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have similarly. Figure 1 displays the evolution of the
maximum rest-mass density as function of time for 1.35-
1.35 M� simulations with the DD2F-SF-1 (green) and
the purely hadronic counterpart DD2F (black). The dot-
ted horizontal green lines indicate the onset density ⇢onset
of the phase transition at T = 0 and 20 MeV for beta-
equilibrium. During the inspiral phase the central density
of the stars is below the transition density and the two
systems evolve identically. The two stars merge at about
7 ms and form a single central object associated with a
steep increase of the maximum rest-mass density. For the
quark matter EOS the density rises above the threshold
for the hadron-quark phase transition, reaching the pure
quark matter phase. A quark core forms in the center
of the merger remnant. The mass enclosed inside the
quark matter core comprises about 20–30% of the to-
tal mass. The maximum density in the calculation with
the purely hadronic EOS always remains below that of
DD2F-SF-1. The stronger density increase in the model
with quark matter is a direct consequence of the density
jump across the phase transition and the sti↵ening only
at higher densities.

GW spectrum: The di↵erent evolution of the mergers
with and without phase transition to quark matter is re-
flected in the GW signal. Figure 2 shows the GW spectra
of the cross polarization at a distance of 20 Mpc along the
polar axis comparing the DD2F-SF-1 EOS (green) and
the DD2F EOS (black). During the pre-merger phase
the GW signals reach a maximum frequency of about
1.7 kHz, and the GW spectra are similar below this fre-
quency. The high-frequency content of the spectra is
shaped by the postmerger stage and significant di↵er-
ences between the two simulations are apparent. In par-
ticular, the frequency fpeak of the dominant oscillation
of the postmerger phase is clearly di↵erent. This peak
is a robust and generic feature that occurs in all sim-
ulations which do not directly form a black hole after
merging [32, 98–102].

The frequency of the main peak depends sensitively on
the EOS [98–100, 103]. It has been found [31, 32] that
fpeak scales tightly with radii R of nonrotating cold NSs
for di↵erent fixed binary masses (cf. Figs. 9–12 and 22–
24 in [32]). In turn, these relations fpeak(R) o↵er the
possibility to determine NS radii from a measurement of
the dominant postmerger GW frequency [44–48].

Moreover, during the inspiral phase of NS mergers
finite-size e↵ects are measurable and encoded in the tidal
deformability ⇤ = 2

3k2
�
R
M

�5
with the tidal Love number

k2 [21, 23]. Considering the strong dependence of ⇤ on
NS radii, it is clear that fpeak also correlates with the
tidal deformability of NSs (see Fig. 3 and [104, 105] for
plots with the tidal coupling constant including di↵erent
total binary masses). It is conceivable that ⇤ will be
measured with significantly better precision in future ob-
servations compared to GW170817, which resulted in a
measurement uncertainty on ⇤ of a 1.4 M� NS of about
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FIG. 2: GW spectrum of the cross polarization at a distance
of 20 Mpc along the polar axis comparing the DD2F-SF-1
EOS (green curve) and the DD2F EOS (black curve).

510 at the 90% level [6, 40, 41]. For instance, an event
similar to GW170817 would reduce this error by a factor
of about 3 once the detectors reach their design sensitiv-
ity [22, 24–30]. Similarly, it is expected that the dom-
inant postmerger frequency will be measured to within
a few 10 Hz in future nearby events with the projected
improvements for the current generation of detectors [44–
49].
Observational signature of phase transitions: In Fig. 3

we show the dominant postmerger frequency fpeak as
function of the tidal deformability ⇤1.35 = ⇤(1.35 M�)
for the 1.35-1.35 M� mergers for all EOSs of this study.
As anticipated, fpeak scales tightly with the tidal de-
formability for all EOS models (black symbols). There
is only one exception: the DD2F-SF EOSs lead to signif-
icantly higher peak frequencies of 3.3 kHz to 3.7 kHz
(green symbols). The purely hadronic counterpart of
these EOS models without phase transition yields a peak
frequency of only 3.098 kHz, while the tidal deformability
parameters are identical for both types of EOSs.

Excluding the hybrid models DD2F-SF, ALF2 and
ALF4 we obtain a least square fit

fpeak = (6.486 ⇥ 10�7 ⇤2 � 2.231 ⇥ 10�3 ⇤ + 4.1) kHz ,
(1)

for all purely hadronic EOSs (solid curve in Fig. 3). The
maximum deviation between data (black symbols) and
the fit Eq. (1) is 113 Hz (grey band in Fig. 3), with an
average scatter of 44 Hz [123]. In comparison, for the
DD2F-SF-1 model the peak frequency is 448 Hz above
the value which is expected from the fpeak(⇤) fit for the
given tidal deformability of this EOS.

A deviation of nearly 0.5 kHz is significant also if we
assume a measurement accuracy of the tidal deforma-
bility of 100–200 and of several tens of Hz for the peak

Bauswein-Bastian-Blaschke-Chatziioannou-Clark-Fischer-Oertel (2018)

Evidence of 
First-Order?

Shift from 
what?
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Huang-Baiotti-Kojo-Takami-Sotani-Togashi-Hatsuda-Nagataki-Fan (2022)
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FIG. 4. Top: Fundamental and dominant harmonic mode (` = m = 2) of the plus polarization of the GW strain with amplitude envelope for the
M1.35 models. Bottom: Spectrogram (brighter colors indicate higher power in the spectrum) and instantaneous frequency of the same models.
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FIG. 5. Relation between f2 and the total mass of the binary.

also Sec. V of the Supplemental Material). This is a qualita-
tive feature that makes relatively simple to discriminate obser-
vationally between these di↵erent types of EOSs. In particu-
lar, an observation of a low-mass BNS system, as our M1.25
model, would allow one to distinguish between QHC EOSs
and EOSs with a 1PT, according to the sign of the measured
� f2.

For higher masses and for (weak) 1PTs that result in a � f2
comparable to that of QHC EOSs, it may be di�cult to dis-
criminate from observations, unless the 1PT occurs some time
after the merger. In this case, the value of f2 would change
abruptly [8] and, if this change can be measured, it would be
a clear di↵erence with respect to QHC EOSs (cf. Fig. 4).

Conclusions. In this Letter, we performed the first (and
fully general-relativistic) simulations of BNS mergers with
EOSs based on QHC (QHC19) and discussed how they could

be distinguished from purely hadronic EOSs or hybrid quark-
hadron EOSs with 1PTs.

We found that a QHC EOS with a pronounced peak in
sound speed, like QHC19-sti↵, leaves a clear and unique sig-
nature in the post-merger main frequency: for any binary
mass, f2 is lower than that of the baseline hadronic EOS, and
thus also lower than that expected for EOSs with a 1PT. In
higher-mass mergers with the QHC19-soft EOS, instead, it
may be di�cult to discriminate from a weak 1PT, unless the
value of f2 is observed to change rapidly in time, a signature
of a 1PT occurring after the merger [8].

Results of this Letter will become relevant to observations
when GWs in the kilohertz band are surveyed with higher sen-
sitivity by upgraded detectors [53] and third-generation ob-
servatories (e.g., the Einstein Telescope [54] and Cosmic Ex-
plorer [55]), also with a specifically optimized design (e.g.,
NEMO [56]).

In fact, sensitivities on the order of 50 Hz in this band, suf-
ficient to distinguish a QHC EOS from a purely hadronic one,
are estimated to be reached in these detectors. For example,
Ref. [57] estimated that f2 can be measured to within about
36 (27){45} Hz at the 90% credible level for a sti↵ (moder-
ate) {soft} EOS at a post-merger signal-to-noise ratio of 5.
Other works make similar predictions, for signal-to-noise ra-
tio & 10 [58]. A signal-to-noise ratio & 5 � 10 is predicted to
be attainable easily for sources at 200 Mpc or even more by
Cosmic Explorer [59] and Einstein Telescope [54], leading to
reasonably frequent measurements.

This work is a first attempt to study in BNS mergers the
unique features of QHC EOSs. We plan to extend the anal-
ysis in several directions, first of all by adopting the QHC21
[19] EOS, which improves further over QHC19 under the mi-
croscopical point of view and which was made public after
we finished our simulations. We will explore the relationship
between some EOS parameters and observable quantities, as
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Fujimoto-Fukushima-Hotokezaka-Kyutoku (2023/2025)
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FIG. 7. Gravitational waveform (left) and spectrum (right) for the model 1.4–1.35. The purple and green curves show the results
for the CO and PT scenarios, respectively. The spectrum is presented for a hypothetical distance of 100Mpc and compared
with the design sensitivity of Advanced LIGO (ALIGO) and Einstein Telescope (ET-D) [96]. Wiggles on the spectrum for the
CO scenario is caused by the minor amplitude peak at the moment of black-hole formation.

FIG. 8. Same as the left panel of Fig. 7 but for the models 1.25–1.25 (top left), 1.4–1.4 (top right), 1.55–1.55 (left bottom),
and 1.7–1.7 (right bottom).

Shift seen 
only when 
the EOS 
changes at 
low density.
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Fujimoto-Fukushima-Kyutoku-Hotokezaka (2022-2024)

Discriminable Window

14

FIG. 9. Evolution of the maximum rest-mass density of the system for various models in the CO scenario. The left panel
shows the results for the equal-mass models with di↵erent values of m0. The right panel shows the results for the models with
m0 = 2.75M� with di↵erent values of q. The dotted line indicates the maximum mass of a spherical neutron star for the CO
scenario, that is ⇡ 1.5⇥ 1015 g cm�3.
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FIG. 10. Lifetime of the remnant, tlife, as a function of the total mass of the system, m0, for equal-mass (q = 1) models
(left) and tlife as a function of the mass ratio, q, for m0 = 2.75M� models (right). The large-purple and small-green symbols
represent the results for the CO and PT scenarios, respectively. Results for high (⇡ 190m) and low (⇡ 280m) resolutions are
shown by circles and squares, respectively, for the check of numerical uncertainties.

