermions” represents the fermions that are not already produced in the cascades. For the

case of sinj = e f and B , the distribution of primary particles is a delta function plus some function of y . For the other cases, the

distribution of primary particles is proportional to y°1/2 without ±(y).

3 Analytic calculations

Before we solve the Boltzmann equations numerically, in this section, we provide analytic results at p º p0

and p ø p0. The asymptotic behavior at p º p0 provides an appropriate boundary condition for the distribu-

tion function at p = p0 from the delta-function source term. This is useful for the numerical calculations. The

asymptotic behavior at p ø p0 is phenomenologically important for discussing non-thermal DM production

during the thermalization process of SM particles. We will see that these analytic results are consistent with

our numerical results in Sec. 4.

3.1 Boundary condition and asymptotic behavior at p º p0

Here, we explain the asymptotic behaviors of distributions at p º p0, which are useful for imposing boundary

conditions on distributions in numerical calculations. The asymptotic behavior is different for the primary
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Figure 2: Cascades of primary particles. The leftmost part represents the primary particles sinj. Particle production occurs from left

to right, as indicated by the arrows. The horizontal axis represents the behavior of distributions at p º p0, indicated by the function

of y ¥ (p0 °p)/p0 (ø 1) at the first line. “fermions” represents the fermions that are not already produced in the cascades. For the

case of sinj = e f and B , the distribution of primary particles is a delta function plus some function of y . For the other cases, the

distribution of primary particles is proportional to y°1/2 without ±(y).

3 Analytic calculations

Before we solve the Boltzmann equations numerically, in this section, we provide analytic results at p º p0

and p ø p0. The asymptotic behavior at p º p0 provides an appropriate boundary condition for the distribu-

tion function at p = p0 from the delta-function source term. This is useful for the numerical calculations. The

asymptotic behavior at p ø p0 is phenomenologically important for discussing non-thermal DM production

during the thermalization process of SM particles. We will see that these analytic results are consistent with

our numerical results in Sec. 4.

3.1 Boundary condition and asymptotic behavior at p º p0

Here, we explain the asymptotic behaviors of distributions at p º p0, which are useful for imposing boundary

conditions on distributions in numerical calculations. The asymptotic behavior is different for the primary

particle and other particles. The splitting process at p º p0 is schematically represented in Fig. 2, where the
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Figure 2: Cascades of primary particles. The leftmost part represents the primary particles sinj. Particle production occurs from left

to right, as indicated by the arrows. The horizontal axis represents the behavior of distributions at p º p0, indicated by the function

of y ¥ (p0 °p)/p0 (ø 1) at the first line. “fermions” represents the fermions that are not already produced in the cascades. For the

case of sinj = e f and B , the distribution of primary particles is a delta function plus some function of y . For the other cases, the

distribution of primary particles is proportional to y°1/2 without ±(y).

3 Analytic calculations

Before we solve the Boltzmann equations numerically, in this section, we provide analytic results at p º p0

and p ø p0. The asymptotic behavior at p º p0 provides an appropriate boundary condition for the distribu-

tion function at p = p0 from the delta-function source term. This is useful for the numerical calculations. The

asymptotic behavior at p ø p0 is phenomenologically important for discussing non-thermal DM production

during the thermalization process of SM particles. We will see that these analytic results are consistent with

our numerical results in Sec. 4.

3.1 Boundary condition and asymptotic behavior at p º p0

Here, we explain the asymptotic behaviors of distributions at p º p0, which are useful for imposing boundary

conditions on distributions in numerical calculations. The asymptotic behavior is different for the primary

particle and other particles. The splitting process at p º p0 is schematically represented in Fig. 2, where the
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Figure 2: Cascades of primary particles. The leftmost part represents the primary particles sinj. Particle production occurs from left

to right, as indicated by the arrows. The horizontal axis represents the behavior of distributions at p º p0, indicated by the function

of y ¥ (p0 °p)/p0 (ø 1) at the first line. “fermions” represents the fermions that are not already produced in the cascades. For the

case of sinj = e f and B , the distribution of primary particles is a delta function plus some function of y . For the other cases, the

distribution of primary particles is proportional to y°1/2 without ±(y).

