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« Covariant operationldfree unitary+ free state C=EIR TZ 5:
E(p) = trg[Vp @ aV']
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Symmetric state [V,U(9) ® Ug(9)] =0,Vg €EG

covariant unitary
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Message 1:
In compact Lie groups, the complete measure is the quantum geometric tensor.

R(Y = ¢) = sup {r >0|vi, QUi¥) >y ngi(¢)}

Message 2:
The main result includes the previous results and proves the Marvian-Sppekens conjecture.



Quantum Geometric Tensor (QGT)

Quantum geometric tensor (QGT): |E(A)) (A e R™) (XL T,
[P) == |E0)) ICHIFBQGTIE. UTEZERICEFEOMXmIIIL I — 75

0w = @ A= IDWD 10Y)  [a,p) = = 1E@)
A=0

)y —RELTHQGT :

dim G
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Ezonfza=2 VRRBU@) ICD2WT,  T[Y)DQGT] 1£1E(A) =U(g@)Y)& L TERER L 7RREEEICIT S 2QGT
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Symg(p) = {g € G|U(@)pU(g)T = p} EUTIREED [ERR] ZRDDE. LLFHKIZITD :
/

(1) If Symg () & Symg (), R > ) = 0. A

(I1) If Symg(¥) < Symg (), R > @) = sup{r = 01 vi, Q"o > 7 gUai(P}

where g; € G is a representative element of each connected component of G.
N In particular, if G is connected, then R - ¢) = sup{r = 0| Q¥ >r 9%} Y
[Koji Yamaguchi, Yosuke Mitsuhashi, Hiroyasu Tajima, arXiv:2411.04766]

UL, PIFOXLD(CUQ)DIHGEDERZBIRT D :

|

Our formulation for G = U(1) W

J
[ Consider unitary representations U(e®) = e and U’(e!?) = e’ of G = U(1) where 6 € [0,27). \

Since dim G = 1, the QGTs are scalars and given by Q¥ = Fy(H), Q¢ = Fe(H).
When ¢ and ¢ have the same periods, Sym¢(y) = Symg(¢). Therefore,

R(lp—>¢)=sup{r20|Q¢2rQ¢}=Tt/)(H)

N o) Y
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Symg(p) = {g € G|U(@)pU(g)T = p} EUTIREED [ERR] ZRDDE. LLFHKIZITD :
/

(1) If Symg () & Symg (), R > ) = 0. A

(I1) If Symg(¥) < Symg (), R > @) = sup{r = 01 vi, Q"o > 7 gUai(P}

where g; € G is a representative element of each connected component of G.
\ In particular, if G is connected, then R - ¢) = sup{r = 0| Q¥ >r 9%} y
[Koji Yamaguchi, Yosuke Mitsuhashi, Hiroyasu Tajima, arXiv:2411.04766]

EXlecrnd, LwhiwBMarvian-Sppekens conjecturez, a0 7 —& L THERT 5

The Marvian-Spekkens conjecture [I. Marvian PhD thesis (2012), I. Marvian and R. W. Spekkens, PRA 90, 014102 (2014).]

In RTA for a compact connected Lie group G, the conversion is reversible iff (i)-(iii) are satisfied:

(i) Symg (@) = Symg () (i) Ca() = R — p)Cq(d), where Cq() = %(XH,XV + XVXM>¢ - (Xu>¢(Xv)¢
(i) (YILIY) = R — $p)(pIL|p) for any L in a commutator subalg. spanned by i[X,, X,] for y,v =1,-,dimG
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Message 1:
In finite group, the iid conversion theory becomes trivial.
=»conversion rate becomes infinite in many cases

Message 2:
At the same time, when we consider the “exact” iid conversion, a non-trivial structure exists

Rex(p — o) :=sup{r|3No, VN > Ny, p®N £y o®LrN Iy,

In this case, the complete measure is{Ly(g) = —10g|TI‘[Ugllj]|}



Approximate transtformation to “uniform” state

 For a subgroup H c G, we define the “uniform” state |yn;x) With
the symmetry H as the state with the characteristic function:

1
X¢uni,H(g) = 4 0 (g ¢ H)

X,(g9):=tr[pU(g)]

Theorem 1. The i.i.d. state of [)®I¢IN can be approximately transformed to
the uniform state with the same symmetry Sym.(y) with an exponentially small error.




Uniform state can be transformed to any state

Theorem 2. From the uniform state with symmetry H, an arbitrary number of arbitrary states
1p)Y®M can be exactly obtained by G-cov. operation if H € Symg(¢).

+

Theorem 1. The i.i.d. state of |)®IGIN can be approximately transformed to
the uniform state with the same symmetry Sym.(y) with an exponentially small error.

Let G be an arbitrary finite group. 00 gSymG(l/J) c SymG(d))g

The approximate asymptotic conversion rate is given by RW -~ ¢) = {O Sym¢ () & Symg (¢p)



Characteristic Tunctions as complete
measure of exact iid conversion

Theorem 3. Forany g € G, Ly(g): = —log|xy(g)lis an asymmetry monotone, i.e.,

—COV.

S ¢ = Ly(9) = Ly(g)

Theorem 4. Exact conversion rate between two i.i.d. pure states is

' Ly (g)
Rexact (Y — @) = {geG\(%l;rrrllG(zp)) Ly(9) Symg (1) C Symg(¢) A Goo,p C Goo,y

0 otherwise

« Similar to the Lie-group case, the conversion rate is not determined by a single quantity but
by multiple quantities, {L(g)lg € G}

« |n general, the exact i.i.d. conversion is irreversible:

Rexact(l/) - ¢) 2 Rexact(@b - ¢)_1



non-iid theory for U(1) group (#1&/Z(7)
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Non-iidL>4~ > ) I8

9)7)I/></I\EE A CIE. LW 3B [EFIRANRT L
> hOE—(ICEKD T, non-iidDEGEHIERHR SN TLD

Ecost({ lpn)D — E({pn})
Edist({ lpn)}) =3 ({pn})

M. Hayashi, in IEEE International Symposium on Information Theory, 2003. Proceedings. 431. (2003).
G. Bowen and N. Datta, IEEE Transactions on Information Theory 54, 3677 (2008).

IAXRT b EHDHZWIE T A t°—
= lnf Smax(o-)
oc€B¢(p)
S({pn}) — hm hmsup Sh ax(pn) T :.= log rank(p)

-0 nooo = {o|D(p,0) < €}

Trace distance

SHp,}) = hm llmlnf Seiin(Pn) \

-0
? = Ssup Spin(0)

T gEBE(p) T
= —log|lplle



Information spectral QFI

T>9>20)LA> REGGICRSLY,  [max Fisher] KT min
Fisher] =R UL T. ©THB AT ~NLFisherlBEk2FRE LT

T({lpn}) — llm hmsup THElaX(l/JTl)

20 pnoow

F ({Pn}) = lim liminf Py, (1)

CDEN. non-iidCOEDHE URJgEQFIDEZ TR (CHRDD

Ccost({ll/)n») — ?({lpn})
Cdist({llpn)}) — E({lpn})
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