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Oscillations of NS
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, * Radial oscillation (I=0): E = W'(r)el" W = 27U + —
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Observation of Oscillations
of NS

Direct observation:
1. BNS merger remnant
matter motion) 2. Core-collapse SNe

3. Star quake (glitches)
4. NS close encounter

spacetime variation

gravitational wave radiation

Indirect observation:

Binary NS inspiring

Orbital angular momentum transfer

gravitational wave form information

Instrument:
Comic Explorer (US)
Einstein Telescope (Europe)



Gravitational radiation of
NS oscillation

The amplitude of observed oscillations is

. 1
h(f) = hye " cos wt A(Ne'™ w=2av+ —
T
The observed GW energy flux is
3 2h2 2 h 2
F@) = T T T L 0 ergs cm—2s-!
162G kHz 10-22
The total GW energy is
c>w?hitD? w0 V ? hy ? T D ’
8G kHz 10—23 0.1s 15 Mpc
supernovae remnant: 10°44-10/747 ergs D < 20 kpc D < 200 kpc
A few per century
merger remnant: 10751-10752 ergs D 520-45Mpc D 5 200 - 450 Mpc

0.06-4 per year
aLIGO 3G



* Classical di/namic tidal Lagrangian:

Dynamic Tidal deformability from NS merger
— [Ql]Qlj . a)ZQl]Ql]] . lg Qij
T dw? f 2V

where El-j = dideI) is the tidal field, -

and Q,;is the quadrupole moments: Q¥(¢) = J p(r) [xi 5]{(r) + x/ cfjﬁ(r) d’r

e Replacing the static (adiabatic) tidal assumption —/lelj(t) = Q1) with the EOM of &y .
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Dynamical tidal effect of GW170817
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e 90% credible interval of f-mode frequency for GW170817:
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Oscillation modes
A(V)ela)t a)=27w+l

Standing sound wave of order n:
dp [+ Dn
2 ~ k2 I — \/

de 27R

n=0 f-mode (fundamental)
n=1 p-mode (pressure)

Pressure supported
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f-mode with Hybrid and Quark EOS
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f-mode universal relations
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1. Q, — A is slightly weaker than Q — I

2. Qf is close related to compactness [

Zhao & Lattimer 2022

| Q= (0.887 £ 0.061) 5> Quark star

| Q; = (0.714 £ 0.056) >™* Hadronic & hybrid NS
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f-mode vs p-mode oscillations
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Oscillation modes
A(r)elwt a)=27w+l

| Standing sound wave of order n:
\/ I[(l+ 1)n
de ~ 27R Gravity & mterface

Pressure supported

Stratified fluid in uniform gravity g: —
2 _ (e, —e_)gk

e, /tanh(kd, ) + e_/tanh(kd_) ;
Discontinuity g-mode (interface gravity mode)
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Discontinuity g-mode

First order transition p A
E
02 ~ B(M./M)(R/R,)*(Aele,)D tanh[D]
¢~ T+ Ae/e, + tanh[D]/tanh[DR/R, — 1)] \Qg‘
R, M, Ac (o

Qgis sensitive to structure factors, —, —,
R M ¢

Contour of I/g(nt, A, CSZ )| m=m, Hz

X
\\
Ae
— — S C <
&
Np

Dotted: Chrial EFT
Uncertanty 5%

Dashed:
maximum mass

Frequency: v, < (.8 (1.5) kHz for cS2 = c?/3 (c?) Zhao & Lattimer 2022

Damping time: 7 > 100 (10000) s
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Oscillation modes
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Gravity & x gradient
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Chemical g-mode (gravity with composition gradient)

.-}
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g-mode

: : _ Ambient environment:
Adiabatic (de)compression:

e—de,p—dp Gravity field g’