E. Remnant disk and ejected material

Electromagnetic counterparts to compact binary merg-
ers also provide us with valuable information about the
merger dynamics and the underlying EoS properties. Al-
though the detailed prediction of electromagnetic signals
is out of our current scope, the masses of the remnant
disk and the ejected material serve as a basis for fu-
ture considerations. In particular, because the kilonova
AT 2017gfo, that followed GW170817, is likely to require
massive ejecta of ⇡ 0.05M� [100, 101], the realistic EoS
must leave this amount of material in any form outside
the black hole at the very least. In reality, substantially
larger masses will be required, because the ejection e�-
ciency from the remnant disk is likely to be O(10%) (see,

e.g., Refs. [102–104]).

In this study, we estimate the amount of unbound ma-
terial based on the Bernoulli criterion. That is, the mate-
rial outside the apparent horizon is regarded as unbound
if�hut > 1, and vice versa, where ut is the covariant time
component of the four velocity. It should be cautioned
that this criterion could overestimate the amount of mass
ejection, because the internal energy is not necessarily
converted to the kinetic energy before the fallback. On
another front, the geodesic criterion based on �ut rather
than �hut inevitably underestimates the unbound mass
(see Refs. [105, 106] for further discussions). Precise eval-
uation requires longterm simulations incorporating the r -
process heating [107–109]. Fortunately, this uncertainty
does not a↵ect our discussion about AT 2017gfo, because

GW170817: m0 = 2.75M⊙
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Kilonova brightness: 
ejected mass > 0.05M⊙

 天文月報　2021年 1月18

いう観測ネットワークを組織し，2015年に初めて
重力波が観測されて以来，継続的に重力波天体の
電磁波対応天体の観測を行ってきた [17‒21]．日
本時間2017年8月17日の夜にGW170817の検出
の速報を受け，8月18日の未明にはLIGO（2台）
とVirgoの計3台の干渉計のデータから重力波の
到来方向が30平方度程度と精度良く定まった．
対応天体を発見するには格好のターゲットである
（30平方度というと可視光・赤外線天文学では広
大な領域だが，重力波天体の追観測をしていると
1,000平方度を超えるイベントを見慣れているため，
既に感覚が麻痺してきている）．幸運にもすばる
望遠鏡に超広視野カメラHyper Suprime-Cam
（HSC）が搭載されており，30平方度であれば大
半の領域をカバーできそうである．そうこう考え
ているうちに，J-GEMのメンバーで，すばる望
遠鏡HSCの開発者の一人である内海洋輔氏が驚
くほどのスピードで実際の観測領域を決定してく
れた．
日本時間8月18日の朝，ハワイで日が沈むのを

待ちながら観測の準備を始めた矢先，チリの望遠
鏡による可視光観測によって，40 Mpcの距離に
ある銀河NGC 4993に今まで存在しなかった天体
が発見されたという情報が飛び込んできた．この
時ハワイではまだ15時頃である．これほど地球
の自転の遅さを恨んだ日は人生で後にも先にもな
い．しかし，この時点ではその天体が対応天体か
は分からないため，すばる望遠鏡ではその広視野
サーベイ能力を生かして，なるべく広い領域を観
測することにした．日没後，まずはNGC 4993が
視野に入る領域を観測し，確かに新しい天体が現
れていることが確認できた（図2, [22]）．今思え
ば，これが重力波天体が画像におさめられたのを
初めて見た瞬間だったが，この天体が対応天体か
は定かではなかったこともあり，観測に立ち会っ
たメンバーも 「確かにいるね」 という反応で，大
きな感動はなかったと記憶している．そのまま
HSCでは内海氏のプランに従って重力波到来方

向のサーベイ観測に移った．
その後も J-GEMではNGC 4993に現れた天体

（AT 2017gfo） の追観測を続け，HSCによる観測で
は可視光の明るさが急激に暗くなっていったこと，
南アフリカに設置された名古屋大学 IRSF望遠鏡
での観測では赤外線で10日間にかけて長く輝いた
ことが確認された （図3, [23]）．次章で紹介する通

図2 GW170817の電磁波対応天体．左が Pan- 
STARRS1望遠鏡による合体前の画像で，右が
すばる望遠鏡HSCで8月18日に得られた画像
[22]．対応天体の場所を線で表している．右下
の明るい領域がNGC 4993．画像の大きさはお
よそ1分角．

図3 GW170817の対応天体の光度曲線．横軸は合
体からの日数を表し，縦軸は観測等級（左）と
距離を加味して変換した絶対等級（右）を表
す．大きい点は J-GEMによって得られたデー
タ [23] で， 小さい点は他のグループによって
得られたデータ[24]．線はキロノバの中性子過
剰度が中間の場合（図4）の数値計算結果 [6]．

◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆◇◆欧文研究報告論文賞

AT 2017 gfo

Illustration from Korobkin+ (2021)

Even if the BH collapse 
cannot be seen, the 
correlation to Kilonova 
tells us a lot!
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No sharp phase transition called “crossover”
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Neutron rest-energy EN = Mnc2 ≃ 939 MeV
Saturation energy εsat ≃ 150 MeV fm−3

SB 15

10

5

1000800600400200
T [MeV]

5

4

3

2

1

ε(T)/T
4p(

T)
/T

4

p(T)

ε(T)

N =6
N =8
N =10

t

t

t

Borsanyi et al. (2010)

Transition energy 
to a QGP

200-500 MeV fm−3
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pQCD

 HRG Lattice

Crossover is the point where the physical degrees of 
freedom continuously change.

Quarks 
Gluons

Hadrons
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Hagedorn Picture

Z = ∫ dm ρ(m) e−m/T ρ(m) ∼ em/TH

Z = ∫ dm em/TH ⋅ e−(m−μB)/T → ∞

Hagedorn Spectrum 
(String Excitations)

Entropy Energy

Entropy > Energy for Deconfinement
Excited states, Strangeness (Hyperons), etc.

Hyperon puzzle is not a puzzle: EOS is softened as 
a precursory toward deconfined quark matter
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Crossover Scenario Hatsuda-Masuda-Takatsuka (2013)

Table 6 Mmax/M� (⇢c/⇢0) under the variation of the parameters, ⇢̄ and �, which characterize the crossover
window. H-EOS and Q-EOS are obtained from TNI2u and HK parameter set, respectively. Columns without numbers
are the excluded cases corresponding to ⇢̄� 2� < ⇢0 in §4.

�/⇢0 = 1 �/⇢0 = 2

⇢̄ gV =GS gV =1.5GS gV =GS gV =1.5GS

3⇢0 2.05 (6.1) 2.17 (5.5) � �
4⇢0 1.89 (7.2) 1.97 (6.8) � �
5⇢0 1.73 (8.2) 1.79 (8.0) 1.74 (8.0) 1.80 (7.7)
6⇢0 1.60 (9.6) 1.64 (9.3) 1.62 (9.2) 1.66 (9.0)

5.6. Stability of hybrid star

The neutron star is gravitationally stable if the average adiabatic index �̄ satisfies the
inequality [55]:

�̄ =

R
R

0 �Pd3r
R
R

0 Pd3r
>

4

3
+ �

GM

R
. (14)

Here � = d ln P/d ln " is the adiabatic index. Also, �GM/R with � being a numerical constant
of order unity is a general relativistic correction whose magnitude is much less than 1. Since
� of our H-EOS is about 2 at all densities and � of our Q-EOS is larger than 4/3 due to the
constituent quark mass and the repulsive vector interaction, Eq.(14) is always satisfied and
our hybrid star is gravitationally stable.

Fig. 14 Sound velocity vS as a function of baryon density ⇢. Solid lines: vS � ⇢ obtained from the interpolated
EOS between the H-EOS with TNI2u and the Q-EOS with gV /GS = 0, 1.0, 1.5. The crossover window is (2� 4)⇢0.
Dotted line : that for pure H-EOS with TNI2u. The filled circles denote the points beyond which strangeness starts to
appear.

16/27

The purpose of the present paper is to investigate whether the “hybrid stars" which have
quark matter in the core are compatible with 2M�-NS. Historically, the transition from the
hadronic matter to the quark matter has been assumed to be the first-order phase transition
and the Gibbs phase equilibrium conditions are imposed. However, treating the point-like
hadron as an independent degree of freedom is not fully justified in the transition region
because all hadrons are extended objects composed of quarks and gluons. Furthermore, the
system must be strongly interacting in the transition region, so that it can be described
neither by an extrapolation of the hadronic EOS from the low-density side nor by an extrap-
olation of the quark EOS from the high-density side [24]. This is analogous to the BEC-BCS
crossover realized in the many-body system of ultra-cold fermionic atoms [25].

Fig. 1 illustrates the above situation in terms of the pressure as a function of baryon density
(⇢). One may expect a gradual onset of quark degrees of freedom in dense matter associated
with the percolation of finite size hadrons, i.e., a smooth crossover from the hadronic matter
to the quark matter. Such a percolation picture of hadrons has been discussed in seminal
works such as Refs.[26, 27]. Also, hadron-quark continuity [28, 29] and hadron-quark crossover
[30, 31] have been discussed in relation to the existence of color superconductivity at high
density. In this paper, we show that the crossover picture can lead to a stiffening of EOS unlike
the case of the first-order transition, if the following conditions are met: (i) the crossover
takes place at relatively low density (around three times the normal nuclear matter density),
and (ii) the strongly interacting quark matter has stiff EOS. This implies that the hadron-
quark crossover provides us with a novel mechanism to support massive neutron stars with
quark core. Preliminary account of our results has been reported in [33]. We note that an
interpolation between hadronic matter and stiff quark matter was previously considered
phenomenologically in [32].

