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Introduction

<latexit sha1_base64="H1Vw119eSocHO54TEG7TdTz7DpQ="></latexit>

Ee↵(r) = � ln[�V (r)r2/↵]

r
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V (r) ⇠ �↵
e�2m⇡r

r2
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(r & 1.0 fm)

Lyu et al, PRD106, 074507 (2022)
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N ��- eg, HAL results on            potential

<latexit sha1_base64="HUFYklLnjYWyFd0H64PuJsntDtc="></latexit>

m⇡ = 146.4MeV

・Two-pion exchange (TPE) potential in HAL

<latexit sha1_base64="BMcUX3JTvMWwP0b4O7j6T217QOU="></latexit>

D⇤�D
Lyu et al, PRL131, 161901 (2023)

plateau

<latexit sha1_base64="VQEnTKDQy5EdrPycQJgAoFhRdtI="></latexit>

N� cc̄

- Similar tail of                       
is found in

potential

<latexit sha1_base64="be936NIQNpLZbGnOSwY6t8AN6eI="></latexit>
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�
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V (r)

potential

Lyu et al, PLB 860, 139178 (2025)
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···
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V ⇠ e�2m⇡r/r2

Q: How to derive                    ?
<latexit sha1_base64="/BUZqtBEBIKhI0ztlUau50q4VNU="></latexit>
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[different from                              ]
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e�m�r/r
<latexit sha1_base64="djk1+iJ+/FDEhh1/cPEHktH3VFY="></latexit>

(m� ⇠ 2m⇡)
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Introduction
・Origin of TPE between hadrons

- Chiral symmetry breaking governs low-energy hadron interactions
- eg, nucleon Lagrangian w/ nonlinear rep. is systematically derived as

<latexit sha1_base64="0axqGkQbu1IWP5vBDd74ACn29dQ="></latexit>
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<latexit sha1_base64="be936NIQNpLZbGnOSwY6t8AN6eI="></latexit>

N
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- TPE diagrams naturally arise as higher order

<latexit sha1_base64="dFvReN2oPks+pVp4/wIu6SvzHJU="></latexit>

LN = N̄(i@ + ↵k)N �mN N̄N � gAN̄�5↵?N + · · ·
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Introduction
・Note on TPE

- eg, box diagram is NOT 2 particle irreducible (2PI) 
<latexit sha1_base64="be936NIQNpLZbGnOSwY6t8AN6eI="></latexit>

N

<latexit sha1_base64="be936NIQNpLZbGnOSwY6t8AN6eI="></latexit>

N

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡ <latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡ with OPE kernel <latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

: 2 particle Green function
<latexit sha1_base64="4TbpSyfaVW6xWLum8v5Z/U9+QNo="></latexit>

G

<latexit sha1_base64="oT+ocUi6oQmc6/O4hEGhqTcZZvs="></latexit>

V =

- Box diagrams are obtained at 2nd order scattering

We must be careful in resumming the diagrams to avoid double counting

<latexit sha1_base64="6pa0qxFCRlOIyxfj5R5i4s9MziY="></latexit>

= V GV

<latexit sha1_base64="hlqxvI77dMDWyGlupvFB72L4Bm0="></latexit>

3S1 � 3D1Coupled channel of                mixing

<latexit sha1_base64="UR2rBM7DtW+L5KEiBcdSUwplyYs="></latexit>
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S
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S
For        
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3S1

cf, Feshbach’s
effective theory

<latexit sha1_base64="CQAWeYcMw+73+FpBogX7btBkeWU="></latexit>
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Introduction

This talk

- Then I will explain the origin of the TPE potential tail
<latexit sha1_base64="ifSbj747+GB7YimTWCWfMcs31kw="></latexit>

V ⇠ e�2m⇡r/r2

- I will review how to compute the TPE diagrams following German group
eg, Kaiser-Brockmann-Weise, NPA 625, 758 (1997),

Brambilla-Krein-Castellà-Vairo, PRD 93, 054002 (2016)
Castellà-Krein, PRD 98, 014029 (2018) 

- Finally, I will also discuss the TPE potential in               system
<latexit sha1_base64="BMcUX3JTvMWwP0b4O7j6T217QOU="></latexit>

D⇤�D
<latexit sha1_base64="HUFYklLnjYWyFd0H64PuJsntDtc="></latexit>

m⇡ = 146.4MeV

plateau

Lyu et al, PRL131, 161901 (2023)
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Computation of potential
・Dispersion relation (DR)

- Potential           is derived from Fourier transformation of amplitude              (in NR limit)
<latexit sha1_base64="W0zcA1lkxStoQXApAuUMjalVRss="></latexit>

V (r)
→ not easy to see its analytic expression

<latexit sha1_base64="fiJhhoEOVnOQjPlsb4Jy0R9M/rk="></latexit>

M(q2)
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A
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B
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- Dispersion relation (DR) is useful when considering 2 particle exchange!
<latexit sha1_base64="DnivfmxA/q4Nu2p4MSFOx1vfp0Y="></latexit>

M(s) =
1
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Z

C
ds0
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s0 � s

<latexit sha1_base64="lY8l2q9wXRcr/mMZxedwiE1M1P0="></latexit>

=
1

⇡

Z 1

sth

ds0
ImM(s0)

s0 � s� i✏

<latexit sha1_base64="ZHblouxKT0tSw9MFLfEnYlYOTOM="></latexit>

=
1

2⇡i

Z 1

sth

ds0
M(s0 + i✏)�M(s0 � i✏)

s0 � s

<latexit sha1_base64="UpWHJnNh8kquhghiWAy324ycHJY="></latexit>

Re s

<latexit sha1_base64="gFn64W+Lyr0NWdOx2oUsRLLDZio="></latexit>

Im s

<latexit sha1_base64="yVn6w0JkGIr29QpiQSMo0FGCWdc="></latexit>sth

<latexit sha1_base64="hjGhtS8oaPxD3wbrvyLiEBCvMsE="></latexit>

s0<latexit sha1_base64="1QBHN682Gv7aVH2bUmB2dzATdb4="></latexit>⇥

<latexit sha1_base64="N+myrM0oZl1ieDWEK4NNRKXFIME="></latexit>

=
1

⇡

Z 1

sth

ds0ImM(s0)

Z
d3q

(2⇡)3
ei~q·~r

s0 + ~q 2 � i✏
<latexit sha1_base64="A+VLYyqP5END+7gllGu1GLpBEY0="></latexit>

=
1
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Z 1

sth

ds0e�
p
s0rImM(s0)

<latexit sha1_base64="eN2Macgs8kiyBxJfcdxUsxpq7Tk="></latexit>

(s ⌘ q2 with q0 = 0)

<latexit sha1_base64="Yc7nh6vqCAoqDEcMNDqA/oi86gg="></latexit>

(s = �~q 2)

when sufficiently suppressed at 
<latexit sha1_base64="bct0JxrXcMLYL+lO5xvtRUTZ0Io="></latexit>

|s0| ! 1

then

looks handleable!