E, P
e Mechanical equilibrium: p—0p=p—dp

e Gravity as recovering: €—o0e>¢€—de
op _ dp
: . a2 .2
Gravity & x gradient Non-convecting(stable): ¢, = —58 > _de = Cqq
. g - oq-1 S - =1
| > _ dp | de 2 _ 9P| %
Coy = c. =
dr | dr on on
e LI g L
l’lp nCI
Buoyancy oscillation in uniform gravity g:{x} = {——.5,...]
g Np
5 5 g de — O¢ g (0e\ dx 5, 1 1
e R N A )
AFRONAUTS € r € \ox/ ar Coqg  Cad

Chemical g-mode (gravity with composition gradient)
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Hadronic: ZL  First-order: Gibbs
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Hadronic: ZL  First-order: Gibbs

Compositional g-mode universal relation
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Compositional g-mode universal relation

Hadronic: ZL  First-order: Gibbs Crossover: KW
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Vg (kHZz)

Discontinuity g-mode

as special Compositional g-mode

* Quark-hadron surface tension increases with g:
9=0 (Gibbs transition with continuous transition)
g=1 (Maxwell transition with density discontinuity)
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Constantinou, Zhao, Han, Prakash 2023
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Between Maxwell & Gibbs

Extend to finite temperature

* Relativistic Fermi integrals,
JEL polynomials.

* Introduce anti-particles as,

//ts— — = /’ts+

* Add photon contribution,

4
8ph0t0n o I

120 L B e o B LEmam o
I quark phase ZL"'\.’I.V”T ]
100 B-equilibrium._
‘ SNESET -l
-hadronic ’§7’§\:\;i\;::11~\ \\\\\
80T phase SRR I ]
I N NSNS SN S
'« NSNS .
N \. .\..\.\\.\\\\\\\\\\\ \\
B . NN SOON NN -
°0 i g= 0(G) N, \\\\ RN
[ =0.2 \‘ N\ \\\ NN N AN
i g ' \ \ \\\ NN N
40__ — g=0.4 \ \ \\\ R ]
—— g=0.6 \ \ \_\_\ VAN N
i . \ \ \_\_\ VOV
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QOO 750 1000 1250 1500 1750 2000

u (MeV

)

Preliminary: arXiv: 25XX.XXXXX
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Between Maxwell & Gibbs

Extend to off-f-equilibrium:

Y.=01 T=10MeV 75=0.3

Y.=01 T=50MeV n=03

* Ignore f-equilibrium i ’“’”’” T P o i
condition, = R =
Ha= o+ 8leg+ (1= oG oo ! Y . i
tn =ty + 8y + L =Dphe e L ]l L e

0.25 0.5 0.76 1. 1.25 1.5 1.75

025 05 075 1. 1.256 1.5 1.75

* And replace it with, ng [

Y.=04 T=10MeV 75=0.3

np [fm™]

Y.=04 T=50MeV 7n=0.3

Ifle = nBYe — (1 — g)ne,G 1k /://:;:;: 1F

*
N --u

+g(fne,N + (1 _f)neaQ) 0.1-_§ ”////"//\ 0.1t

;..:
* The final EOS 1S, 0.01} 5 Il o0l
e =eng Y, T) ool L gonb_

025 05 075 1. 1.25 1.5 1.75

p p(”B’ ) ng [fm3]

0.25 0.5 0.75 1. 1.25 1.5 1.75

np [fm™]

Preliminary: arXiv: 25XX.XXXXX




Extend to off-f-equilibrium

Between Maxwell & Gibbs
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Dissipation from Bulk viscosity
de

— 2
Nucleon weak f-equilibrium at low neutrino opacity, r — Z: ( V- V)
v+p+e «<n (+N) V:atf
(N+)p+e - n+v .
leadsto8, =y, —p, —u =0,andx = — = x_ .
w = Fn = Hp ™ He ng €q Zhao, Rau, Haber, Harris,
Constantinou, Han 2025
off f-equilibrium, when x5 = x — x,,, ; RN DL
/15,u 104 : i - =
OXs = —, N l | O ]
p 10°ET23 Mev ! | 33
a(rn—d? - rp—>n) — 5 : A i—.__i_ T W
AT, np) = 10T N ST
do, <z I i 1 05 1
5M=O >~ 10 ] | | E ng (fm~3)
. | | }
oLF" : ! _
which can be linearized to: 10 X Mev: : — I%'\:gURMF?’
A % 107 “sobo ol 10PB-
O0Xs = — ¥Xs Y = — s e '
ng 0xs ™% 0.0 0.5 1.0

y represent impact of bulk viscosity. ng (fm~=3)



