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From Quarks to Neutron Stars:
Insights from kHz gravitational waves

Yasufumi Kojima

Oscillation and 
deformation on neutron 

stars leading to GW 
detection



Constraints to EOS

Remarkable  development

• Maximum mass

• GR red shift of line

• GR light bending(NICER)

• GW (tidal deformability)

Mass-radius diagram of NS

Radius

Mass

Enoto & Yasutake (2021)  Butsuri in Japanese

Further constrains by GW in kHz 
band ?



General consideration

For 𝑓~ kHz GW from NS

𝑓−1~ ms dynamical timescale (<1ms) of NS

Dynamical aspect of NS        Static star with M and R  

However, amplitude  ℎ is small (rare chance) in high 𝑓 because ∆𝐹 ∝ (𝑓ℎ)2

kHz GW is challenging issue, important information if detected

Potential source except for binary NS in next GW astronomy

• Bursts 

Oscillations in PNS  /  Glitches   / Magnetar flares

• CGW

Deformation of (rapidly) rotating NS 



f-mode oscillation of NS

• Almost volume-preserving

Global oscillation of entire star

• Oscillation frequency   

• Damped by GW 

➔Efficient source of GW

However, how is it excited?
SN    Glitch Flare

Andersson & Kokkotas (1998)

𝑓 ∝ ( Τ𝐺𝑀 𝑅3) Τ1 2 ∝ ҧ𝜌 Τ1 2~1.5 − 3 kHz 

𝜏𝐺𝑊~ Τ𝑐5𝑅4 𝐺𝑀 3~0.1 − 0.5(< 1)𝑠𝑒𝑐

Quadrupole (l=2)

Relativistic, Massive, Compact

3.0kHz

1.5kHz

𝑓



Sotani & Takiwaki (22)

Various oscillations of PNS

spectrogram
pressure

buoyancy



Study including many physics

Oscillations are identified  in numerical simulation models

Sotani +(16,…) ; Muller+(13,..); Powell+(23,24,..);Morozova+(18,...) ;

Torres-Forne +(18,…); Cusinato+(25);

(1D) 2D/3D,    GR/Newton,    neutrino transport, Stellar models,

+ Rotation + magnetic field, ….

Typical values

𝐸𝐺𝑊~1046 − 1047 ≪ 𝐸𝑒𝑥~1051𝑒𝑟𝑔

ℎ𝐺𝑊~10−22 (d~10 kpc)



spectrogram Powell & Muller  (24)
15M_sun

No rotation
Torres-Forne+(22)

Sotani+(21)

Torres-Forne+(22)

With rotation

Broad width by mode splitting 

Nonrotating  ->  rigid rotation with Ω
𝑓0 → 𝑓 ≈ 𝑓0[1 + 𝑚( ΤΩ Ω𝐾) × 𝑐]

𝑚 = −𝑙, … + 𝑙 2𝑙 + 1

𝑐 ≈ 0.4 − 0.7 ( e.g. YK(93), Doneva+(13))

ΤΩ Ω𝐾 ~0.05 𝑇~1050 < 𝐸𝑒𝑥 ; Τ𝑇 𝑊 < 0.01



spectrogram

Powell & Muller  (23)
39M_sun  B_i =10^10G

Powell & Muller  (24)
15M_sun

No rotation
Torres-Forne+(22)

Sotani+(21)

Torres-Forne+(22)

With rotation

With magnetic field

Complicated behavior

Spin down by mag. Torque

Initial ang. Mom. 
𝐽0 = 1048 𝑔𝑐𝑚2 𝑠−1 → 4 − 5 × 1047

Extreme cases are 
interesting, but need 
more studies



M-R of NS

Lattimer& Prakash (2016) Physics Reports

Strange Quark Model

RXJ1856-3735
->   XDIM



YK& Sakata (2002)PTP

SQM

Frequency Decay time

NS

Relativistic, Massive, Compact

Gravitational bound object 
or

Quark -confinement

Almost mass 
independent

Frequency increases 
with  mass



Different compact object detected by GW 

✓Direct evidence: Oscillation frequency is not explained by any NS models

unclear excitation mechanism with large amplitude

✓Indirect evidence: Freq. distribution according to stellar mass because

 𝑓 depends on mass

Scenario in Wilson & Ho(2024)PRD     “f-mode oscillation induced by glitch 
𝐸𝑜𝑠𝑐 = 𝐸𝑔𝑙𝑖𝑡 = 𝐼ΩΔΩ~1040𝑒𝑟𝑔 is damped with 𝜏𝐺𝑊~0.1𝑠𝑒𝑐 “