(no pole elsewhere)

<latexit sha1_base64="TYSV7T6gBtNpLXDOG6jypOeFmxA="></latexit>
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Z
d3q

(2⇡)3
M(�~q 2)e�i~q·~r

<latexit sha1_base64="LGq7wOCx8NB16PG+B+oxjwpH1kw="></latexit>

sth = (ma +mb)
2
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Computation of potential
・Renormalization

- The integrand may not go zero fast:
<latexit sha1_base64="DnivfmxA/q4Nu2p4MSFOx1vfp0Y="></latexit>

M(s) =
1

2⇡i

Z

C
ds0
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- When
<latexit sha1_base64="McP9CBgF2phcwPqiyPAbzND+Gms="></latexit>

M(s0) ⇠ s00
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M(s0) ⇠ s01

→ logarithmic divergences

→ quadratic divergences

<latexit sha1_base64="ZFyeyng21posDYC/fKIcFv9cUWs="></latexit>

(s = q2)

- When

once-subtracted DR:

twice-subtracted DR:
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A
<latexit sha1_base64="2lc23l7VaKYTF46+oXaeiayehOs="></latexit>
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Ren. condition:
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Computation of potential

- When
<latexit sha1_base64="McP9CBgF2phcwPqiyPAbzND+Gms="></latexit>

M(s0) ⇠ s00

<latexit sha1_base64="UcYOQMMxQ0m8YTzBbaEUXE3AC+w="></latexit>

M(s0) ⇠ s01

→ logarithmic divergences

→ quadratic divergences

<latexit sha1_base64="ZFyeyng21posDYC/fKIcFv9cUWs="></latexit>

(s = q2)

- When

once-subtracted DR:

twice-subtracted DR:
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⇡
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M(s) = C1 +
s� s̄

⇡

Z 1

sth

ds0
ImM(s0)

(s0 � s̄)(s0 � s� i✏)
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M(s) = C1 + C2(s� s̄) +
(s� s̄)2

⇡

Z 1

sth

ds0
ImM(s0)

(s0 � s̄)2(s0 � s� i✏)

<latexit sha1_base64="91wuYcL3KCj7sRwYDVx1SlLYn2M="></latexit>

�3(r) after F.T.

<latexit sha1_base64="LzPrp4L0rf4pnrqw/jsMeBJXY8g="></latexit>
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1

⇡

Z 1
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ds0
ImM(s0)
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⇡
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sth

ds0
ImM(s0)
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+

1

⇡

Z 1

sth

ds0
ImM(s0)

s0 � s� i✏
<latexit sha1_base64="91wuYcL3KCj7sRwYDVx1SlLYn2M="></latexit>

�3(r) after F.T.

informa1on on large
is derived by those terms
→ focus on them

<latexit sha1_base64="tHCgwfbj7BkXKON7kJ+/2jcYprE="></latexit>r

<latexit sha1_base64="Sj8f7Niq1qkKt/G0o/9ZjKCA4Qk="></latexit>

~r2�3(r) after F.T.

<latexit sha1_base64="kummBAXWtm4pZZRvRoIYpN3JpKY="></latexit>

A
<latexit sha1_base64="2lc23l7VaKYTF46+oXaeiayehOs="></latexit>

B

<latexit sha1_base64="yzWJZNuoKQ7063YwydY14WE00Qo="></latexit>q
・Renormalization

- The integrand may not go zero fast:
<latexit sha1_base64="DnivfmxA/q4Nu2p4MSFOx1vfp0Y="></latexit>
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1

2⇡i

Z

C
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=
1
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×

doesn’t hold

(ren. independent)
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Computation of potential
・TPE potential

<latexit sha1_base64="Uok65lxnoii7dy1hfm2VgdzgzQE="></latexit>

V (r) =

Z
d3q

(2⇡)3
M(~q 2)e�i !qá!r

<latexit sha1_base64="N+myrM0oZl1ieDWEK4NNRKXFIME="></latexit>

=
1

⇡

Z 1
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Z
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(2⇡)3
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s0 + ~q 2 � i✏
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p
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(s = �~q 2)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="be936NIQNpLZbGnOSwY6t8AN6eI="></latexit>

N
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N
<latexit sha1_base64="be936NIQNpLZbGnOSwY6t8AN6eI="></latexit>

N
<latexit sha1_base64="be936NIQNpLZbGnOSwY6t8AN6eI="></latexit>

N

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="be936NIQNpLZbGnOSwY6t8AN6eI="></latexit>

N
<latexit sha1_base64="be936NIQNpLZbGnOSwY6t8AN6eI="></latexit>

N

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="be936NIQNpLZbGnOSwY6t8AN6eI="></latexit>

N
<latexit sha1_base64="be936NIQNpLZbGnOSwY6t8AN6eI="></latexit>

N

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡
<latexit sha1_base64="2ctn5cm3kP4ifYT7S+av/6yPqGc="></latexit>· · ·

- eg, for           system
<latexit sha1_base64="GhAi0Oixj3gtwFHOCK8PfgP1SY4="></latexit>

NN

cut cut cut cut

<latexit sha1_base64="wsu6s9/v0cD8BkbBJOsTOT/b3OA="></latexit>

(s! = µ2)

origin of in the exponent

<latexit sha1_base64="E3O+9JPTR13PstPaAvTQLay7T2g="></latexit>q1
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<latexit sha1_base64="YnxADZT5+gmtJygSBh0+NLPOdHo="></latexit>q4

<latexit sha1_base64="E0XeEOnzmAfgCNAAuk8STBt0exg="></latexit>

(q0
1 = q0

2 = q0
3 = q0

4 = 0)

<latexit sha1_base64="Du+i8obs540KMnE1llJ5pkml7EQ="></latexit>

V 2!
NN (r ) =

1
2! 2r

! !

2m !

dµ µ e" µr ImM (µ2)

<latexit sha1_base64="dW5oGaPyiR8gQ6pYYw/p1a53qHQ="></latexit>

2m! r
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TPE potential
・TPE potential in             system

<latexit sha1_base64="q6O/AdYfBaXQ7i6ouRSyQ+vJftc="></latexit>

N ! cøc Castellà-Krein, PRD 98, 014029 (2018) 

<latexit sha1_base64="be936NIQNpLZbGnOSwY6t8AN6eI="></latexit>

N

- The Lagrangian with chiral symmetry reads
<latexit sha1_base64="+VPEsmDkp5nQhClbdwIyLDeibms="></latexit>

G : algebra of SU(2)L ! SU(2)R
<latexit sha1_base64="NxAb3FxGnGBB5Kce6ftAFL1Q9+M="></latexit>

H : algebra of SU(2)L + R

<latexit sha1_base64="dqfTd4Zmjnp2H91P5qI3m4QfjH4="></latexit>

(! = cøc)

Note:     is iso-singlet
<latexit sha1_base64="zVN6HsMy702Nf1qKpDp6xqBBxhI="></latexit>

!