Pr
es

su
re

 (P
) 

Baryon density (ρ) 

hadron crossover quark 

Fig. 1 Schematic picture of the QCD pressure (P ) as a function of the baron density (⇢) under the assumption
of the hadron-quark crossover. The crossover region where finite-size hadrons start to overlap and percolate is shown
by the shaded area. The pressure calculated on the basis of the point-like hadrons (shown by the dashed line at low
density) and that calculated on the basis of weakly interacting quarks (shown by the dashed line at high density) lose
their validity in the crossover region, so that the naive use of the Gibbs conditions by extrapolating the dashed lines
is not justified in general.

2/27

Sound velocity exceeds 
the conformal limit?
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Crossover Scenario

23

FIG. 16: Schematic interpolation of the hadronic (PH) and
quark (PQ1, PQ2) equations of state. For PQ1 the interpolated
pressure is physically acceptable. However, for PQ2 one cannot
construct an interpolated pressure without introducing an in-
flection point. Such an unphysical feature implies a mechanical
instability and PQ2 must therefore be discarded from considera-
tion.

this case one has six boundary conditions so one needs
to include polynomials up to N = 5.

As discussed in Sec. VF, the interpolated pres-
sure as a function of µB is constrained by the sta-
bility condition that P (µB) be without an inflection
point, and the requirement that c

2
s
/c

2 = @P/@" =
(1/c2)@ lnµB/@ lnnB  1, so that the thermodynamic
sound speed does not exceed the speed of light. The sta-
bility condition is depicted in Fig, 16, where one can in-
terpolate smoothly between the schematic hadronic equa-
tion of state PH and the quark matter equation of state
PQ1, with @

2
P/@µ

2
B

> 0; however, an interpolation be-
tween PH and the quark matter equation of state PQ2

necessarily has an inflection point, violating the stability
criterion. A situation in which the speed of sound ex-
ceeds the speed of light is shown in Fig. 17, where the
slope is constant; in this region P varies but " remains
constant, so that c2

s
= @P/@" ! 1. In general a P (µB)

which grows too slowly violates the causality condition.

G. First order phase transitions

The possibility of a first order transition is not ex-
cluded in the unified construction. However, such a tran-
sition more severely constrains the interpolated pressure
than does a continuous hadron-quark evolution. Fig-
ure 18 compares the interpolated pressure curves for
a continuous (smooth curve) and a first-order (kinked
curve) hadron-quark phase transition. The boundary
matching conditions severely restrict the strength of a
possible first order phase transition, as measured by the
change in slope of the hybrid pressure curve at the tran-
sition. In particular, except for relatively small changes
in slope it is impossible to match the slopes of both the
hadronic and quark matter curves without introducing

FIG. 17: Schematic interpolation violating the causality condi-
ton. The linear interpolated pressure implies a constant baryon
and energy density (see Fig. 10); the latter condition leads to the
unphysical result c

2
s = @P/@" ! 1.

FIG. 18: Interpolated equation of state for both hadron-quark
continuity (smooth curve) and a first order phase transition
(kinked curve). In the latter case, for which P (µ) must lie below
the smooth curve, the slope increases discontinuously at the tran-
sition. In the small panel we show the corresponding dependence
of the sound speed on the energy or mass density; generally, the
kinked curve yields a larger sound speed in the hadronic regime,
with the sound speed vanishing in the transition region.

an unphysical inflection point. In addition, the slope of
the hadronic pressure curve is smaller in the case of a first
order transition than for a continuous evolution, giving
rise to a correspondingly larger sound speed. Thus, for
specified hadronic and quark matter equations of state,
an interpolation with a kink, a first order transition, has
a greater chance of violating the causality constraint.
These conditions strongly restrict both the location and
strength of a possible first order hadron-quark transition
[231]. This constraint, a consequence of accounting for
massive neutron stars, would indicate that there should
not be a strong first order chiral restoration transition in
QCD at low temperature (see subsec. VE).

Baym-Hatsuda-Kojo-Powell-Song-Takatsuka (2017)
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Duality Picture
If we have strongly interacting baryonic matter 
and weakly interacting quark matter, how can we 
distinguish them?

N N

¼

Assume that baryons are 
bound-states of  quarks.Nc

Pbaryon ∼ Vbaryon ∼ O(Nc)

Pquark ∼ Kquark ∼ O(Nc)

Pressure knows quarks even in 
baryonic matter → Quarkyonic

Pisarski-McLerran (2008)
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Idyllic Fujimoto-Kojo-McLerran (2024) 2

FIG. 1. Evolution of fB and fQ from the nuclear (dotted) to
Quarkyonic regime (solid). The saturation of quark states
drives baryons into the relativistic regime. Arrows in the
rightmost panels indicate increasing µB.

quarks with a given color and fB for baryons as (notation:∫
k →

∫
ddk
(2ω)d ) [48, 49].

[
fQ(q)

]
fε

=
∑

i=n,p,···

∑

ε→=→,↑

∫

k

[
ω
(
q ↑

k
Nc

)]iε
→

fε

[
fB(k)

]
iε→ , (1)

where ω is a single quark momentum distribution with
the flavor f and spin ε in a single baryon state of a species
i and spin ε↓. Collecting quark contributions from each
baryon leads to quark distributions in dense matter. In
this work, we limit ourselves to symmetric nuclear mat-
ter and include a spin-isospin degeneracy factor 4 in the
expressions of thermodynamic quantities, but elsewhere
we drop the spin-flavor indices f,ε. The extension for
multi-flavors and multi-baryon species will be discussed
in the forthcoming papers.

The normalization is
∫
q ω(q) = 1. The dual expression

of the baryon number readily follows from Eq. (1) as

nB = 4

∫

k
fB(k) = 4

∫

q
fQ(q) . (2)

The energy densities in terms of baryons and quarks are

ϑB[fB] = 4

∫

k
EB(k)fB(k) ,

ϑQ[fQ] = 4

∫

q
EQ(q)[NcfQ(q)] .

(3)

Remember fQ is defined for a fixed color, fQ → fR
Q

=

fG
Q

= fB
Q

with which nB = nR
Q

= nG
Q

= nB
Q
. A

single baryon is assumed to have the energy contri-
butions summed from Nc-confined quarks, EB(k) =
Nc

∫
q EQ(q)ω

(
q ↑ k/Nc

)
. Then a duality relation fol-

lows, ϑ = ϑB[fB] = ϑQ[fQ]. As quarks are confined in a
spatial domain of the baryon size ↓ !↔1

QCD
, quarks can

be energetic and ω(q) is spread to momenta of ↓ !QCD.
The mechanical pressure inside of a baryon is large.

In this work, going from low to high densities we keep
using the same ω determined in vacuum. Our main target

here is the transient regime from baryonic to quark mat-
ter, where using ω for localized quarks may not be so bad
approximation. The structural changes in baryons, such
as swelling, would possibly increase the low momentum
components of ω, but such modifications merely shift the
onset of quark matter formation to lower density.

Minimization of energy functional.—With duality (1)
as a constraint, we calculate the energy density ϑ for a
given nB. We consider energy functionals

ϑ = ϑB[fB]
∣∣
nB

= ϑQ[fQ]
∣∣
nB

, (4)

and minimize them by optimizing fB or fQ while holding
nB fixed. A novelty in our optimization program is that
the solutions are determined not only by the stationary
condition ϖϑ/ϖf = 0 but also by the boundary condi-
tions fB,Q = 0 or 1. The thermodynamic energy density
is obtained by substituting the optimized distributions,
ϑEOS(nB) = ϑB[f↗

B
]
∣∣
nB

= ϑQ[f↗
Q
]
∣∣
nB

.
In practice, one can find the f↗

B
and f↗

Q
by minimizing

ϑ̃ = ϑB[fB]↑ ϱBnB = ϑQ[fQ]↑ ϱQnQ , (5)

where ϱB = NcϱQ. It is tempting to identify the ϱ’s as
chemical potentials and ϑ̃ as the thermodynamic func-
tional. Unfortunately they do not satisfy the thermody-
namic relations if solutions are partly determined by the
boundary conditions. Hence we use ϑ̃ only to find f↗

B
and

f↗
Q
, and use them in computations of ϑEOS(nB).

Global constraints.—The constraints in our theory ap-
pear global, as fQ at a given momentum depends on fB
for the entire momentum range. The variation leads to

ϖϑ̃

ϖfB(k)
= EB(k)↑ ϱB ,

ϖϑ̃

ϖfQ(q)
= EQ(q)↑ ϱQ . (6)

At momenta with ϖϑ̃/ϖfB,Q < 0, greater fB,Q reduces
ϑ̃ and grows toward the boundary fB,Q = 1, while
ϖϑ̃/ϖfB,Q > 0 drives fB,Q to the other boundary, fB,Q =
0. We would get the optimized distributions

fvar

B
(k) = ”(kF ↑ k) , fvar

Q
(q) = ”(qF ↑ q) , (7)

where kF and qF are determined through ϱB = EB(kF)
and ϱQ = EQ(qF).
The above solutions are not usable everywhere. For

instance, fvar

Q
at large momenta is incompatible with the

sum rule (1); at large momenta (q ↔ k/Nc), the scaling
should be fQ(q) ↓ nBω(q). Another problem is that, if
we keep using fvar

B
in the regime !QCD ↗ kF ↗ Nc!QCD,

then fQ(0) ↓ nBω(0) ↓ k3
F
/!3

QCD
, violating fQ ↘ 1 at

q = 0. Our problem is to patch the candidates of solu-
tions, found from variational calculations and the bound-
ary conditions, into the form consistent with the duality
constraints, and then to minimize the energy.