25

Dynamic sound speed
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Impact of bulk viscosity

: ' 'g'o'-rhég'e'-
i i E— -Moae 7
_5102 800_‘ — gz-modef
¢ ¢ o # e  5 I —— g3-mode |
o ~d101 L Re[wgy] Im[wy] |
DAL —~ 600 —= e Full GR -
o __100 = Im | — =-- COW“ng )
.................................................... =
_10—1
Re[wf] Tr
- mEEEa:s F ||GR . B
— = ZZT Cowiing 31072
T R -3
. =10
T (MeV)
e No impact to f-mode. e g-mode gets damped at larger T.

f-mode is semi divergence-free. Avoided crossing between g-modes.
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Gravitational wave observatory:
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ODEs of Non-radial Adiabatic Oscillation

Eigen value problem of even quasi-normal modes

(Inverse Cowling)
e Relativistic Cowling
approximation:
2 1st-order ODEs

or 1 2nd-order ODE
P. N. McDermott et. al. 1983

e Linearized Full GR:
4 1st ODEs (inside) Thorne, Kip S. 1967
1 2nd ODEs (outside)
Zhao, Constant

Zerilli’'s Eq Fackerell, Edward D. 1971
: : Jaikumar, Prakas
Lee Lindblom and Steven L. Detweiler 1983 https://arxiv.ora/abs/3902.01403

n limit for limit for

Take
' perturbation

se Cowling)

e Newtonian Cowling
approximation:

2 ODEs
Cowling, Thomas G 1941

e Newtonian: Cox, John P. 1980

2 1st ODEs + 1 2nd ODE
Analytical for some modes,
e.g. f-mode and interface g-mode
In stellar asteroseismology.
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Outside metric perturbation
(f Omode as example)
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FIG. 14. Metric perturbation amplitudes, fluid perturba-
tion amplitudes for non-radial oscillations with ¢ = 2 with
(dashed curves) and without (solid curves) the Cowling ap-
proximation, and static metric functions (dotted curves) in-
side a 1.4Mg NS computed with the Sly4 EOS [85]. Hy, H:
and K are in units of £, = 152.26 MeV fm 2, X is in units of
g2, and W, V, v and X are dimensionless. Only real parts of

the perturbation amplitudes are plotted. Zhao & Lattimer 2022
https://arxiv.org/abs/2204.03037
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Outside metric perturbation
(f-mode as example)
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Oscillations of NS in
simulation

* (Core-collapse SNe

e BNS merger remnant
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Isolated oscillation VS merger remnant
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S

e case of equal-mass mergers,
N Moss ) the peak frequency in

supramassive NSs is almost
equal to that of the non-
rotating f-mode frequency of
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mass as each of the merging
* Ng+2020 components
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One node branch

e | owest order pressure mode have zero node which is named
as f-mode (fundamental).

e However, in case of hybrid NS lowest order pressure mode
sometimes have one node due to strong density discontinuity.

e Stars with radial nodes in V only we refer to as 1-node |.

e hybrid stars have a radial node (zero) in the fluid and metric
perturbation amplitudes X, W, H_0, H_1, K (but not V, which,
however discontinuously changes sign) at a radius slightly
larger than the phase transition radius R_t. We will call this
type of behavior 1-node |l