- scattering based on HBChPT is
<latexit sha1_base64="q6O/AdYfBaXQ7i6ouRSyQ+vJftc="></latexit>

N ! cøc

<latexit sha1_base64="dFvReN2oPks+pVp4/wIu6SvzHJU="></latexit>

LN = N̄(i@ + ↵k)N �mN N̄N � gAN̄�5↵?N + · · ·
<latexit sha1_base64="GgpL6qQKvIdyUtQPPMP3hKFlwn8="></latexit>

! ! ,µ =
1

2f !
" µ # + á á á! G" H

<latexit sha1_base64="Y+yjbmhJOk+2oU0WPDx0J+95iWw="></latexit>

! ! ,µ = !
i

8f 2
!

[" µ #, #] + á á á" H

<latexit sha1_base64="m6khVMjixLoGYJBqdE0ISZRqdmg="></latexit>

L ! ! N = f 2
" !   !

!
cd0! " 0

" " 0
" " # cdi ! " i

" " i
" " + cm m2

" !#+ "
"

<latexit sha1_base64="NstEkKKWeDoZg0t8D0yKRmAUH7w="></latexit>

! + = !
m2

!

4
" 2 + á á á

<latexit sha1_base64="oLz1+gA2NDbaXSQxNC8dR+RgQ1g="></latexit>

Dµ N = ( ! µ ! i " ! )N

<latexit sha1_base64="6jAKJGDTxf5ph4dCgAFNOX0Y7zg="></latexit>

di ! p2
<latexit sha1_base64="oHVv6erGtmy/Ee+o+SDmoHeDS2w="></latexit>

c0 ! p0
<latexit sha1_base64="oHVv6erGtmy/Ee+o+SDmoHeDS2w="></latexit>

c0 ! p0

<latexit sha1_base64="gWH9+obzvJvd0TTWwKFODRhhzgg="></latexit>

gA ! p1 <latexit sha1_base64="gWH9+obzvJvd0TTWwKFODRhhzgg="></latexit>

gA ! p1

<latexit sha1_base64="p+JyoJhOR4xKn/1w3d48dy9z/0I="></latexit>

loop ! p0

<latexit sha1_base64="zVN6HsMy702Nf1qKpDp6xqBBxhI="></latexit>

!

<latexit sha1_base64="qLgtKdoZ1E7i+nvFJECzZRv+0BA="></latexit>

! p1

<latexit sha1_base64="p+JyoJhOR4xKn/1w3d48dy9z/0I="></latexit>

loop ! p0

<latexit sha1_base64="gWH9+obzvJvd0TTWwKFODRhhzgg="></latexit>

gA ! p1
<latexit sha1_base64="gWH9+obzvJvd0TTWwKFODRhhzgg="></latexit>

gA ! p1

<latexit sha1_base64="snB/yXEuHXeuaUOjqVOaVw1b4V8="></latexit>

loop ! p! 1

<latexit sha1_base64="UU7M1yknGYutS0XmL8GkJiIXw9Y="></latexit>

O(p0)
<latexit sha1_base64="pGiG/SW5Bt/WPK0+jnrvHwL14yQ="></latexit>

O(p2) <latexit sha1_base64="+m46I1ATHQQzOJmfjagXzKKMHyo="></latexit>

O(p3)

<latexit sha1_base64="9JgbEP/zzt6GoxSl+ItdYOKhC7k="></latexit>

ci ! p2 <latexit sha1_base64="9JgbEP/zzt6GoxSl+ItdYOKhC7k="></latexit>

ci ! p2

vanish (isospin)

<latexit sha1_base64="Qp5LCgvNHbftOSbCWa5y8nvm/CM="></latexit>

=
i

v áp
<latexit sha1_base64="SH4oKPPgP27499FFmMxpUI8v9s8="></latexit>

=
i

p2 ! m2
!

covariant der.

<latexit sha1_base64="MQdV3bD1SvmBo+g9ffTHWM02Z74="></latexit>

[G! H , G! H ] " H
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TPE potential
・TPE potential in             system

<latexit sha1_base64="q6O/AdYfBaXQ7i6ouRSyQ+vJftc="></latexit>

N ! cøc Castellà-Krein, PRD 98, 014029 (2018) 

<latexit sha1_base64="be936NIQNpLZbGnOSwY6t8AN6eI="></latexit>

N

- The Lagrangian with chiral symmetry reads
<latexit sha1_base64="dqfTd4Zmjnp2H91P5qI3m4QfjH4="></latexit>

(! = cøc)

Note:     is iso-singlet
<latexit sha1_base64="zVN6HsMy702Nf1qKpDp6xqBBxhI="></latexit>

!

- scattering based on HBChPT is
<latexit sha1_base64="q6O/AdYfBaXQ7i6ouRSyQ+vJftc="></latexit>

N ! cøc

<latexit sha1_base64="dFvReN2oPks+pVp4/wIu6SvzHJU="></latexit>

LN = N̄(i@ + ↵k)N �mN N̄N � gAN̄�5↵?N + · · ·
<latexit sha1_base64="m6khVMjixLoGYJBqdE0ISZRqdmg="></latexit>

L ! ! N = f 2
" !   !

!
cd0! " 0

" " 0
" " # cdi ! " i

" " i
" " + cm m2

" !#+ "
"

<latexit sha1_base64="6jAKJGDTxf5ph4dCgAFNOX0Y7zg="></latexit>

di ! p2
<latexit sha1_base64="oHVv6erGtmy/Ee+o+SDmoHeDS2w="></latexit>

c0 ! p0
<latexit sha1_base64="oHVv6erGtmy/Ee+o+SDmoHeDS2w="></latexit>

c0 ! p0

<latexit sha1_base64="gWH9+obzvJvd0TTWwKFODRhhzgg="></latexit>

gA ! p1 <latexit sha1_base64="gWH9+obzvJvd0TTWwKFODRhhzgg="></latexit>

gA ! p1

<latexit sha1_base64="p+JyoJhOR4xKn/1w3d48dy9z/0I="></latexit>

loop ! p0

<latexit sha1_base64="zVN6HsMy702Nf1qKpDp6xqBBxhI="></latexit>

!