3 Analytic calculations

Before we solve the Boltzmann equations numerically, in this section, we provide analytic results at p º p0

and p ø p0. The asymptotic behavior at p º p0 provides an appropriate boundary condition for the distribu-

tion function at p = p0 from the delta-function source term. This is useful for the numerical calculations. The

asymptotic behavior at p ø p0 is phenomenologically important for discussing non-thermal DM production

during the thermalization process of SM particles. We will see that these analytic results are consistent with

our numerical results in Sec. 4.

3.1 Boundary condition and asymptotic behavior at p º p0

Here, we explain the asymptotic behaviors of distributions at p º p0, which are useful for imposing boundary

conditions on distributions in numerical calculations. The asymptotic behavior is different for the primary

particle and other particles. The splitting process at p º p0 is schematically represented in Fig. 2, where the
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Figure 2: Cascades of primary particles. The leftmost part represents the primary particles sinj. Particle production occurs from left

to right, as indicated by the arrows. The horizontal axis represents the behavior of distributions at p º p0, indicated by the function

of y ¥ (p0 °p)/p0 (ø 1) at the first line. “fermions” represents the fermions that are not already produced in the cascades. For the

case of sinj = e f and B , the distribution of primary particles is a delta function plus some function of y . For the other cases, the

distribution of primary particles is proportional to y°1/2 without ±(y).

3 Analytic calculations

Before we solve the Boltzmann equations numerically, in this section, we provide analytic results at p º p0

and p ø p0. The asymptotic behavior at p º p0 provides an appropriate boundary condition for the distribu-

tion function at p = p0 from the delta-function source term. This is useful for the numerical calculations. The

asymptotic behavior at p ø p0 is phenomenologically important for discussing non-thermal DM production

during the thermalization process of SM particles. We will see that these analytic results are consistent with

our numerical results in Sec. 4.

3.1 Boundary condition and asymptotic behavior at p º p0

Here, we explain the asymptotic behaviors of distributions at p º p0, which are useful for imposing boundary

conditions on distributions in numerical calculations. The asymptotic behavior is different for the primary

particle and other particles. The splitting process at p º p0 is schematically represented in Fig. 2, where the
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for the running of the top Yukawa coupling. We are mainly interested in thermalization of SM particles with

an energy scale much larger than the electroweak scale. Because of the renormalization group running, the

gauge coupling constants are of the same order with each other at such a high energy scale. We thus perform

a resummation for all gauge interactions on an equal footing to calculate µ2
? [see Eq. (2.15)] [87, 88].

We define the distribution function fs for each species. It is normalized such that f (p) = 1/(ep/T ® 1)

without the degrees of freedom ∫s in thermal equilibrium for bosons and fermions. We are interested in the

case with an under-dense regime, where fs(p) ø 1 for hard particles. We also consider the case with p0 ¿ T ,

which allows us to approximate the splitting functions using the next-to-leading-logarithm approximation.

In this case, the Boltzmann equation is reduced to

@

@t
fs(p, t ) =° (2º)3

p2∫s

X

s0,s00

Zp

0
dk ∞s$s0s00

°
p;k, p °k

¢
fs(p)+ (2º)3

p2∫s

X

s0,s00

Z1

0
dk ∞s0$ss00

°
p +k; p,k

¢
fs0(p +k)

+ (source term), (2.29)

where the final line represents the source term. Summation over s0 and s00 is taken for all particle species

multiplied by the number of flavors in the unit of Weyl fermions and complex scalar fields. The explicit

forms of the splitting rate ∞s$s0s00 and Boltzmann equations are written in the next section and Appendix A.

2.4 Splitting rate for the SM

The splitting functions ∞s$s0s00
°
P ; xP, (1° x)P

¢
include the summation over the spin degrees of freedom of a

chiral fermion and a complex scalar field with a single flavor (or one-half of a Dirac field) with respect to the

relevant gauge group. The next-to-leading-logarithm result can be summarized in the following form [34,36,

10
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• The collision term is IR safe!

for n = 1,2, . . . , Np , where Np is the number of grids. One can check that p1 ' pmin = 2T and pNp ' p0 with

exponentially small errors. Here, æ is chosen such that the resolution of the momentum near p ' p0 is ap-

proximately T0, for example, pNp °pNp°1 ' T0. As we will see shortly, there is no infrared divergence; hence,

we do not require a small interval, particularly in the intermediate scale of p. In our numerical calculation,

we take Np = 104 and 2p0/pmin = p0/T = 1012 unless otherwise stated.