Solvable model.—What makes the dual theory nontriv-
ial is its global nature. The di#culty lies in the recon-
struction of fB from a given fQ. At high density we have

nq ∼ μ3
q

nB ∼ μ3
B ∼ N3

c μ3
q≃

Dual

Suppression of baryonic distribution should 
be caused by repulsive core interaction due to 
quark exchanges.

N N

¼
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Compilation of the observed data (68% Credible)
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Fujimoto-Fukushima-Kamata-Murase (2018-2024)

	0

	0.1

	0.2

	0.3

	0.4

	0.5

	0.6

	0.7

	0.8

	0.9

	1 	2 	3 	4 	5 	6 	7 	8

c
s,

n
2

ε/ε0

N	=	5

	8

cs
2
	=	1/3

ε0 = 150 MeV fm−3

Critical energy density 
for a quark-gluon plasma

Not minimum, 
but maximum!?

Conformal 
limit violated!



April 23, 2025 @ Koshiba Hall UTokyo

Data Never Lie

19

3

Love number, we compute the binary tidal deformability as

⇤̃ :=
16

13

(12M2 + M1) M4
1
⇤1 + (12M1 + M2) M4

2
⇤2

(M1 + M2)
5

.

(6)
For any choice of M1,2 and R1,2, we then reject those EOSs
with ⇤̃ > 720 for a chirp mass Mchirp := (M1M2)3/5(M1+
M2)�1/5 = 1.186M� and q := M2/M1 > 0.73 as required
for consistency with LIGO/Virgo data for GW170817 (Ab-
bott et al. 2018).

3. RESULTS

In order to build the various PDFs, we discretize the cor-
responding two-dimensional space of solutions (e.g., in the
(M, R) space) in 700 ⇥ 700 equally spaced cells (either lin-
early or logarithmically), count the number of curves that
cross a certain cell and normalize the result by the maximum
count on the whole grid. Because the normalization is made
in two dimensions, slices along a fixed direction do not yield
normalized distributions.

Figure 1 shows the PDF of c2s as a function of the energy
density, with the purple region marking the 95% range of
maximum central energy densities, that is, the central en-
ergy density reached by any EOS by the star with the max-
imum mass M

TOV
. Stated differently, the right edge of the

purple region (vertical purple line) marks our estimate for
the largest possible energy density encountered in a neu-
tron star; in our sample, we obtain the median ec,TOV =
1064+399

�244
MeV/fm3 at 95% confidence.

Note that the PDF shows a steep increase to c2s & 1/3 for
e . 500 MeV/fm3, thus signalling a significant stiffening of
the EOS at these densities and a subsequent decrease of the
sound speed for larger energy densities. As a result, the PDF
illustrates how a nonmonotonic behaviour is most natural for
the sound speed, hence how the physical and observational
constraints favour scenario iii). Models for quarkyonic mat-
ter (see, e.g., McLerran & Reddy 2019)) typically show a
peak at low densities similar to the one in our PDF (Hippert
et al. 2021).

The orange line in Fig. 1 marks the region of the EOSs
that are sub-conformal, i.e., with c2s < 1/3, at all densi-
ties (the horizontal dashed line that marks c2s = 1/3). Note
that around 500 MeV/fm3, the orange contour spans a very
thin region, indicating that at these energy densities the sub-
conformal EOSs have an obvious upper bound c2s < 1/3,
but also a less-obvious lower bound c2s & 0.2. This is an
important feature that explains why these EOSs are so dif-
ficult to produce. Indeed, as revealed by the colormap, the
number of EOSs that fall in this region is very small and
amounts to only ' 5⇥10�5 of the total. The fraction of sub-
conformal EOSs increases slightly if we restrict the range of
densities to those that are admissible for neutron-star interi-
ors, becoming ' 3 ⇥ 10�4 of the total. The reason for this
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Figure 1. PDF of the sound speed squared as function of the energy
density. The purple region marks the 95%-interval of maximum
central energy densities, so that the vertical purple line represents an
estimate for the largest possible energy density in a neutron star. The
orange contour marks the region containing EOSs with c2s < 1/3.

increase is that many of the EOSs that are sub-conformal for
e . 300 MeV/fm�3, tend to stiffen at larger energy densi-
ties, thus becoming super-conformal.

The colormap of the PDF in Fig. 1 also reveals the presence
of a second peak at large energy densities, close to where the
perturbative QCD boundary conditions are imposed and re-
flects artefacts of the parametrization method, which allows
for large variations in the sound speed at very high energy
densities, where c2s is expected to be close to the asymptotic
value 1/3. Fortunately, the energy densities where this sec-
ond peak appears are far from those expected in the interior
of neutrons stars. It is also possible to reduce the extent of
this second peak by imposing a criterion that filters out EOSs
whose sound speeds vary strongly on small scales as done
by Annala et al. (2020). However, given the very poor knowl-
edge of the behaviour of the sound speed at these regimes,
we prefer to report the unfiltered results. What matters here
is that, when imposed, the filtering has no significant impact
on the PDF at the energy densities that are relevant for stellar
interiors (see the Appendix for a discussion).

Figure 2 shows the corresponding PDF of the pressure as
a function of the energy density with the same conventions
as in Fig. 1. In addition, we indicate with a gray line the
outer envelope of all constraint satisfying solutions, which is
very similar to the one found by Annala et al. (2020). How-
ever, an important difference with respect to Annala et al.
(2020), where no information on the distribution is offered,
is that the PDF reveals that the large majority of EOSs ac-

Altiparmak-Ecker-Rezzolla (2022)
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Figure 1. Probability density functions (PDFs) of the speed of sound (left panel) and trace anomaly (right panel) as functions
of the energy density. The red, dash-dotted lines show the averages of these quantities. Vertical lines show the median and 1�
credibility region for the position of the peak in c2s (green solid and dotted lines), values at the center of maximally massive
NSs (blue solid and dashed lines), and the position of the peak in �̂B (purple solid and dash-dotted lines). Horizontal, black
lines mark the conformal values of c2s = 1/3 (left panel) and � = 0 (right panel).

obtain nB,peak = 0.54+0.09
�0.07 fm�3 which corresponds to

µB,peak = 1.283+0.090
�0.070 GeV.

The behavior of the speed of sound shown in Fig. 1 is
very di↵erent from that obtained in QCD matter at finite
temperature [46, 47]. Based on the first principle lattice
QCD (LQCD) calculations, it is known that c2s never ex-
ceeds the conformal limit and exhibits a minimum at the
critical energy density ✏c = 0.42± 0.06 GeV/fm3, where
chiral symmetry is partially restored and quarks are de-
confined [48, 49]. Decrease of c2s with energy density
towards its minimum from the hadronic side is linked to
attractive interactions with resonance formation [49, 50].
Very di↵erent behavior in a cold nuclear matter of c2s is
due to the dominance of repulsive interactions which im-
plies increasing c2s with energy density towards its max-
imum [51]. Considering that quark deconfinement could
be linked to a non-monotonic behavior of c2s, one can
identify the maximum of c2s as being due to a phase
change from nuclear to quark or quarkyonic matter.

Phenomenologically, deconfinement can be linked to
the percolation of hadrons of a given size [35, 52–55].
Relating the peak in the speed of sound to the perco-
lation threshold in QCD, one can estimate the critical
density at which nucleons start to overlap. In percolation
theory of objects with constant volume V0 = (4/3)⇡R3

0
,

this critical density is given by nper
c = 1.22/V0 [35]. Re-

cently, the proton mass radius was extracted from the
experimental data of � photoproduction measured by
CLAS [56] and LEPS [57] collaborations. The average
from these experiments yields R0 = 0.80 ± 0.05 fm forp
s 2 [2.02, 2.29] GeV. [58] 1. Consequently, this yields

nper
c = 0.57+0.12

�0.09 fm�3, which is remarkably consistent

1 We note that the proton radius is still not well established and
can be as small as 0.55 fm (see, e.g., Fig. 9 in Ref. [58])

with nB,peak = 0.54+0.09
�0.07 fm�3 where c2s reaches its max-

imum.

The extracted parameters of the energy density and
particle density corresponding to the percolation thresh-
old in the NS EoS can be compared with the values ob-
tained in hot QCD matter at the chiral crossover tem-
perature Tpc = 156.5 ± 1.5 MeV, where quarks are de-
confined. From the discussion above, it is clear that the
energy density at the peak position of the speed of sound
is of the same order as the LQCD critical energy den-
sity ✏c = 0.42± 0.06 GeV/fm3 at deconfinement [48]. It
is interesting to note that ✏c corresponds to the energy
density inside the nucleon, ✏0 ' mN/V0. Indeed, con-
sidering the nucleon mass radius r0 ' 0.8 fm, one gets
✏0 ' 0.44 GeV/fm3.

Particle density nc in QCD matter at Tpc can be es-
timated based on the thermal model analyses of parti-
cle production in heavy ion collisions and experimental
data [59, 60]. There it was shown that in Pb-Pb col-
lisions at

p
s = 2.76 TeV hadrons are produced at the

QCD phase boundary at Tpc from the fireball of volume
V = 4175 ± 380 fm3 [35, 59, 60]. Taking the ratio of
number of hadrons per unit of rapidity Nt = 2486± 146,
measured by ALICE collaboration, and the above fire-
ball volume, one gets nc = 0.596 ± 0.065 fm�3. This
value is consistent with the critical percolation density
and the extracted density nB,peak at the peak position of
the speed of sound.