<latexit sha1_base64="qLgtKdoZ1E7i+nvFJECzZRv+0BA="></latexit>

! p1

<latexit sha1_base64="p+JyoJhOR4xKn/1w3d48dy9z/0I="></latexit>

loop ! p0

<latexit sha1_base64="gWH9+obzvJvd0TTWwKFODRhhzgg="></latexit>

gA ! p1
<latexit sha1_base64="gWH9+obzvJvd0TTWwKFODRhhzgg="></latexit>

gA ! p1

<latexit sha1_base64="snB/yXEuHXeuaUOjqVOaVw1b4V8="></latexit>

loop ! p! 1

<latexit sha1_base64="UU7M1yknGYutS0XmL8GkJiIXw9Y="></latexit>

O(p0)
<latexit sha1_base64="pGiG/SW5Bt/WPK0+jnrvHwL14yQ="></latexit>

O(p2) <latexit sha1_base64="+m46I1ATHQQzOJmfjagXzKKMHyo="></latexit>

O(p3)

<latexit sha1_base64="9JgbEP/zzt6GoxSl+ItdYOKhC7k="></latexit>

ci ! p2 <latexit sha1_base64="9JgbEP/zzt6GoxSl+ItdYOKhC7k="></latexit>

ci ! p2

vanish (isospin)

<latexit sha1_base64="Qp5LCgvNHbftOSbCWa5y8nvm/CM="></latexit>

=
i

v áp
<latexit sha1_base64="SH4oKPPgP27499FFmMxpUI8v9s8="></latexit>

=
i

p2 ! m2
!

TPE!
Let’s focus!

<latexit sha1_base64="+VPEsmDkp5nQhClbdwIyLDeibms="></latexit>

G : algebra of SU(2)L ! SU(2)R
<latexit sha1_base64="NxAb3FxGnGBB5Kce6ftAFL1Q9+M="></latexit>

H : algebra of SU(2)L + R

<latexit sha1_base64="GgpL6qQKvIdyUtQPPMP3hKFlwn8="></latexit>

! ! ,µ =
1

2f !
" µ # + á á á! G" H

<latexit sha1_base64="Y+yjbmhJOk+2oU0WPDx0J+95iWw="></latexit>

! ! ,µ = !
i

8f 2
!

[" µ #, #] + á á á" H

<latexit sha1_base64="NstEkKKWeDoZg0t8D0yKRmAUH7w="></latexit>

! + = !
m2

!

4
" 2 + á á á

<latexit sha1_base64="oLz1+gA2NDbaXSQxNC8dR+RgQ1g="></latexit>

Dµ N = ( ! µ ! i " ! )Ncovariant der.

<latexit sha1_base64="MQdV3bD1SvmBo+g9ffTHWM02Z74="></latexit>

[G! H , G! H ] " H
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TPE potential
・Computation of TPE potential in             system<latexit sha1_base64="q6O/AdYfBaXQ7i6ouRSyQ+vJftc="></latexit>

N ! cøc
Castellà-Krein, PRD 98, 014029 (2018) 

- Let us focus on      vertex

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡
<latexit sha1_base64="BY+K9FkbmnYJHAlz0qwi/41rzBI="></latexit>p

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡
<latexit sha1_base64="wPMuucVnE3YM0zxUSCVXFubFQeE="></latexit>

p!

<latexit sha1_base64="b8dq+6oWd0IRyuSaJYVfTc+11do="></latexit>

p!!

<latexit sha1_base64="3xQOV8OiA/ve7cP8C59OSNnwX2A="></latexit>

N (q1)

<latexit sha1_base64="krakwvviedB/z3fbEAN+2qwnavA="></latexit>

N (q3)

<latexit sha1_base64="6lDvXgtW+freytx5UMSu0molSu0="></latexit>

! (q2)

<latexit sha1_base64="Pu3+404mh+LqQie9oJhjbHVuB6g="></latexit>

! (q4)

<latexit sha1_base64="M4MF3GQmBGHVHuIUIXpRadXPTTs="></latexit>

p! = p + q
<latexit sha1_base64="/z51e8CINEY7Nz+o0HGL5tR+cmA="></latexit>

p!! = p + q1
<latexit sha1_base64="Dw1lrHoAnbeOCP38F5e7aJnT+zg="></latexit>q = q1 ! q3

<latexit sha1_base64="8p5mpLhPLTxoa4IhHU/8et5/v3k="></latexit>

[q0
1 = q0

2 = q0
3 = q0

4 = 0 , vµ = (1 ,!0)]

<latexit sha1_base64="Ns1ygd1ST92zKq6mEkok3NZpJvk="></latexit>

= !
3g2

A cdi

4f 2
!

! 1

0
dx

! !

0
d!

!
ddp

(2" )d

4(p áp")øu(q3)#5p"#5pu(q1)
[(p0 + ! )2 ! |$p + x$q|2 ! ! ")3

<latexit sha1_base64="C1J3qSqQo/4yCnTFDoHsJGe1cFU="></latexit>cdi

<latexit sha1_base64="C1J3qSqQo/4yCnTFDoHsJGe1cFU="></latexit>cdi
<latexit sha1_base64="9nAE0CUAudQQYMR2YxUXdzpFd0c="></latexit>gA

<latexit sha1_base64="9nAE0CUAudQQYMR2YxUXdzpFd0c="></latexit>gA

with
<latexit sha1_base64="9BerFex28fqmU2SC0G+Tv/2uPug="></latexit>

! ! = ! 2 + m2
! ! x(1 ! x)q2 ! i "

<latexit sha1_base64="z1v5aRJzdkFg/IgxQDiZLnWlh5Y="></latexit>

+4
! 1

0
dx

! !

0
d!

1
(4" )2

(! " ! m2
! )

2! "

"

+ á á á

<latexit sha1_base64="Bkg9nC4gr87CNnGkkytyZ795O6w="></latexit>

(q0 = 0)

<latexit sha1_base64="CNj+/lcwLMLwxV2Q5VH+5NojlU0="></latexit>

+
1

8!

! 1

0
dx

! !

0
d" (! " ! m2

! )2#(! ")

"

<latexit sha1_base64="vSzKwrdrBo3sxTdpn558SdwETfw="></latexit>

q1u(q3) = øu(q3)q3 = 0
on-shell condition (HQET)

<latexit sha1_base64="GgihXzTMxyXaFIGKIe9c3UtScdk="></latexit>

! + =
!

(x ! x2)q2 ! m2
!

<latexit sha1_base64="K2TKVM1K7C8gBz9U592+UdvU/kA="></latexit>

x± =
1
2

±
1
2

!

1 !
4m2

!

q2with and

<latexit sha1_base64="8rCRskOT33CBXBmOy1bb4yggP0o="></latexit>

! iM cdi = !
3g2

A cdi

4f 2
!