The source term in (2.29) is the delta function [see Eq. (2.3)]; therefore, we require an appropriate bound-

ary condition or regularization in numerical calculations. As discussed in Sec. 3, the stationary solution to

the Boltzmann equation with the delta-function source term can be analytically calculated for p º p0. The

distribution for a primary particle sinj is proportional to
p

p0/(p0 °p) for sinj = L f ,u f 0 ,u3,d f ,Q f 0 ,Q3,¡, g ,W .

In our numerical calculation, we use this analytic form of primary particle distribution for pn 2 (pini, p0) with

pini determined via (p0 °pini)/p0 ' 10°3. One can also take analytic distributions for other (secondary) par-

ticles, which are derived in Appendix B. However, these are subdominant at p º p0 and are mainly produced

from the primary particle; hence, they can be omitted for p > pini. We find that the resulting distributions

for p . pini do not change for a different choice in pini within a numerical uncertainty if (p0 °pini)/p0 ø 1

is satisfied. For the case of sinj = e f and B , the distribution of a primary particle sinj is proportional to a

delta function. In this case, we simply substitute the delta function into the Boltzmann equation. Specifi-

cally, for the case of sinj = e f , we include (2º)3/(p2∫B )3∞e f $Be f (p0; p, p0 °p)C 0
e f

in (A.4) instead of imposing

boundary conditions for sinj = e f . Including these terms, we solve the Boltzmann equation from p º p0

to a smaller p. The case with sinj = B is similar to the case with sinj = e f . In this case, we should include

(2º)3/(p2∫s)2d (2)
s d (3)

s ∞B$ss̄(p0; p, p0 °p)C 0
B in (2.34) (or correspondingly, Eqs. (A.5), (A.6), (A.9), (A.10), and

(A.11)).

For a consistency check, we utilize a different algorithm that simply uses a constant initial condition

(fixed boundary condition) at p = p0 for a particle species sinj. This method is used in Refs. [53, 55]. We

find that the results of this method are consistent with those determined by the above methods within a

numerical uncertainty.

The splitting rate ∞s$s0s00(p;k, p °k) is proportional to k°3/2 for soft gauge boson emission with a small

momentum k. This implies an infrared divergence for the integral over k. However, this is automatically reg-

ulated when we include all terms in the Boltzmann equation because the emission of soft gauge bosons with

energy ≤p from energy p is cancelled by the contribution from the emission of soft gauge bosons with energy

p + ≤p in the limit of small ≤. Because we expect that the distribution function is continuous, these con-

tributions cancel each other out, and the splitting terms in the Boltzmann equation do not exhibit infrared

divergence. Therefore, we do not (in principle) need to include an infrared cutoff to perform the numerical

calculations. Still, we must take particular care with the integral in a small k ø p. Let us consider the gluon

self-splitting process as an example. The (apparent) IR divergent parts are given by
Z≤p

0
dk ∞g$g g

°
p;k, p °k

¢
fg (p)°

Z≤p

0
dk ∞g$g g

°
p +k; p,k

¢
fg (p +k) (4.3)

where we focus on k 2 (0,≤p) with ≤ø 1. Because ≤ø 1, we can approximate fg (p + k) ' fg (p)+ k f 0
g (p).
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Then, we obtain

fg (p)
Z≤p

0
dk

£
∞g$g g

°
p;k, p °k

¢
°∞g$g g

°
p +k; p,k

¢§
° f 0

g (p)
Z≤p

0
dk k ∞g$g g

°
p +k; p,k

¢
. (4.4)

These integrals are regular and can be performed analytically or numerically. In our discrete momentum

method, we must determine f 0
g (pi ) from the information of fg (p j ) with j > i . One may simply calculate the

derivative from fg (p j ) with j > i , and interpolate it to p = pi . However, this may result in artificial instability

for the numerical calculation. This is because an error on the derivative at p j = pi+1 leads to an error on

fg (pi ), which results in a larger error on the derivative at pi . This enhances the error on fg (p) at a small

p when we iteratively determine fg (p) from a large p. To avoid this artificial instability, we calculate the

derivatives for fg (p j ) with j = i +1, i +2, . . . , i +100 and take their averaged value to approximate f 0
g (pi ). In

other words, we discretize the derivatives of the distributions by Np /100 = 100 grids rather than Np grids.