Following the above discussion, one can conclude that
the appearance of the maximum in speed of sound in
the interior of NSs can be attributed to the change of
medium composition, from hadronic to quark or quarky-
onic matter. Thus, purely hadronic NS EoS has limited
applicability up to the extracted critical percolation con-
ditions. These are of the same order as found in QCD
at finite temperature and vanishing or small baryon den-

Marczenko-McLerran-Redlich-Sasaki (2022)
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FIG. 2. Marginal Posterior probability distributions at the 95% and 68% level for the Gaussian (left) and Segments parametri-
sation (right) for the squared speed of sound c

2
s and pressure P as a function of energy density ". At each ", there exist 95% and

68% Posterior credible intervals for c
2
s(") and P ("). These intervals are connected to obtain the Prior credible bands. Similarly,

the medians of the marginal Posterior probability distributions at each " are connected (solid lines). Grey areas mark the 68%
credible intervals of the central energy densities of neutron stars with masses M = 1.4 M� (left columns) and 2.1 M� (right
columns) in each figure. The dashed black line indicates the value of the conformal limit for the speed of sound and the APR
EoS [106] for the pressure.

in the present work, highest density intervals were used,
these intervals would reach to smaller radii. There is
good agreement with the masses and tidal deformabili-
ties derived in Ref. [112] for the two neutron stars in the
merger event GW170817. Finally, if we use the NICER
data analyses by Riley et al. for the inference procedure
instead of the one by Miller et al., we find very similar
results. So we can restrict ourselves to the latter.

Tab. II shows medians and credible intervals for se-
lected properties of neutron stars with characteristic
massesM = 1.4M� or 2.1M�, including the central den-
sity, the energy density and pressure as well as the radius
and tidal deformability. Again these numbers demon-
strate agreement within uncertainties between the two
parametrisations.

At the 95% level (version S) the inferred radius of
a 1.4M� neutron star, R = 12.7+0.6

�0.9 km, agrees with
the values found in Ref. [39] for a piecewise polytrope
parametrisation and a speed of sound model similar to
our Gaussian parametrisation, while the authors addi-
tionally included constraints from modelling of the kilo-

nova AT2017gfo. The 68% credible intervals of the radius
and tidal deformability of a 1.4M� neutron star listed
in Tab. II agree within uncertainties with the results
in Ref. [49] which include a theory prediction and the
PREX II measurement of the 208Pb neutron skin thick-
ness. Our result for the 1.4M� radius also agrees with
the value found in Ref. [54], where the authors addition-
ally incorporated constraints on the EoS deduced from
relativistic heavy-ion collisions.
For a 2.1M� neutron star representative of the heav-

iest currently observed star, the inferred radius is R =
11.6 ± 1.0 km, the tidal deformability is ⇤ = 15+18

�10 and
the central density is nc = 4.8 ± 1.6n0. In the Bayesian
analysis of Ref. [12], no ChEFT constraint was included
at low densities. Their prediction for the radius of a
neutron star with mass M = 1.4M�, based on multiple
di↵erent parametrisations, agrees nonetheless with our
result at the 68% level. Their result for the radius of the
2.08M� neutron star is larger compared to our result
for the radius of a generic 2.1M� neutron star. How-
ever, within the 68% credible intervals the two results

Brandes-Weise-Kaiser 
(2022)

Supporting the peak!



April 23, 2025 @ Koshiba Hall UTokyo

Data Never Lie

20

First-Order can never be destroyed… force be with you…

Figure 16. (Left) 100 output EoSs predicted from each bagging predictor with a first-order tran-
sition highlighted by the orange thick lines. (Right) Histogram of the first-order phase transitions
in each energy density region of piecewise polytropes.

a weak first-order phase transition with finer bin and its implication on the uncertainty
quantification.

To this end we prepared N = 100 NNs in the bagging outlined in Sec. 4.3. We note
that each NN is trained so as to predict an EoS in response to the real observational data.
Here we use the M -R data of qLMXBs and thermonuclear bursters without the NICER
data. In the left panel of Fig. 16 we show 100 EoSs predicted from 100 independent NNs.
There are 44 EoSs out of 100 that have a first-order phase transition. We highlight the
region of first-order phase transition with orange thick lines in Fig. 16. We remind that the
activation function in the output layer is chosen to be tanh which takes a value over [�1, 1],
and for c2s < � = 0.01 we adjust it to c2s = � and identify a first-order phase transition then.
From this plot we can understand why we increased the number of segments. If we use the
EoS parametrization with 5 segments, weak first-order phase transitions are too strongly
prohibited by coarse discretization.

We also make a histogram in the right panel of Fig. 16 to show a breakdown of the EoS
regions with a first-order phase transition. This histogram counts the number of first-order
transition EoSs in each energy density region. It is interesting to see that the most of the
first-order phase transition is centered around the energy region [202, 272]MeV. On the one
hand, in the lower energy region [150, 202]MeV the first-order phase transition is less likely,
and this tendency is consistent with the fact that a stronger first-order phase transition
in a lower energy region is more disfavored by the two-solar-mass pulsar constraint [97].
In the higher energy region, on the other hand, there are also less EoSs with a first-order
phase transition. One may think that a first-order phase transition would be more allowed
in the higher energy region, but it is not the case in the NN analysis. In Sec. 3.4 we already
discussed that the NN model tends to predict the most conservative value around c2s ⇠ 0.5

in the high energy density regions where the constraints are inadequate. Therefore, the
correct interpretation of the absence of the first-order transition in the high density regions
as shown in Fig. 16 should be, not that our results exclude a first-order transition there,
but merely that the observational data analyzed in our NN method does not favor a first-
order transition there. Another artificial factor in the high energy density region is that

– 28 –

ML inferred EoSs: Fujimoto-Fukushima-Murase (2021)

On average, the inferred EOS looks smooth, but 
weak First-Order at intermediate density is favored…?
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What could be the underlying physics?
* Deconfinment phase transition is of first order?

This is the case in the holographic model (V-QCD) but 
the Sakai-Sugimoto can still have a second order. 

* Chiral phase transition is of first order?
This is the case in many chiral models unless the 
repulsive vector interaction is not introduced.

* Bosonic condensation (mesons/diquarks) is of first order?
This is the case in some chiral models unless the local 
color gauge is not introduced.

Inspiral GWs from BNS-merger would resolve the issues!
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5 Phase transitions and the third family

5.1 Gerlachs criterion

Almost 30 years ago, it was found by Gerlach [25, 26] that a third family of
stable equilibrium configurations of compact stars are not forbidden by general
relativity. Such a third family could therefore in principle exist besides the two
known families of white dwarfs and neutron stars. (See Fig. 15 for a schematic
view of the three families in a MR-radius relation. The criteria for stability
and instability of the shown ranges will be discussed in Sec. 5.3.). Gerlach

Figure 15: Schematic mass-radius relation showing three stable families of
compact stars. The letters A, B, . . . , I refer to critical points (turning points)
where a vibrational mode changes stability [29, 45]. The stability (solid lines)
or instability (dotted lines) of the three lowest-lying modes (n = 0, 1, 2) is
depicted by the numbers. Higher modes are stable. See text for more details.

found that a necessary condition for the theoretical possibility of this family
is a sufficiently large discontinuity in the speed of sound (c2s = dp/dω) of the
corresponding EOS1. As the density is increased, the speed of sound has to
increase abruptly at a density exceeding the central energy density of the

1This was proved by means of an inversion of the Tolman-Oppenheimer-Volkoff equations.
In this context see also the work by Lindblom [46].
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Schertler-Greiner-Schaffner-Bielich-Thoma (2000)

It may trigger the third family… intriguing…
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Fujimoto-Fukushima-McLerran-Praszalowicz (2022)

Measure of conformality:

Non-DerivativeDerivative

Δ =
1
3

−
p
ε

c2
s =

dp
dε

= c2
s, deriv + c2

s, non−deriv

c2
s, deriv = − ε

dΔ
dε

c2
s, non−deriv =

1
3

− Δ

Dominant at high density making a peak!

Gavai-Gupta-Mukherjee (2004)
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Derivative contribution makes a peak structure!

2

FIG. 1. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite temperature and zero density.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

FIG. 2. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite density and zero temperature.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

For the moment let us discard the perturbative tail and work with � = 0.

The plots can be made in the same way as the finite temperature case, which look very di↵erent from Fig. 1. As

a function of dimensionless ⌘, the trace anomaly exhibits transitional change as in the left panel of Fig. 2 and the

sound velocity is dominated by the nonderivative contribution as shown in the right panel of Fig. 2.
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FIG. 1. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite temperature and zero density.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

FIG. 2. (Left) Normalized trace anomaly, I, as a function of dimensionless ⌘ for matter at finite density and zero temperature.
(Right) Sound velocity squared, c2s, as a function of ⌘ (thick solid line). The dotted and the dashed lines represent the non-

derivative (c2(0)s ) and the derivative (c2(1)s ) contributions to c2s.

For the moment let us discard the perturbative tail and work with � = 0.

The plots can be made in the same way as the finite temperature case, which look very di↵erent from Fig. 1. As

a function of dimensionless ⌘, the trace anomaly exhibits transitional change as in the left panel of Fig. 2 and the

sound velocity is dominated by the nonderivative contribution as shown in the right panel of Fig. 2.
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Physical interpretation of   ???Δ < 0

Δ ∝ ε − 3p

∝
d

dμ ( p
μ4 )

Thermodynamic 
degrees of freedom

Negative trace anomaly implies 
the presence of “condensates”!?