!
ddp

(2! )d

(p áp!)øu(q3)" 5p!" 5pu(q1)
(p2 ! m2

! )(p!2 ! m2
! )(v áp!! )

<latexit sha1_base64="GM5mSEB8S1SjJ7y1JvK82kwhyhU="></latexit>

M cdi =
3g2

A cdi

4f 2
!

!

4
" 1

0
dx

" !

0
d!

3
(4" )2 ! "ln! " + 4

" 1

0
dx

" !

0
d!

1
(4" )2

#
12x2 ! 12x + 1

4
q2 + 3 ! 2

$
ln! "

<latexit sha1_base64="gt90R9WICqknwr4yWVv7/3iJL2I="></latexit>

Im[M cdi ] =
3g2

A cdi

4f 2
!

!

!
3

4!

" x +

x !

dx
" " +

0
d" ! ! !

1
4!

" x +

x !

dx
" " +

0
d"

#
12x2 ! 12x + 1

4
q2 + 3 " 2

$

<latexit sha1_base64="MdJyxCYTeKHH0uP8q1D1uXU0s/I="></latexit>

=
3g2

A cdi

4f 2
!

1
64

(s ! 2m2
! )2

"
s

<latexit sha1_base64="ZFyeyng21posDYC/fKIcFv9cUWs="></latexit>

(s = q2)
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TPE potential
・Computation of TPE potential in             system<latexit sha1_base64="q6O/AdYfBaXQ7i6ouRSyQ+vJftc="></latexit>

N ! cøc
Castellà-Krein, PRD 98, 014029 (2018) 

- Let us focus on      vertex

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡
<latexit sha1_base64="BY+K9FkbmnYJHAlz0qwi/41rzBI="></latexit>p

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡
<latexit sha1_base64="wPMuucVnE3YM0zxUSCVXFubFQeE="></latexit>

p!

<latexit sha1_base64="b8dq+6oWd0IRyuSaJYVfTc+11do="></latexit>

p!!

<latexit sha1_base64="3xQOV8OiA/ve7cP8C59OSNnwX2A="></latexit>

N (q1)

<latexit sha1_base64="krakwvviedB/z3fbEAN+2qwnavA="></latexit>

N (q3)

<latexit sha1_base64="6lDvXgtW+freytx5UMSu0molSu0="></latexit>

! (q2)

<latexit sha1_base64="Pu3+404mh+LqQie9oJhjbHVuB6g="></latexit>

! (q4)

<latexit sha1_base64="M4MF3GQmBGHVHuIUIXpRadXPTTs="></latexit>

p! = p + q
<latexit sha1_base64="/z51e8CINEY7Nz+o0HGL5tR+cmA="></latexit>

p!! = p + q1
<latexit sha1_base64="Dw1lrHoAnbeOCP38F5e7aJnT+zg="></latexit>q = q1 ! q3

<latexit sha1_base64="C1J3qSqQo/4yCnTFDoHsJGe1cFU="></latexit>cdi

<latexit sha1_base64="C1J3qSqQo/4yCnTFDoHsJGe1cFU="></latexit>cdi
<latexit sha1_base64="9nAE0CUAudQQYMR2YxUXdzpFd0c="></latexit>gA

<latexit sha1_base64="9nAE0CUAudQQYMR2YxUXdzpFd0c="></latexit>gA
<latexit sha1_base64="qs6cop36BBmoihiKkB0hQI7yC1s="></latexit>

V 2!
cdi

(r ) =
1

2! 2r

! !

2m !

dµ µ e" µr 3g2
A cdi

4f 2
!

1
64

(µ2 ! 2m2
! )2

µ

- The potential is derived to be

<latexit sha1_base64="26Fuc9Jntd2Azhp3fLlR0kiY67M="></latexit>

=
3g2

A cdi

128! 2f 2
! r 6 e! 2m ! r (6 + 12m! r + 10m2

! r 2 + 4m3
! r 3 + m4

! r 4)

<latexit sha1_base64="4jl1D24FoJlkehuR2bgz0u6QP+Y="></latexit>

V 2!
cdi

(r ) !
3g2

A cdi m4
!

128! 2f 2
!

e! 2m ! r

r 2

<latexit sha1_base64="NZszV4mUPDMXur0JCyCSm7Jxj5M="></latexit>

(r ! m! 1
! )

- The other vertexes are computed similarly 

- Note: In “Castellà-Krein” they start from the fully non-relativistic theory but the result is consistent 

I adopted HQET for nucleon

The detailed technique is different but it doesn’t matter (imaginary part is always well-defined)
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TPE potential
・More about the imaginary part

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="3xQOV8OiA/ve7cP8C59OSNnwX2A="></latexit>

N (q1)

<latexit sha1_base64="krakwvviedB/z3fbEAN+2qwnavA="></latexit>

N (q3)

<latexit sha1_base64="6lDvXgtW+freytx5UMSu0molSu0="></latexit>

! (q2)

<latexit sha1_base64="Pu3+404mh+LqQie9oJhjbHVuB6g="></latexit>

! (q4)

<latexit sha1_base64="C1J3qSqQo/4yCnTFDoHsJGe1cFU="></latexit>cdi
<latexit sha1_base64="9nAE0CUAudQQYMR2YxUXdzpFd0c="></latexit>gA

<latexit sha1_base64="9nAE0CUAudQQYMR2YxUXdzpFd0c="></latexit>gA

derived from

- Since always                       within the present HQET formalism, it looks never happened

- The imaginary part appears only when     exceeds a       threshold:

cut

<latexit sha1_base64="vCvyKX+WiDhQdNZqMZbK5wbNcs0="></latexit>

2!

- There is remnant contribution of                        which could exceed      threshold
<latexit sha1_base64="J8qLBNVF2oGQ9BYrOkJlUePOIBA="></latexit>

O(! QCD /m ! )
<latexit sha1_base64="vCvyKX+WiDhQdNZqMZbK5wbNcs0="></latexit>

2!

however

The “analytic continuation” is justified in this sense

<latexit sha1_base64="z1v5aRJzdkFg/IgxQDiZLnWlh5Y="></latexit>

+4
! 1

0
dx

! !

0
d!

1
(4" )2

(! " ! m2
! )

2! "

"

+ á á á

<latexit sha1_base64="GM5mSEB8S1SjJ7y1JvK82kwhyhU="></latexit>

M cdi =
3g2

A cdi

4f 2
!

!

4
" 1

0
dx

" !

0
d!

3
(4" )2 ! "ln! " + 4

" 1

0
dx

" !

0
d!

1
(4" )2

#
12x2 ! 12x + 1

4
q2 + 3 ! 2

$
ln! "

<latexit sha1_base64="e/reyqqtQw7EL93Jg52scksNEhc="></latexit>

Im[M cdi ] =
3g2

A cdi

4f 2
!