This is still accurate for our purpose because the derivatives of the distributions do not change drastically

within p 2 (pi , pi+100).

We emphasize that this procedure for the (apparent) IR divergence allows us to take a larger momentum

grid than the physical IR cutoff of O (T ). This in turn allows us to start from a significantly larger momentum

p0 than T . In fact, we can take p0/T = 1012 or larger, even for a relatively small number of grids, Np = 104.

4.2 Numerical results and scaling solution

The numerical results for the particle distributions weighted by (p/p0)7/2 are shown in Fig. 3 for sinj = e f (top

left), L f (top right), u f 0 (middle left), u3 (middle right), and d f (bottom left) and in Fig. 4 for sinj = Q f 0 (top

left), Q3 (top right), ¡ (middle left), g (middle right), W (bottom left), and B (bottom right). As stated, we use

T = 103 GeV, p0/T = 1012, and Np = 104, where the dependence of our results on T (or equivalently, p0) is

only logarithmic through the running of the gauge couplings. We take °̃= 1 without loss of generality, where

our results for fs(p) should be rescaled by °̃ for other values of °̃. In all cases except sinj = B , the injected

particle is dominant at p º p0, and other secondary particles are produced with the suppression factors

discussed in Appendix B (see Fig. 2). Our numerical results confirm that all particle distribution scale with

f / p°7/2 for p ø p0 for any injected particles. For a smaller p, the particle distribution reaches a scaling

solution, which is independent of the initial injected particle.

To determine the dominant particle species during the splitting process, we plot Rs(p) given by (3.11) as

a function of p in Figs. 5 and 6 for each sinj. We can see that Rs is asymptotic to a certain value R(asym)
s for a

sufficiently small p/p0 for any sinj. The asymptotic values are consistent with the analytic result derived in

Sec. 3, as shown in Tab. 1. In particular, the gluon dominates the number and energy of SM particles in the

scaling regime for any sinj.

The energy threshold for the scaling solution is represented by p
(sinj)
asym, where Rs(p) ' R(asym)

s for all s for

p < p
(sinj)
asym. Namely, p

(sinj)
asym represents the energy below which Rs(p) is equal to the scaling solution within

10% for any s for the case in which a species sinj is injected at p = p0. The particles charged under SU(2)

tend to require a relatively small p
(sinj)
asym. In particular, the case with sinj = L f and W cannot reach the scaling

solution in the case of p0/T = 1012. For these two scenarios, we also calculate the stationary solution to the
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for n = 1,2, . . . , Np , where Np is the number of grids. One can check that p1 ' pmin = 2T and pNp ' p0 with

exponentially small errors. Here, æ is chosen such that the resolution of the momentum near p ' p0 is ap-

proximately T0, for example, pNp °pNp°1 ' T0. As we will see shortly, there is no infrared divergence; hence,

we do not require a small interval, particularly in the intermediate scale of p. In our numerical calculation,

we take Np = 104 and 2p0/pmin = p0/T = 1012 unless otherwise stated.

The source term in (2.29) is the delta function [see Eq. (2.3)]; therefore, we require an appropriate bound-

ary condition or regularization in numerical calculations. As discussed in Sec. 3, the stationary solution to

the Boltzmann equation with the delta-function source term can be analytically calculated for p º p0. The

distribution for a primary particle sinj is proportional to
p

p0/(p0 °p) for sinj = L f ,u f 0 ,u3,d f ,Q f 0 ,Q3,¡, g ,W .

In our numerical calculation, we use this analytic form of primary particle distribution for pn 2 (pini, p0) with

pini determined via (p0 °pini)/p0 ' 10°3. One can also take analytic distributions for other (secondary) par-

ticles, which are derived in Appendix B. However, these are subdominant at p º p0 and are mainly produced

from the primary particle; hence, they can be omitted for p > pini. We find that the resulting distributions

for p . pini do not change for a different choice in pini within a numerical uncertainty if (p0 °pini)/p0 ø 1

is satisfied. For the case of sinj = e f and B , the distribution of a primary particle sinj is proportional to a

delta function. In this case, we simply substitute the delta function into the Boltzmann equation. Specifi-

cally, for the case of sinj = e f , we include (2º)3/(p2∫B )3∞e f $Be f (p0; p, p0 °p)C 0
e f

in (A.4) instead of imposing

boundary conditions for sinj = e f . Including these terms, we solve the Boltzmann equation from p º p0

to a smaller p. The case with sinj = B is similar to the case with sinj = e f . In this case, we should include

(2º)3/(p2∫s)2d (2)
s d (3)

s ∞B$ss̄(p0; p, p0 °p)C 0
B in (2.34) (or correspondingly, Eqs. (A.5), (A.6), (A.9), (A.10), and

(A.11)).