22

FIG. 15: Normalized trace anomaly as a function of the energy density. The blue and the red lines represent the
results from the previous (i.e., nNS = 14) and the present (i.e., nNS = 20) works, respectively. The red lines and
bands are the median values and the percentiles, respectively, and the blue ones are the mean values and the

standard deviations.

In reality, the above formula should be generalized to take account of randomness in the observation uncertainty:

PEoS(Y )dY →

∫
dP(ω)Pobs(!TOV(Y ,ω))

∣∣∣∣
d!TOV(Y ,ω)

dY

∣∣∣∣dY , (21)

where ω symbolically denotes the random variables involved in sampling M with observational errors. In this frame-
work, the inversion is incorporated in the pullback, so an explicit construction of the inverse mapping is unnecessary.
Historically speaking, this pullback method, in which one must explicitly compute the Jacobian, was the first approach
taken in the realm of Bayesian inference [52, 53].

Indeed, if the inversion were exact (i.e., !inv ↑ !TOV = idEoS and !TOV ↑ !inv = idMR), the above definition by
the pullback exactly reproduces eq. (4). In practice, however, the evaluation of the Jacobian is a nontrivial numerical
task, and our method presented in this work is computationally more straightforward.

G. Implication to the trace anomaly

Finally, we shall discuss a physics implication of our new analyses upgraded from nNS = 14 to nNS = 20. We
already showed the EoS comparison in figure 8. One interesting combination constructed with the energy density ε
and the pressure p is the trace anomaly, ε↓ 3p, or the dimensionless normalized trace anomaly defined by

” =
1

3
↓

p

ε
. (22)

This quantity measures how close to conformality the system is; ε = 3p and thus ” = 0 is realized in the conformal
limit [110]. In figure 15, we display the behavior of the normalized trace anomaly ” as a function of ε in the logarithmic
scale.

Lattice!
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In the heavy-ion collision:

B

Large B
~1000 times stronger 
than the magnetar surface

Large J
~  ( )107ℏ ω ∼ 1022 s−1

Chiral Fermions
If chiral symmetry is restored…
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Polarized X-ray from the magnetar:
Science 378, 646-650 (2022)

Imaging-X-ray Polarimetry Explorer (IXPE)
 

15 
 

 

Fig. 2. Polar plot showing the measured PD (radius) and PA (azimuth) at different energies 
in the 𝟐–𝟖 keV band. Contours enclose the 68.3% confidence level regions obtained with the 
model-independent approach described in (42) [thin lines] and with XSPEC [thick lines, see the 
SM for details]. The arrow and the shaded area indicate the proper motion direction of the source 
and the associated uncertainty (39). The results of a condensed-surface RCS model for PD and 
PA in the same energy bins are shown by stars (see Discussion). 
  

Significant polarization was 
observed — how!?

Polarization angle has 
strong dependence on 
the photon energy.
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Astrophys.J.Lett.944, L27 (2023) 5

Figure 1. Left: Phase- and energy-averaged linear polarization of 1RXS J1708, in terms of the normalized Stokes parameters.
Uncertainties are shown at the 68.3% (1�) confidence level. Circles with center in the origin and increasing radii correspond
to increasing values of the polarization degree while di↵erent values of the azimuth to di↵erent polarization angles. Right:
Polarization of 1RXS J1708 in di↵erent energy bands, computed with ixpeobssim. Contours identify the 50% confidence
regions for the joint measurement of the polarization degree and angle (which are not independent variables), accounting for
statistical fluctuations only. Orange stars and green crosses show, for the same energy bins, the prediction of the belt+cap and
cap+cap models, respectively (see §5 for details)

2–3 keV 3–4 keV 4–5 keV 5–6 keV 6–8 keV 2–8 keV

PD - sum [%] 21.7+1.7
�1.7 41.3+2.0

�2.0 58.6+3.7
�3.7 57.7+6.8

�6.8 85+15
�15 35.1+1.6

�1.6

PD S/N 12.9 � 20.2 � 15.8 � 8.5 � 5.8 � 22.5 �

PA - sum [deg] �62.6+2.2
�2.2 �62.4+1.4

�1.4 �61.8+1.8
�1.8 �60.7+3.3

�3.3 �60.8+4.7
�4.7 �62.1+1.3

�1.3

Table 1. Values of the measured polarization degree and angle, obtained with the ixpeobssim software suite. Reported
values correspond to the sum of the three DUs (the measures of the single DUs are consistent with each other within errors).
Uncertainties are obtained at 68.3% confidence level, assuming that the polarization degree and angle are independent. Signal-
to-noise is calculated by dividing the polarization degree obtained by combining the results of the three telescopes on-board
IXPE by its uncertainty.

gle PL component if we allow for a polarization degree
with a linear energy dependence (we get a �2 = 454.3
for 410 degrees of freedom for a power law fit with a
photon index of 3.43 ± 0.02; the probability for getting
higher �2 values by chance is ⇠ 6%).
In the next step, we fitted the data with an absorbed

BB+BB model, again assuming a constant polarization
for each additive component; the correspondent XSPEC
model isTBabs*(bbody * polconst + bbody * pol-
const). The result of the fit is shown in Figure 3 (see
again Appendix A, Table 2). Also in this case, the fit
is acceptable (�2 = 405.8 for 408 degrees of freedom)
and the high-energy BB component is highly polarized,
⇠ 70%. The low-energy component is polarized parallel
to the high-energy component. The best-fit model ex-
hibits low polarization in the cold BB component, and
by fixing the polarization degree to ⇠ 20% also pro-

vides an acceptable fit with �2 = 422.5 for 409 degree
of freedom. It is worth noting that requiring a low-
energy polarization angle orthogonal to the high-energy
polarization angle gives a low-energy polarization degree
consistent with zero. Therefore, in this scenario, the ob-
served increase of polarization with energy stems from
the superposition of two parallel polarized components,
a weakly polarized component dominating at low ener-
gies and a strongly polarized component dominating at
high energies, in the IXPE range.

4. PHASE-RESOLVED SPECTROPOLARIMETRIC
ANALYSIS

The first step of our phase-resolved analysis involved
the determination of an accurate timing solution of
the count rate data (see Appendix C). Using epoch
MJD 59850.84175 (TDB) as a reference, this provided

Even 80% polarization was 
observed — surprise!

Polarization angle has 
no dependence on 
the photon energy???



April 23, 2025 @ Koshiba Hall UTokyo

External Fields

29

B O-mode (ordinary mode) 
Parallel to the magnetic field

X-mode (extraordinary mode) 
Perpendicular to the magnetic field

amplitudes of ~10% and ~30°, respectively.
At low energies (2 to 4 keV), we find the main
and secondary peaks have higher polarization

fraction (~15%) than the phase valley between
them (~9%). By contrast, the phase-resolved
PA is single peaked. This is consistent with the
predictions of pulsar (a different type of NS)
models [specifically the rotating-vector model
(20)], although a strong degeneracy prevents
us from determining the NS spin and mag-
netic axes orientations from the PA data (15).
A phase-resolved spectral analysis of 4U

0142+61 shows no statistically significant de-
pendence of the spectrum on rotational phase
(15). The BB component is compatible with
being constant in phase (fig. S5), which is con-
sistent with previous results (21) and previous
observations of a low pulsed fraction (~5%)
below 3 to 4 keV (18).
We considered the IXPE results within a

twisted-magnetosphere model (4), account-
ing for the quantum electrodynamical effect
of vacuum birefringence (7–9). The ob-
served polarization behavior as a function
of energy—with a minimum PD and a 90°
swing of PA at 4 to 5 keV—indicates that the
2- to 8-keV x-ray emission from 4U 0142+61
has two distinct components, polarized in two
different normal modes, which correspond to
the two components identified in the spectral
analysis. In this framework, the low-energy
component is produced by thermal emission
from the surface of the NS, whereas the high-
energy component is produced by photons
scattered to higher energies in the magneto-
sphere (Fig. 4A). The measured polarization
fraction at high energies (~35% at 5.5 to 8 keV)
is compatible with the theoretical prediction of
theRCSmodel (7) and indicates that X-mode
photons dominate at high energies; converse-
ly, O-mode photons dominate at low energies.
Theoretical models for magnetar surface

emission of soft x-rays predict either (i) a
large ≳50%ð Þ polarization degree in the X
mode if there is a gaseous atmosphere heated
from below (22) or (ii) a small ≲10% polariza-
tion degree in the O mode if there is a con-

densed (solid or liquid) surface (6–8, 23). The
IXPE result below 4 keV is not compatible
with the presence of an atmosphere and only
marginally compatible with a condensed sur-
face. The latter would be more consistent with
the data if the PD could be raised in themodel,
perhaps by thermal radiation being emitted
from only a limited region, not the entire sur-
face (as was assumed in previous calculations).
The low pulsed fraction at low energies (18)
indicates an extended emitting area. Using a
numerical code (7), we calculated that radia-
tion from a condensed iron surface, emitted
from an equatorial belt, produces O-mode
photons at low energies (2 to 4 keV) with PD
~15%. Reprocessing by RCS then produces
an excess of X-mode photons at higher en-
ergies (5.5 to 8 keV) with PD ~35%, whereas
the PA changes by 90°. Our calculation does
not assume that the reference direction in the
plane of the sky (from which the PA is com-
puted) coincides with the projection of the NS
spin axis. To match the measured and pre-
dicted (absolute) values, an offset is added to
the simulated PA (15). Figure 2 shows the re-
sults of our numerical simulation for a mag-
netic field strength ~1014 G, as measured for
4U 0142+61 (18), assuming the emissivity of an
iron condensed surface (23), in the fixed-ion
approximation. A hotter belt close to the mag-
netic equator appears in NS magnetothermal
evolution calculations in both two and three
dimensions (24, 25).
We also consider alternative models to ex-

plain the IXPE data. Within the RCS para-
digm, low-energy O-mode photons could be
produced by a gaseous layer with an inverted
temperature profile, with a downward flow
of energy, as might be produced by external
particle bombardment (26). In this case,
O-mode photons would escape from a deeper
(and so hotter) region than in a passively cool-
ing atmosphere and would dominate the
outgoing flux.