1
64

(s ! 2m2
! )2

"
s

<latexit sha1_base64="ZFyeyng21posDYC/fKIcFv9cUWs="></latexit>

(s = q2)

<latexit sha1_base64="Cy5XfiNXo2reUXy1JbCq9CWLaoE="></latexit>

! ! = ! 2 + m2
! ! x(1 ! x)s ! i "

!

<latexit sha1_base64="PLBld1LrWC8U0GvdJ5IihKoKXIw="></latexit>s
<latexit sha1_base64="y+Z5tarQvc/Bgi/Jci3W1uy+KD8="></latexit>

s ! 4m2
! > 0

<latexit sha1_base64="Hk0nqnt/4c5ltWcnaPA9IICBhOQ="></latexit>

s < 0 (q0 = 0)
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TPE potential
・More about the imaginary part

- The following formula holds
<latexit sha1_base64="9JPnnqxLuwYOQCNdVZXKLv2Cs10="></latexit>

1
2! 2r

! !

2m !

dµ µ e" µr µn =
(2m! )1+ n

2! 2

"
e" m ! r

r

# 2

+ á á á

The potential reads

- Thus, when the imaginary part is of the form
<latexit sha1_base64="bmsADu3vRCkYaQUMbHwU1e2ayNA="></latexit>

V 2! (r ) =
1

2! 2r

! !

2m !

dµ µ e" µr ImM (µ2)

<latexit sha1_base64="zQ13pp/fYaSjuvxH6axsvVM1Aw8="></latexit>

Im[M (s)] = Cn
!

s n + á á á
<latexit sha1_base64="HVY3GlJeYGRgOQehZEbcmM/fcV0="></latexit>

= Cn
(2m! )1+ n

2! 2

!
e! m ! r

r

" 2

+ á á á

- In relativistic computations, according to my (poor) experiences, typically the imaginary part becomes
<latexit sha1_base64="uYfG49gwPbKVZzZwrxZHxWCb+/c="></latexit>

Im[M (s)] =

!

1 !
4m2

!

s
" (series of

#
s)

which never leads to                  
<latexit sha1_base64="0gNR53LVeenm3uUwwFq9iyyg44A="></latexit>!
e! m ! r /r

"2

however

- Non-relativistic (or HQET) formalism may be important to get                  potential
<latexit sha1_base64="0gNR53LVeenm3uUwwFq9iyyg44A="></latexit>!
e! m ! r /r

"2

<latexit sha1_base64="qX/sMQ7XQ+ywlNzabiatRWq+Ad8="></latexit>

(n = ! 1, 0, 1, á á á)

<latexit sha1_base64="qX/sMQ7XQ+ywlNzabiatRWq+Ad8="></latexit>

(n = ! 1, 0, 1, á á á)
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<latexit sha1_base64="m0Jmqxo/R1V5CEAR6Uo6Q26uw3s="></latexit>

D

<latexit sha1_base64="pFY3bmJaf/rjZ+jVJDLxou/XRAw="></latexit>

D !

<latexit sha1_base64="DdvqVx5BoV3D88dW2sI11cmIZhg="></latexit>

(S wave, I = 0)

Let‘s consider TPE in D D* system

<latexit sha1_base64="HUFYklLnjYWyFd0H64PuJsntDtc="></latexit>

m⇡ = 146.4MeV

plateau

Lyu et al, PRL131, 161901 (2023)

<latexit sha1_base64="H1Vw119eSocHO54TEG7TdTz7DpQ="></latexit>

Ee↵(r) = � ln[�V (r)r2/↵]

r

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>!
<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>!
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TPE in D ‒ D* system
・Lagrangian for D and D* mesons

<latexit sha1_base64="1k91n7aFzaPu6KDvzsWSUUgKCJ8="></latexit>

L HMET = ! tr D [H (iv áD) øH ] + gtr D [H ! 5! µ " ! ,µ øH ]

<latexit sha1_base64="pVtzr6PLCkJSJFaKuMy001/1jY4="></latexit>

H =
1 + v

2
(i ! 5Dv + D !

v )

<latexit sha1_base64="jmo++oNIKVyFQH4wLksZCVtjowk="></latexit>

H ! SH with S " SU(2)h

<latexit sha1_base64="EvN+ljSWPVhRzDQKl9FbNoldod0="></latexit>

H ! Hh   with h(! (x), gR , gL ) " SU(2)V

- HMET formalism with the nonlinear realization:

<latexit sha1_base64="4Wjes3K5XqEpR0WkpmqoQD7ZIjs="></latexit>

= 2Dv (iv á! ) øDv ! 2D ! µ
v (iv á! ) øD !

v,µ
<latexit sha1_base64="JttDKN7xSZO3V6uqrZxzT6LFT7I="></latexit>

+
! abc

4f 2
!

(Dv )i vµ " µ #a#b($c)ij ( øDv )j !
! abc

4f 2
!

(D ! "
v )i vµ " µ #a#b($c)ij ( øD !

v, " )j

<latexit sha1_base64="pihoN7cqBeJQiVi9mxfMooWucM4="></latexit>

!
ig
f !

D ! µ
v ! µ " øDv +

ig
f !

Dv ! µ " øD ! µ
v !

ig
f !

#µ"#$ vµ D !
v, " ! #" øD !

v,$ + á á á
<latexit sha1_base64="5XFluj1cDovHRlJNEgFYDWSeWJs="></latexit>

↵µ
? ! h↵µ

?h
†

<latexit sha1_base64="8D9qsjqzB6F6kklhInIzQjGFfhI="></latexit>

↵µ
k ! h↵µ

kh
† � i@µhh†

<latexit sha1_base64="VFgtICJfoYVnzkGOJvqFN6j1Y2k="></latexit>

! ! ,µ =
1
2i

(" µ #R # 
R ! " µ #L # 

L ) =
1

2f !
" µ $

<latexit sha1_base64="jpw/UX+9GlKTf2RBZRF7ML4yNQc="></latexit>

! ! ,µ =
1
2i

(" µ #R # 
R + " µ #L # 

L ) = !
i

8f 2
!

[" µ $, $] + á á á

<latexit sha1_base64="LSYFxc2p3lANP6/8/4vgiJBPmRg="></latexit>

! R = !  
L = ei ! / 2f !