For a consistency check, we utilize a different algorithm that simply uses a constant initial condition

(fixed boundary condition) at p = p0 for a particle species sinj. This method is used in Refs. [53, 55]. We

find that the results of this method are consistent with those determined by the above methods within a

numerical uncertainty.

The splitting rate ∞s$s0s00(p;k, p °k) is proportional to k°3/2 for soft gauge boson emission with a small

momentum k. This implies an infrared divergence for the integral over k. However, this is automatically reg-

ulated when we include all terms in the Boltzmann equation because the emission of soft gauge bosons with

energy ≤p from energy p is cancelled by the contribution from the emission of soft gauge bosons with energy

p + ≤p in the limit of small ≤. Because we expect that the distribution function is continuous, these con-

tributions cancel each other out, and the splitting terms in the Boltzmann equation do not exhibit infrared

divergence. Therefore, we do not (in principle) need to include an infrared cutoff to perform the numerical

calculations. Still, we must take particular care with the integral in a small k ø p. Let us consider the gluon

self-splitting process as an example. The (apparent) IR divergent parts are given by
Z≤p

0
dk ∞g$g g

°
p;k, p °k

¢
fg (p)°

Z≤p

0
dk ∞g$g g

°
p +k; p,k

¢
fg (p +k) (4.3)

where we focus on k 2 (0,≤p) with ≤ø 1. Because ≤ø 1, we can approximate fg (p + k) ' fg (p)+ k f 0
g (p).
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Figure 2: Dominant contribution for the production of DM during the reheating epoch in TRH°mDM space. The blue, white,

red regions represent parameter spaces that the contribution A, B, and C is dominant, respectively. We set n = 0 (left panel)

or n = 2 (right panel). Each green line represents parameters where we can explain the observed amount of DM with M being

the value shown in the figure. The dashed line represents TRH = mDM.

The ratio between the contributions A and C is given by

n(NT)
DM (m¡,m¡)

n(T)
DM

ª
µ

m¡

Æ2Mpl

∂8/5 µ
m¡

TRH

∂n°14/5

, (27)

for 1 < n < 6 and mDM < TRH. This implies that the contribution C is less important for n & 14/5 ' 3.

We compare the contributions B and C for n = 0, 2 and find that the contribution C dominates when

m5/4
DM

Æ1/2M 1/4
pl

. TRH for n = 0, (28)

√
m8

DMm¡

Æ4M 2
pl

!1/7

. TRH, for n = 2, (29)

where we assume a large m¡.

Fig. 2 shows which contribution is dominant for n = 0 and 2. Here we take Æ = 0.01 and m¡ =
1013 GeV. We can see that the contribution B dominates over A for a low-reheating temperature,

TRH ø mDM, as we discussed in Ref. [2]. In the figure, we show the parameter region which explains the

observed amount of DM (mDMnDM/s ' 0.4 eV) with M = 10°3Mpl or Mpl for n = 0 and M = 10°5Mpl or

10°3Mpl for n = 2. For a guide to the eye, we show a dashed line representing TRH = mDM, which is the

threshold determining the dominant contribution for T in Eq. (25).

We have checked that the contribution A is almost always dominant for n & 4. The contribution

C can be dominant for n ' 3, where the threshold is given by Eq. (27). For n . 2, the contributions B

or C are dominant depending on mDM and TRH, where the threshold is given by Eq. (28) or Eq. (29).

The contribution A is dominant for n . 2 only in the case where m2
DM/TRH ¿ m¡ as one can see at the

right-bottom corner in Fig. 2.
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Non-thermal DM Production

• Non-thermal DM production via SM SM to DM DM
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FIG. 4. Same as Fig. 3, but assuming the mass of the inflaton to be 1015 GeV.