ℎ0~10−23 @d=1kpc;    SNR~ℎ0 𝜏𝐺𝑊/2𝑆ℎ

Synthesized population from known pulsar and glitches catalogues



Gravitational waves from glitch-induced f -mode oscillations 
in quark and neutron stars

Wilson & Ho(2024)PRD: Synthesized population for NS (#10k) and 
QS(#10k) from known pulsars and glitches catalogues

NSQS I  Different 
distribution
scenario



Gravitational waves from glitch-induced f -mode oscillations 
in quark and neutron stars

Frequency hardly depends on mass in QS models

NS
QS

Small variation 

II Overlapping 
case



Different compact object detected by GW 

Scenario in Wilson & Ho(2024)PRD     “f-mode oscillation induced by glitch 
𝐸𝑜𝑠𝑐 = 𝐸𝑔𝑙𝑖𝑡 = 𝐼ΩΔΩ~1040𝑒𝑟𝑔 is damped with 𝜏𝐺𝑊~0.1𝑠𝑒𝑐 “

ℎ0~10−23 @d=1kpc;    SNR~ℎ0 𝜏𝐺𝑊/2𝑆ℎ

Synthesized population from known pulsar and glitches catalogues

Bimodal distribution  ->  Another type of compact star

However, optimistic estimate

✓Direct evidence: Oscillation frequency is not explained by any NS models

unclear excitation mechanism with large amplitude

✓Indirect evidence: Freq. distribution according to stellar mass because

 𝑓 depends on mass



Magnetar flare

Energetic event 𝐸𝐸𝑀~1046𝑒𝑟𝑔 e.g.,  Giant flare in 2004 SGR1806-20 

Magnetic energy  𝐸𝑔𝑟 ≈ 1053, 𝐸𝑚𝑎𝑔 ≈ 1048, 𝐸𝑟𝑜𝑡 ≈ 1045, 𝐸𝑡ℎ ≈ 1043𝑒𝑟𝑔, …

✓ QPO’s observed in  20-100 Hz       kHz (unclear ?)



SGR1806-20 Israel+ 2005

Peaks at  20, 30, 95Hz during 200-300s

𝐶𝑠 ≈ (𝜇/𝜌)1/2 ≈ 108𝑐𝑚/𝑠
𝑓 = 𝑇−1 ≈  [(𝑙 𝑙 + 1 − 2)1/2𝐶]/2𝜋𝑅

≈ 𝑎 × 10𝐻𝑧

Torsional shear oscillation in crust



Exploring flare

Torsional shear oscillation in solid crust (∆ Τ𝑟 𝑅 < 0.1)

<-> Constrain to NS model <->  K,L parameters of nuclear matter 

(∆ Τ𝑟 𝑅 decreases with increase of  Τ𝑀 𝑅 , 𝐿 )    (Rev. by Sotani 24)

Other modes e.g., f-modes excited? 

Energy of f-mode oscillation is   ~10−6𝐸𝑚𝑎𝑔~1040 erg , when flare is 
induced by release of internal magnetic energy (Levin+ 11)

Different origin?   Another scenario? 

➔ Solved only by observation (GW observation is important at the flare)

Ref   Δ𝐸 ≤ 7.7 × 1046𝑒𝑟𝑔 ; ℎ𝑟𝑚𝑠 ≤ 4.5 × 10−22𝐻𝑧−1/2, Giant Flare 04



GW source

Spin-down limit

Non-axisymmetric deformation of  rotating NS

ሶ𝐸𝐺𝑊 ∝ ℎ2 , 𝜀2 ≤ 𝐼Ω ሶΩ

ℎ = (16𝐺𝜋2/𝑐4)𝐼𝑧𝑧𝜀 𝑓𝑟𝑜𝑡
2 𝑑−1

Upper limit by GW (no signal) 



Current upper limit by GW

Many pulsars below spin-down limit

LVK O4a 2501.01495

ℎ = 8 × 10−26(𝜀/10−6)(𝑓/𝑘𝐻𝑧)2(𝑑/10𝑘𝑝𝑐)−1

ℎ𝑠𝑑 = 3 × 10−27(( ሶ𝑓/𝑓)−15)1/2(𝑑/10𝑘𝑝𝑐)−1

Milli Second Pulsars

Small spin-down limit

ℎ 𝜀



GW source

Spin-down limit

Non-axisymmetric deformation of  rotating NS

ℎ = (16𝐺𝜋2/𝑐4)𝐼𝑧𝑧𝜀 𝑓𝑟𝑜𝑡
2 𝑑−1

Upper limit by GW (no signal) 