Transformation laws

[up to          ]

- At tree level

<latexit sha1_base64="Dfl+yq2Gt0g70V/Az69xLSRjCvQ="></latexit>

O(p1)

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)
<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="spq5FINT2MGKFGRLcgQjbC/iQ3g="></latexit>

D ! !
k (q3)

<latexit sha1_base64="p0ZpL8uZ0Tx0fJcOX4dWjvPm0y0="></latexit>

D l (q4)

<latexit sha1_base64="yzWJZNuoKQ7063YwydY14WE00Qo="></latexit>qlooks u-channel, but            state                                          yields
<latexit sha1_base64="A70wQiGY1xS9MLULafuoXhRGw7g="></latexit>

|! ! =
1

"
2

(|D, D ! ! # |D ! , D ! )

<latexit sha1_base64="clwLUtOkC1MXENV84k/JwYOn3k0="></latexit>

!D ! (q3), D (q4)|M 1! |D (q1), D ! (q2)"

<latexit sha1_base64="waBsnAaGLOn3cCgme2ClddzE1cQ="></latexit>

I = 0

OBE cannot be neglectedeg, <latexit sha1_base64="bIDq6mh0fgf/bO0gGTgPL4i3g8I="></latexit>

O(p0)

<latexit sha1_base64="tYspLwwgQrnI2BrihKii2c1sQmc="></latexit>

M 1!
kl,ij = ! (! a)ik (! a)jl

g2

f 2
!

("#! á"q)("# á"q)
"q2 + m2

!
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TPE in D ‒ D* system
・TPE diagrams

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)
<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="nCYY2bkIYZ4iLjne3tvrCs6iRas="></latexit>

D ! !
l (q4)

<latexit sha1_base64="qqCqP3tR0IQ2jjZ1HEbw2bzr2vk="></latexit>

Dk (q3)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

- Football diagram - Triangle diagram

- Box diagram

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)

<latexit sha1_base64="nCYY2bkIYZ4iLjne3tvrCs6iRas="></latexit>

D ! !
l (q4)

<latexit sha1_base64="qqCqP3tR0IQ2jjZ1HEbw2bzr2vk="></latexit>

Dk (q3)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="pFY3bmJaf/rjZ+jVJDLxou/XRAw="></latexit>

D !

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)
<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="nCYY2bkIYZ4iLjne3tvrCs6iRas="></latexit>

D ! !
l (q4)

<latexit sha1_base64="qqCqP3tR0IQ2jjZ1HEbw2bzr2vk="></latexit>

Dk (q3)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡
<latexit sha1_base64="XFkXTt0e96cOynUq3MUwGINRbwc="></latexit>

D, D !

<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)
<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="nCYY2bkIYZ4iLjne3tvrCs6iRas="></latexit>

D ! !
l (q4)

<latexit sha1_base64="qqCqP3tR0IQ2jjZ1HEbw2bzr2vk="></latexit>

Dk (q3)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="pFY3bmJaf/rjZ+jVJDLxou/XRAw="></latexit>

D !<latexit sha1_base64="XFkXTt0e96cOynUq3MUwGINRbwc="></latexit>

D, D !

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)
<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="pFY3bmJaf/rjZ+jVJDLxou/XRAw="></latexit>

D !

<latexit sha1_base64="spq5FINT2MGKFGRLcgQjbC/iQ3g="></latexit>

D ! !
k (q3)

<latexit sha1_base64="p0ZpL8uZ0Tx0fJcOX4dWjvPm0y0="></latexit>

D l (q4)

<latexit sha1_base64="pFY3bmJaf/rjZ+jVJDLxou/XRAw="></latexit>

D !

- Crossed diagram

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)
<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="nCYY2bkIYZ4iLjne3tvrCs6iRas="></latexit>

D ! !
l (q4)

<latexit sha1_base64="qqCqP3tR0IQ2jjZ1HEbw2bzr2vk="></latexit>

Dk (q3)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="pFY3bmJaf/rjZ+jVJDLxou/XRAw="></latexit>

D !<latexit sha1_base64="XFkXTt0e96cOynUq3MUwGINRbwc="></latexit>

D, D !

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)
<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="pFY3bmJaf/rjZ+jVJDLxou/XRAw="></latexit>

D !

<latexit sha1_base64="spq5FINT2MGKFGRLcgQjbC/iQ3g="></latexit>

D ! !
k (q3)

<latexit sha1_base64="p0ZpL8uZ0Tx0fJcOX4dWjvPm0y0="></latexit>

D l (q4)

<latexit sha1_base64="pFY3bmJaf/rjZ+jVJDLxou/XRAw="></latexit>

D !

<latexit sha1_base64="Ukr9JdzM004oUNCteAUKrtSUlJQ="></latexit>

O(p2)
<latexit sha1_base64="Ukr9JdzM004oUNCteAUKrtSUlJQ="></latexit>

O(p2)

<latexit sha1_base64="Ukr9JdzM004oUNCteAUKrtSUlJQ="></latexit>

O(p2)
<latexit sha1_base64="Ukr9JdzM004oUNCteAUKrtSUlJQ="></latexit>

O(p2)
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TPE in D ‒ D* system
・Imaginary parts of the TPE diagrams

- Football diagram

<latexit sha1_base64="yNwz201GYJoVwJt6XcmAFEoIpJc="></latexit>

Ckl,ij !
1
4

(! a)ik (! a)jl

<latexit sha1_base64="bI7hTz/mFKRWUvL7DPLNdnYJp3E="></latexit>

D(1)
kl,ij ! (! b! a)ik (! b! a)jl

<latexit sha1_base64="3lUu4P1zZkSGE26TH95xjajS8uw="></latexit>

D(2)
kl,ij ! (! b! a)ik (! a ! b)jl

- Triangle diagram

- Box/crossed diagram

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)
<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="nCYY2bkIYZ4iLjne3tvrCs6iRas="></latexit>

D ! !
l (q4)

<latexit sha1_base64="qqCqP3tR0IQ2jjZ1HEbw2bzr2vk="></latexit>

Dk (q3)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)

<latexit sha1_base64="nCYY2bkIYZ4iLjne3tvrCs6iRas="></latexit>

D ! !
l (q4)

<latexit sha1_base64="qqCqP3tR0IQ2jjZ1HEbw2bzr2vk="></latexit>

Dk (q3)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="pFY3bmJaf/rjZ+jVJDLxou/XRAw="></latexit>

D !

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)
<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="nCYY2bkIYZ4iLjne3tvrCs6iRas="></latexit>

D ! !
l (q4)

<latexit sha1_base64="qqCqP3tR0IQ2jjZ1HEbw2bzr2vk="></latexit>

Dk (q3)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡
<latexit sha1_base64="XFkXTt0e96cOynUq3MUwGINRbwc="></latexit>

D, D !

<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)
<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="nCYY2bkIYZ4iLjne3tvrCs6iRas="></latexit>

D ! !
l (q4)

<latexit sha1_base64="qqCqP3tR0IQ2jjZ1HEbw2bzr2vk="></latexit>

Dk (q3)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="pFY3bmJaf/rjZ+jVJDLxou/XRAw="></latexit>

D !<latexit sha1_base64="XFkXTt0e96cOynUq3MUwGINRbwc="></latexit>

D, D !