Taverna et al., Science 378, 646–650 (2022) 11 November 2022 3 of 4

Fig. 3. Phase-dependent x-ray flux and polariza-
tion properties. (A) Energy-integrated (2 to 8 keV)
IXPE counts as a function of spin phase. Error bars are
at 1s confidence level. (B) Polarization degree as a
function of spin phase. Error bars indicate DlogL = 1,
where L is the unbinned likelihood (19). (C) Same as
(B), but for the polarization angle. The orange curve
shows the best-fitting rotating vector model (15).

Fig. 4. Schematic illustration
of the proposed theoretical
scenarios. (A) Thermal radiation
emitted by an equatorial belt
on the condensed surface of
the magnetar (or an atmosphere
with an inverted temperature
gradient), then reprocessed
by RCS in the magnetosphere.
(B) Radiation from the
whole surface reprocessed by
(unsaturated) thermal Compton
scattering in a near-surface
atmospheric layer, then
additional (saturated) Compton
scattering in an extended
corona. The dark orange areas on the NS surface indicate the emitting regions. Black lines with arrows indicate the (dipole) magnetic field lines.
The gray rectangles along the photon trajectories highlight the polarization plane and the oscillating electric field.
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2 Lai

physics of this effect was already discussed in Lai & Ho (2003a),
where it was shown that for neutron stars with H atmospheres, ther-
mal photons with E . 1 keV are polarized orthogonal to photons
with E & 4 keV, provided that the NS surface magnetic field some-
what less (by a factor of 2) than 1014 G. The purpose of this paper is
to re-examine the mode conversion effect under more general con-
ditions (particularly the atmosphere composition) and to present
new semi-analytic calculations of the polarization signals for pa-
rameters relevant to 4U 0142.

VACUUM RESONANCE AND MODE CONVERSION

Quantum electrodynamics (QED) predicts that in a strong mag-
netic field the vacuum becomes birefringent (e.g., Heisenberg &
Euler 1936; Schwinger 1951; Adler 1971; Tsai & Erber 1975; Heyl
& Hernquist 1997). Acting by itself, the birefringence from vac-
uum polarization is significant (with the index of refraction differ-
ing from unity by more than 10%) only for B & 300BQ, where
BQ = m

2
ec

3
/(e~) = 4.414 ⇥ 1013 G is the critical QED field

strength. However, when combined with the birefringence due to
the magnetized plasma, vacuum polarization can greatly affect ra-
diative transfer at much smaller field strengths. A “vacuum res-
onance” arises when the contributions from the plasma and vac-
uum polarization to the dielectric tensor “compensate” each other
(Gnedin et al. 1978; Meszaros & Ventura 1979; Pavlov & Gnedin
1984; Lai & Ho 2002,2003a,b). Consider x-ray photons propagat-
ing in a magnetized plasma that characterizes NS atmospheres.
There are two polarization modes: the ordinary mode (O-mode)
is mostly polarized parallel to the k-B plane, while the extraordi-
nary mode (X-mode) is mostly polarized perpendicular to the k-B
plane, where k is the photon wave vector and B is the external
magnetic field (e.g. Meszaros 1992). This description of normal
modes applies under typical conditions, except near the vacuum
resonance. Throughout the paper, we assume the photon energy E

satisfies ue = (EBe/E)2 � 1 and EBi/E ⌧ 1, where EBe =
~eB/(mec) = 1158B14 keV and EBi = 0.63(Z/A)B14 keV are
the electron and ion cyclotron energies, respectively In the xyz co-
ordinates with k along the z-axis and B in the x-z plane (such that
B̂⇥ k̂ = sin ✓kBŷ (where ✓kB is the angle between k and B), we
write the transverse (xy) electric field of the mode as E / (iK, 1).
The mode ellipticity K is given by

K± = � ±
p

�2 + 1, (1)

where

� ' u
1/2
e sin2

✓kB

2 cos ✓kB

✓
1� ⇢V

⇢

◆
. (2)

For a photon of energy E, the vacuum resonance density is given
by

⇢V ' 0.964Y �1
e B

2
14E

2
1f

�2 g cm�3 (3)

where Ye = hZ/Ai is the electron fraction, E1 = E/(1 keV),
and f = f(B) is a slowly varying function of B and is of or-
der unity (f = 1 for B ⌧ BQ, f ' 0.991 at B14 = 1 and
f ! (B/5BQ)

1/2 for B � BQ; see Potekhin et al. 2004 for
a general fitting formula). For ⇢ > ⇢V (where the plasma effect
dominates the dielectric tensor) and ⇢ < ⇢V (where vacuum po-
larization dominates), the photon modes (for typical ✓kB 6= 0) are
almost linearly polarized; near ⇢ = ⇢V , however, the normal modes
become circularly polarized as a result of the “cancellation” of the

O-mode

O-mode

X-mode
X-mode

Figure 1. The polarization ellipticity of the photon mode as a function of
density near the and vacuum resonance. The two curves correspond to the
(+) and (-) modes. In this example, the parameters are B = 10

14G, E =

5 keV, and ✓kB = 30
�. The ellipticity of a mode is specified by the ratio

K = �iEx/Ey , where Ex (Ey) is the photon’s electric field component
along (perpendicular to) the k-B plane. The O-mode is characterized by
|K| � 1, and the X-mode |K| ⌧ 1.

plasma and vacuum effects (see Fig. 1). The half-width of the vac-
uum resonance (defined by |�| < 1) is

✏ ⌘ �⇢

⇢V
=

2 cos ✓kB

u
1/2
e sin2

✓kB

. (4)

When a photon propagates in an inhomogeneous medium,
its polarization state will evolve adiabatically (i.e. following the
K+ or K� curve in Fig. 1) if the density variation is sufficiently
gentle. Thus, a X-mode (O-mode) photon will be converted into
the O-mode (X-mode) as it traverses the vacuum resonance, with
its polarization ellipse rotated by 90� (Fig. 1). This resonant mode
conversion is analogous to the Mikheyev-Smirnov-Wolfenstein
neutrino oscillation that takes place in the Sun (e.g. Haxton 1995;
Bahcall et al. 2003). For this conversion to be effective, the adia-
batic condition must be satisfied (Lai & Ho 2002)

E & Ead = 2.52
�
f tan ✓kB

�2/3
✓
1 cm
H⇢

◆1/3

keV, (5)

where H⇢ = |ds/d ln ⇢| is the density scale height (evaluated at
⇢ = ⇢V ) along the ray. In general, the probability for non-adiabatic
“jump” is given by

PJ = exp


�⇡

2

⇣
E

Ead

⌘3
�
. (6)

The mode conversion probability is (1� PJ).

CALCULATION OF POLARIZED EMISSION

To quantitatively compute the observed polarized X-ray emission
from a magnetic NS, it is necessary to add up emissions from all
surface patches of the star, taking account of beaming/anisotropy
due to magnetic fields and light bending due to general relativity
(e.g. Lai & Ho 2003a; van Adelsberg & Lai 2006; Zane & Tur-
olla 2006; Shabaltas & Lai 2012; Taverna et al. 2020; Caiazzo et

Don Lai (2022)

Vacuum

Plasma
Assume:

No mode conversion for 
E < Ead

Mode conversion for 
E > Ead

Density of atmosphere (e + ions)
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Don Lai (2022)

Strong magnetic field case
IXPE Detection of Polarized X-rays from Magnetar and Photon Mode Conversion at QED Vacuum Resonance 5
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Figure 4. Same as Fig. 3, except for the B & BOV regime (⇢V > ⇢O), in
which the emergent radiation is always dominated by X-mode for all E’s.

Results

To compute the polarized radiation spectrum emergent from a
NS atmosphere patch using the method presented above (Eq. 12
with Eqs. 13-14 or with Eqs. 15-16), we need to know the atmo-
sphere temperature profile T (y). This can only be obtained by self-
consistent atmosphere modeling, which has only been done for a
small number of cases (in terms of the local Ts, B and composi-
tion). Here, to explore the effect of different B and compositions,
we consider two approximate models:

• Model (i): We use the profile TH(y) for the Ts = 5 ⇥
106 K H atmosphere model with a vertical field B = 1014 G (van
Adelsberg & Lai 2006; this model correctly treats the partial model
conversion effect), and re-scale it to take account of the modifica-
tion of the free-free opacity for different Z, A (so that the re-scaled
profile yields the same effective surface temperature Ts):

T (y) =
⇣
2µZ3

/A
2
⌘1/8.5

TH(y). (35)

• Model (ii): We use a smooth (monotonic) fit to the TH

profile, given by

log10 TH(y) = 0.11 + 0.147
⇥
log10(0.4y) + 3

⇤
, (36)

and then apply Eq. (35) for re-scaling.
Figures 5-6 show a sample of our results for the polarization

degree of the emergent radiation, defined by

PL ⌘ IX,e � IO,e

IX,e + IO,e

. (37)

We see that for the H and He atmospheres (Fig. 5), PL transi-
tions from being positive at low E’s to negative at high E’s for
B14 . 0.5, in agreement with the critical field estimate (Eq. 27).
The transition energy (where PL = 0) is approximately given by
Ead, and has the scaling Ead / (µ tan2

✓B)
1/3, where ✓B is the

angle between the surface B and the surface normal (see Eq. 5). To
obtain a transition energy of 4 � 5 keV (as observed for 4U 0142)
would require most of the emission comes from the surface region
with ✓B & 70�.