Theoretical models to determine 𝜀 Non-isotropic stress is necessary

• Magnetic deformation/ thermal mountain

• Deformation is estimated by energy ratio to gravity

Magnetic deformation

Type-II superconductors

Sustained by solid crust

• Realistic formation (recent theoretical model)

𝜀~ Τ𝐸𝑚𝑎𝑔 𝐸𝑔𝑟 ~10−6 × ത𝐵15
2

~10−5 × (𝐻𝑐𝑟,16 𝐵𝑠15 )

𝜀 ≈ 10−7 𝐵𝑠,14
2

ሶ𝐸𝐺𝑊 ∝ ℎ2 , 𝜀2 ≤ 𝐼Ω ሶΩ



Deformation of magnetars
NS with intense mag. (> 1014 𝐺)

Precession observed in seven magnetars (Makishima + 2014,…)
4U 0142 + 61,1E 1841-045, 1E 1547-5408,SGR 1900 + 14,SGR 1806 −20,SGR 0501+4516,RXJ 1708-4009

Universal

Prolate shape  

 toroidal field ~1016 𝐺

or unknown mechanism to produce the shape

𝜀 = (𝐼1 − 𝐼3)/𝐼3~10−4

Makishima + (2024)



Detection in space DECIGO, BBO 

Pagliaro+ 2503.17087

𝜀~10−4

GWs from magnetars 
with a big deformation 
are expected, but the 
frequency is low



Evolution of newly 

borne NS 

EM GW

Hypothetical milli sec. NS

𝑓𝑠𝑝𝑖𝑛~𝑘𝐻𝑧 & 𝜀~10−4



Spin evolution

Angular momentum loss by GW and magnetic dipole 
𝐼Ω ሶΩ = −𝛽Ω4 − 𝛾Ω6

Magnetic dipole    𝛽 = 1

6𝑐3𝐵2 𝑅6 ;   Quadrupole GW radiation 𝛾 = 32𝐺

6𝑐5𝜀2 𝐼2

Parameters 𝐵 , 𝜀 and initial value Ω0 = 2𝜋𝑓0 (max. rotation)

Classical paper; 

Model of Crab PSR(born in 1054, discovered in 1968, Gunn & Ostriker 1969)

𝐵 = 5 × 1012𝐺 and 𝜀 = 4 × 10−4

Large number 𝜀 might inspire resonance-type experiment in the past, but 
was not correct;  current upper limit is  𝜀 < 6 × 10−6 O4 (2025)



Secular evolution

1year 10 102 1031monthA few days

“Crab”

GW+EM

EM

𝑓𝑠𝑝𝑖𝑛~ 10𝐻𝑧

𝑓𝑠𝑝𝑖𝑛 = 𝑘𝐻𝑧

𝑓𝐶𝑟𝑎𝑏~ 30𝐻𝑧

0.5k𝐻𝑧

EM only

Τ𝑓 𝑓0 = (1 + 𝑡/𝑡∗)−1/2

~𝑡−1/2 𝑡 ≫ 𝑡∗

𝑡∗ = 24𝐵12
−2 𝑦𝑟

Magnetar with 𝐵𝑑 = 1014 G

Magnetic torque dominates



𝑓𝑠𝑝𝑖𝑛 = 1𝑘𝐻𝑧

𝑓𝑠𝑝𝑖𝑛 = 500𝐻𝑧
𝑘𝐻𝑧 𝐺𝑊

1 day 1 week 𝐵 = 1014

week B & small 𝜀

𝜀 = 3 × 10−4

Early phase ( < a few days)

Within  three days, frequency decreases to half 
either 𝐵 > 9 × 1013𝐺 or  𝜀 > 4 × 10−4

ℎ0 𝜏 ~10−22𝐻𝑧−1/2    d=10Mpc
Or no signal for magnetar with small 𝜀

Origin of  𝐵 and 𝜀

When, How much?  



Summary 

Oscillations associated with CCSN,  glitches, 
magnetar flares and  rotating NS with non-
axisymmetric deformation are discussed

Many unsolved issues

kHz GW is challenging issue,  and provides 
valuable information

kHz GW
NS

GW astronomy
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