One node branch

hadronic star 0-node hybrld star 1- node II

15 25¢
Xm Fig.12 _ _H"_ 5_XW 50_"? 20k —Ho— 5xW 100xB |
H, 10X Vooen 5+t | : Haf2 —10x V. 10+e ]
-K X 5xe’ { 15f verm mem A T
10} I — —K — X2 10xe¥ ]
M=0.741 My (0-node) 105_ .......................................................................... ]
| p=18.81 MeV fm—3 5F M=0.737 M, (1-node II)—
05 pc=20.43 MeV fm~3 ]
hybrid star with 1-node deviates o2 4 6 8 10 1
r (km) r (km)
away from f-I-love-Q relation R T T
S — . S — N — — t Xin Fig.12 —Hg—— 5xW 100 X B 1 b Xin Fig.12 —Hp—— 5x W 100 x
L X pc=p:=18.81 MeV fm~3 ] * hadronic 0-node | 20_- =4— Hy2—— 10X V.ol 10 =~ e | 20E' Hy/2—— =10 %X V....... 10+ e |
0.85F X Pc=30.92 MeV fm~> - hybrid 1-node Il - -K — X2 10xe” 1 15f -K — X2 10 x e’ 7
- X pc=33.59 MeV fm~> 3 e hybrid 1-node | 1 4 ]
B oo i __ ora Lrode ol hybrid star1-node Il ]
o V-OUf 39.64 MeV fm~3 ] . t
E X Pc= ev.im . ] M=0.724 Mg (1- node_3|l)- 5F M=0.727 M, (1-node ”)_
S0 75_ ] ° ] p=30.92 MeV fm 1 pc=33.59 MeV fm3
. [ X " xx 4 x x x \/- ; — ] 0: — i
I * X ] &( X . -
e ’ ) /\. ‘—5'—, [P /A B B RS S —_5:. 1 1 PR B [ B
0.70f N ] .. 1 o0 2 4 6 8 10 0 2 4 6 8 10
® 1 1 1 1 1 1 1 E 1 1 1 .l : r (km) r (km)
1.4 15 16 1.7 1.8 1.9 20 0.4 0.6 0.8 1.0 55 . ey 25 for e Pt e et e emree
vr (kHz) 7 (s) - Xin Fig.12 ——| —Ho—— 5xW 100 x B - Xin Fig.12 —— [Ho— 5x W 100 x B
T T T T T T T T T — L— T 20:- S— H1/2— 10X V....... 10+e/\ 20; — H1/2— 10X V........ 10+e/\ ]
/ 1 15} — —K — X/2 10 x e¥ 15F — K —— X2 10 x e¥ 1
\NZ e
F. Y \/ - \
C N ...\ nNvNYiIrf Tyt o o~ .
104t ] TRVED d I i | N— hybrid star‘1-node \. ..
[ 1 sf M=0.733 M, (1-node I) 5F =0.743 M, (1-node 1)1
< univers'al relation X =p,=18.81 MeV fm~3 | 0 0: |
* hadronic 0-node X pc 30.92 MeV fm~3 : - p.=36.49 MeV fm~3 g pc=39.64 MeV fm~3 ]
hybnd 1-node |l X Pc= 33.59 Mevfm—3 —5(; L N é PP & PR é . é PR .110, " _50' " é ‘11 " é — é " .110. .
hybrid 1-node | X pc=36.49 MeV fm~3 r (km) r (km)
hybrid 0-node X pc 39.64 MeV fm~3
103 P PPN BPUPEPEPEN EFE ST S S P I . PR—— . 1§} — 7T 77— 77— — T 40 ——7r————7— T T T T
14 15 16 1.7 18 19 2.0 0.4 0.6 0.8 1.0 I —Ho 5% W 50 x B8 [ M=1.400 M, (0-node)
vr (kHZ) Tt (S) i — Hy —10XV...... 10 + e [ pc=153.69 MeV fm~3
30:_—,/”// — Kk — X 10xe’ { 30f ]
I I \
20T M=1.000 M, (0-node) NN

Zhao & Lattimer 2022

10}

pc=82.27 MeV fm~3



https://arxiv.org/abs/2204.03037

Cowling Approximation in Compositional g-modes
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Compositional g-mode of
hadronic NS




Discontinuity g-mode of
hadronic NS
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