Free-streaming velocity of DM

Since DM is relativistic after the time of DM decoupling in the low reheating temperature

scenario, it might have a cosmologically relevant free-streaming velocity. If interactions

between DM and the thermal plasma are negligible, the present-day free-streaming velocity

of DM is calculated as

v0 '
Eth|T=TRH

mDM

T0

TRH

✓
g⇤s(T0)

g⇤s(TRH)

◆1/3

, (54)

' 8.7 ⇥ 10�9

⇣ mDM

1.5 TeV

⌘✓
TRH

100 MeV

◆�2 ✓ g⇤s(T0)

g⇤s(TRH)

◆1/3

, (55)

⇠ 8.7 ⇥ 10�9

⇣ mDM

1.5 TeV

⌘�1/3
✓

g⇤s(T0)

g⇤s(TRH)

◆1/3

, (56)

where T0 (' 2.3 ⇥ 10�4 eV) is the temperature at the present time, and g⇤s is the e↵ec-

tive number of relativistic degrees of freedom for entropy. Here, we assume that m� �

m2

DM
/2TRH, and use Eq. (50) in the last line. Although the observation of the Lyman-↵

forest constrains the free-streaming velocity as v0 . 2.5 ⇥ 10�8 [53] (see Ref. [54] for re-

view), we find that the above result satisfies this constraint when mDM & 100 GeV. The

free-streaming velocity will be further constrained by future observations of the redshifted

21-cm line because the erasure of small-scale structure results in delaying star formation and

thus delaying the buildup of UV and X-ray backgrounds, which a↵ects the 21-cm radiation

signal produced by neutral hydrogen. It is expected that future observations of the red-
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• Comparison of time scales during the hotspot formation 

• What is rdec?

<latexit sha1_base64="MWcpgMe74vCQY+9NhNW7uWSXuSk="></latexit>

tth

<latexit sha1_base64="u2y+CFJ7rOOrA0iNLF7e6ffCorE="></latexit>

T

<latexit sha1_base64="Z8e6mCase3pCqI91ufdaGqIciaA="></latexit>

T̄

Some details after t ≳ tev

<latexit sha1_base64="o9rmU3l71vx7DMRPnaCsjN4bUhM="></latexit>

tth ªÆ°2T °1
p

TH/T
<latexit sha1_base64="ktimMNRpPZk/01nEwVjDbgS4O+w="></latexit>

td ªÆ°2T °1
(TH/T )

<latexit sha1_base64="0sp18kdQaeOM13bIKzUvJ6zAVaE="></latexit>

tev ª M 2

Pl
/T 3

H

<latexit sha1_base64="ZN2K7UCQwMAzR1/7jZwLG9XcQXs="></latexit>.
<latexit sha1_base64="ZN2K7UCQwMAzR1/7jZwLG9XcQXs="></latexit>.

<latexit sha1_base64="my3LEl4mW2OMw69IgZHpR0Fr35E="></latexit>

T (r )

<latexit sha1_base64="NWfLxyObe/p4X5eAnjI9RYGS7wA="></latexit>

rdec(M)

<latexit sha1_base64="BO+J4OQNMzhfBwK+i8/W3GE/UN0="></latexit>/
r °7/11

<latexit sha1_base64="BRJJfDYMZhclvy9YeG1aeukCg1A="></latexit>

/
r °1/3

<latexit sha1_base64="XPda+vL7T+CxhK4zUCISQMV7+2s="></latexit>r

<latexit sha1_base64="my3LEl4mW2OMw69IgZHpR0Fr35E="></latexit>

T (r )
<latexit sha1_base64="BO+J4OQNMzhfBwK+i8/W3GE/UN0="></latexit>/
r °7/11

<latexit sha1_base64="Gzs6cprUd1SFtciQ/TZdq4fTjBc="></latexit>

Tmax

<latexit sha1_base64="XPda+vL7T+CxhK4zUCISQMV7+2s="></latexit>r

→ diffusion length @ t ~ tev : 
→ local thermal eq. w/in r < rdec

<latexit sha1_base64="x809+SlXb0WLsq7lJZ2xtCVTDn4="></latexit>

rdec ª 10cm

≥ Æ
0.1

¥° 8

5

µ
TH

104 GeV

∂° 11

5

rcore(M) rcore(M) ∼ rdec(M)