On the other hand, for a partially ionized heavy-element
atmosphere (such that µ/Z is much larger than unity), the critical
field BOV can be increased (see Eq. 27). Figure 6 shows that at

Figure 5. Polarization degree PL (defined by Eq. 37) of the emergent radi-
ation normal to the surface as a function of the photon energy E for H and
He atmospheres with different magnetic field strengths and directions (✓B ,
the angle between the surface B and the surface normal vector). All results
are based on the temperature profile Model (ii).

B14 = 1, a Z = 2, A = 56 atmosphere can have a sign change in
PL around E ⇠ 3� 5 keV (depending on the ✓B value.

To determine the observed polarization signal, we must
consider the propagation of polarized radiation in the NS magne-
tosphere, whose dielectric property in the X-ray band is dominated
by vacuum polarization (Heyl et al. 2003). As a photon propagates
from the NS surface through the magnetosphere, its polarization
state evolves following the varying magnetic field it experiences,
up to the “polarization-limiting radius” rpl, beyond which the po-
larization state is frozen. It is convenient to set up a fixed coor-
dinate system XY Z, where the Z-axis is along the line-of-sight
and the X-axis lies in the plane spanned by the Z-axis and ⌦
(the NS spin angular velocity vector). The polarization-limiting ra-
dius rpl is determined by the condition �k = 2|d�B/ds|, where
�k = |kX � kO| is the difference in the wavenumbers of the two
photon modes, and �B(s) is the azimuthal angle of the magnetic
field along the ray (s measures the distance along the ray). For a NS
with surafce dipole field Bd and spin frequency ⌫ = ⌦/(2⇡), we
have (van Adelsberg & Lai 2006) rpl/R ⇠ 150 (E1B

2
d,14/⌫1)

1/6,
where Bd,14 = Bd/(10

14 G) and ⌫1 = ⌫/Hz. Note that since
R ⌧ rpl ⌧ rl [with rl = c/⌦ the light-cylinder radius), only
the dipole field determines rpl. Regardless of the surface mag-
netic field structure, the radiation emerging from most atmosphere
patches with mode intensities IX,e and IO,e evolves adiabatically
in the magnetosphere such that the radiation at r > rpl consists
of approxiamtely the same IX,e amd IO,e, with a small mixture
of circular polarization generated around rpl (van Adelsberg & Lai
2006). The exception occurs for those rays that encounter the quasi-

4 Lai

It is easy to see that Eq. (17) together with Eq. (13) (the first proce-
dure) and Eq. (15) with Eqs. (19)-(20) (the second procedure) yield
the same emergent IX,e.

Decoupling densities and Critical Field

Before presenting our sample results, it is useful to estimate pho-
ton decoupling densities for different modes and the condition for
polarization swing.

When the vacuum polarization effect is neglected (⇢V =
0), |�| � 1 at all densities (for typical ✓kB’s not too close to 0),
the ⇠-factors for the O-mode (|K| � 1) and for the X-mode (with
|K| ⌧ 1) are

⇠O ' sin2
✓kB, ⇠X ' 1

ue sin2
✓kB

. (21)

The decoupling locations of the O-mode and X-mode photons are
determined by the condition

Z
yO,X

0

O,X

dy
cos↵

= 2/3. (22)

The corresponding decoupling densities can be estimated as

⇢O = ⇠
�1/2
O

⇢0, (23)

⇢X = ⇠
�1/2
X

⇢0, (24)

where the “zero-field” decoupling density is

⇢0 ' 0.59

✓
µg2 cos↵

G

◆1/2✓
E1

Z

◆3/2✓
A

T
1/4
6

◆
g cm�3

. (25)

The effect of the vacuum resonance on the radiative transfer
depends qualitatively on the ratios ⇢V /⇢O and ⇢V /⇢X , given by

⇢V

⇢O
=

✓
B

BOV

◆2

,
⇢V

⇢X
=

B

BXV
, (26)

where

BOV = 7.8⇥1013
✓

µg2 cos↵

ZGE1 sin2
✓kB

◆1/4 
f

T
1/8
6

!
G, (27)

BXV = 7.1⇥1016
✓
µg2 cos↵
ZGE3

1

◆1/2 
f
2 sin ✓kB

T
1/4
6

!
G. (28)

Clearly, the condition B ⌧ BXV or ⇢V ⌧ ⇢X is satisfied for
almost all relevant NS parameters of interest, while BOV defines
the critical field strength for the 90� polarization swing (see Figs. 3-
4): If B . BOV, the emergent radiation is dominated by the X-
mode for E . Ead and by the O-mode for E & Ead; if B & BOV,
the X-mode is dominant for all E’s.

We can quantify the role of BOV more precisely by estimat-
ing how vacuum resonance affects the photon decoupling densities.
In the limit of no mode conversion (i.e. E ⌧ Ead), it is appropri-
ate to consider the transport of X-mode and O-mode, with the mode
opacities modified around the vacuum resonance (see Fig. 2). The
O-mode opacity has a dip near ⇢ = ⇢V (where ⇠ ' sin2

✓kB/2),
and since the resonance width �⇢/⇢V ⌧ 1, the decoupling density
⇢O0 is almost unchanged from the no-vacuum value, i.e. ⇢O0 ' ⇢O .
On the other hand, the X-mode opacity has a large spike at ⇢ = ⇢V

(where ⇠ = sin2
✓kB/2) compared to the off-resonance value

(⇠ ⇠ u
�1
e ). The X-mode optical depth across the resonance (from

⇢V ��⇢ to ⇢V +�⇢) is of order �⌧V ⇠ ✏(⇢V /⇢O)
2, where ✏ is

!!

!"
!#

!!

!"
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E & Ead

Figure 3. A schematic diagram illustrating how vacuum resonance affects
the polarization state of the emergent radiation from a magnetized NS atmo-
sphere. This diagram applies to the B . BOV regime so that the vacuum
resonance density ⇢V is less than the O-mode decoupling density ⇢O . For
E . Ead, the photon evolves nonadiabatically across the vacuum reso-
nance (for ✓kB not too close to 0), thus the emergent radiation is dominated
by the X-mode. For E & Ead, the photon evolves adiabatically, with its
plane of polarization rotating by 90� across the vacuum resonance, and thus
the emergent radiation is dominated by the O-mode. The plane of linear po-
larization at low energies is therefore perpendicular to that at high energies.

given by Eq. (4). Thus the modified X-mode decoupling density is
⇢X0 ' ⇢V for �⌧V & 1 and

⇢X0 ⇠ ⇢X

h
1� ✏

�
⇢V /⇢O

�2i1/2 (29)

for �⌧V . 1.
In the limit of complete mode conversion (i.e. E � Ead),

it is appropriate to consider the transport of (+)-mode and (�)-
mode, with the mode opacities exhibiting a discontinuity at ⇢ = ⇢V

(see Fig. 2). The (+)-mode decoupling density ⇢+ is given by

⇢
2
+ ' ⇢

2
O +

✓
1 +

⇠X

⇠O

◆
⇢
2
V ' ⇢

2
O + ⇢

2
V . (30)

The (�)-mode decoupling density ⇢� is only affected by the vac-
uum resonance if ⇢O > ⇢V . Thus

⇢� = ⇢O for ⇢O < ⇢V (31)

and

⇢
2
� = ⇢

2
V +

⇠O

⇠X

⇣
⇢
2
O � ⇢

2
V

⌘
for ⇢O > ⇢V (32)

For general E’s with partial mode conversion, the emergent
mode intensities are approximately given by

IO,e ' 1
2
PJB⌫(⇢O) +

1
2
(1� PJ)B⌫(⇢�), (33)

IX,e ' 1
2
PJB⌫(⇢X0)PJ +

1
2
(1� PJ)B⌫(⇢+), (34)

where (for example) B⌫(⇢O) is the Planck function evaluated at
⇢ = ⇢O . These results are schematically depicted in Figs. 3-4.

Small magnetic field case
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Various Chiral Effects

j ∝ μ5BChiral Magnetic Effect

Chiral Separation Effect jA ∝ μB
Chiral Vortical Effect j ∝ μ2ω jA ∝ μμ5ω

Many discussions for the supernovae (Yamamoto), 
the proto-neutron star (neutrino emission), etc.

Electric Current

Spin Polarization

No experimental evidence in the nuclear physics… 
Even the magnetic field has not been detected…
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Various Chiral Effects

What if  and  coexist?B ω
Δq = CB ⋅ ω
Hattori-Yin (2016)

B

electron positron

spin spin

If  is sufficiently strong:B
Fukushima-Hattori-Mameda (2025)
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⌦

+ + +

Δq = − CB ⋅ ω → Δp = − CμB ⋅ ω

ΔJ ∼ − CμB

ΔM ∼ − Cμω

Opposite!?
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Summary

Neutron Star is the astro-nuclear laboratory for 
dense QCD matter. 

Difficult to combine the heavy-ion collision data, 
but we can still learn the lessons. 

Unknowns — Peak or monotonic rise in the speed 
velocity?  Condensate from the trace anomaly more 
quantified?  HIC unseen chiral effects detectable?  
Definition of quark matter?  (How to define 
deconfined matter is more nontrivial than 
confinement…)
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