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)
<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="nCYY2bkIYZ4iLjne3tvrCs6iRas="></latexit>

D ! !
l (q4)

<latexit sha1_base64="qqCqP3tR0IQ2jjZ1HEbw2bzr2vk="></latexit>

Dk (q3)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="pFY3bmJaf/rjZ+jVJDLxou/XRAw="></latexit>

D !<latexit sha1_base64="XFkXTt0e96cOynUq3MUwGINRbwc="></latexit>

D, D !

<latexit sha1_base64="j6bm1m8j9J5ssaVuRORFr0opWZo="></latexit>

+

<latexit sha1_base64="j6bm1m8j9J5ssaVuRORFr0opWZo="></latexit>

+

<latexit sha1_base64="2ctn5cm3kP4ifYT7S+av/6yPqGc="></latexit>

á
á

á

<latexit sha1_base64="T18QeczpYLuM7Mo3MpGIqgPuf+A="></latexit>

Im[M foot .
kl,ij ] =

Ckl,ij

192! f 4
!

!

1 !
4m2

!

s
(s ! 4m2

! )("#! á"#)

- Derived potentials (after S-wave projection) damp faster than                  
<latexit sha1_base64="0gNR53LVeenm3uUwwFq9iyyg44A="></latexit>!
e! m ! r /r

"2

<latexit sha1_base64="Z3P3ncoFZGifEMalqTd+J6Ir5v0="></latexit>

Im[M tri .
kl,ij ] = ! Ckl,ij

g2

96! f 4
!

!

1 !
4m2

!

s

"
(5s ! 8m2

! )("#! á"#) + ( s + 2m2
! )

("#! á"q)("# á"q)
s

#

<latexit sha1_base64="sBHy4RmMj9pIkf5mDjuIyspCANc="></latexit>

Im[M BC
kl,ij ] = ( D(1)

kl,ij + D(2)
kl,ij )

g4

768! f 4
!

!

1 !
4m2

!

s
(23s ! 20m2

! )("#! á"#)

up to             we couldn’t obtain                   potential
<latexit sha1_base64="8rpzkn767OYFVKRVLnANYQ1GjGQ="></latexit>

O(p2)
<latexit sha1_base64="0gNR53LVeenm3uUwwFq9iyyg44A="></latexit>!
e! m ! r /r

"2

<latexit sha1_base64="bmsADu3vRCkYaQUMbHwU1e2ayNA="></latexit>

V 2! (r ) =
1

2! 2r

! !

2m !

dµ µ e" µr ImM (µ2)note:

<latexit sha1_base64="Ukr9JdzM004oUNCteAUKrtSUlJQ="></latexit>

O(p2)

<latexit sha1_base64="Ukr9JdzM004oUNCteAUKrtSUlJQ="></latexit>

O(p2)

<latexit sha1_base64="Ukr9JdzM004oUNCteAUKrtSUlJQ="></latexit>

O(p2)
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TPE in D ‒ D* system
・Higher-order Lagrangian

- The higher-order interactions are
<latexit sha1_base64="GB4sGMtk+vn6I2/t9zpw75cFcd0="></latexit>

tr[ H øH ]D tr[ ! ! ,µ ! µ
! ]f , tr[ H " µ " ! øH ]D tr[ ! ! ,µ ! ! ,! ]f , tr[ Hv µ " ! øH ]D tr[ ! ! ,µ ! ! ,! ]f

<latexit sha1_base64="fLi5kBdCrrGiEhmLGzKOw/eCRiE="></latexit>

tr[ Hv µ v! øH ]D tr[ ! ! ,µ ! ! ,! ]f , tr[ H øH ]D tr[ö"   + ö" ]f
<latexit sha1_base64="Fr427G1VdobAUIeWOXE7OJvnDZg="></latexit>

tr[ H ! µ
! ! ! ,µ øH ]D , tr[ Hv µ v! ! ! ,µ ! ! ,! øH ]D , tr[ H " µ v! ! ! ,µ ! ! ,! øH ]D + tr[ Hv µ " ! ! ! ,µ ! ! ,! øH ]D

<latexit sha1_base64="2ctn5cm3kP4ifYT7S+av/6yPqGc="></latexit>

á
á

á

<latexit sha1_base64="XmdCmYt09SIueWnbDFFWVxf2RL8="></latexit>

ö! = "L !"  
R with ! =

1
4

m2
!

<latexit sha1_base64="EwhOAAXpMpjHwIJJl0LGny19DIw="></latexit>

L int = gtr[ H ! 5" ! øH ]D + c! tr[ H øH ]D tr[ö#  + ö#]f- eg, from

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)

<latexit sha1_base64="nCYY2bkIYZ4iLjne3tvrCs6iRas="></latexit>

D ! !
l (q4)

<latexit sha1_base64="qqCqP3tR0IQ2jjZ1HEbw2bzr2vk="></latexit>

Dk (q3)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡
<latexit sha1_base64="pFY3bmJaf/rjZ+jVJDLxou/XRAw="></latexit>

D !

<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="a2wtLfwYDzystc0nSYHPJR73NYw="></latexit>c!

<latexit sha1_base64="8yX3OYL8vskfDCiWKhUpBdDr2AA="></latexit>g

<latexit sha1_base64="8yX3OYL8vskfDCiWKhUpBdDr2AA="></latexit>g

<latexit sha1_base64="otxzp7jdtScHj8BO3hNLggEY/SQ="></latexit>

Im[M kl,ij ] = 3 ! ik ! jl ("#! á"#)
g2c! m2

"

64f 4
"

s ! 2m2
""

s
<latexit sha1_base64="ED8/W+1XTnqii6W2CB63N9Zv7Q8="></latexit>

V 2!
kl,ij (r ) = 3 ! ik ! jl ("#! á"#)

g2c" m2
!

64$2f 4
!

e" 2m ! r

r 4 (1 + m! r )2

<latexit sha1_base64="b4TPpWBTMNCGs4/GFLXSkRMaoQY="></latexit>

! 3! ik ! jl ("#! á"#)
g2c! m4

"

64$2f 4
"

e" 2m ! r

r 2 (r " m" )

the imaginary part reads

TPE potential!

<latexit sha1_base64="bO0KKypXw/Kg12xBYMsVsYzr8N0="></latexit>

O(p3) diagram

(also in                     channel)
<latexit sha1_base64="AzhuEDcgQsWHKb4kpkeorKBAVWI="></latexit>

S wave, I = 0
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TPE in D ‒ D* system
・Higher-order Lagrangian

- The higher-order interactions are
<latexit sha1_base64="GB4sGMtk+vn6I2/t9zpw75cFcd0="></latexit>

tr[ H øH ]D tr[ ! ! ,µ ! µ
! ]f , tr[ H " µ " ! øH ]D tr[ ! ! ,µ ! ! ,! ]f , tr[ Hv µ " ! øH ]D tr[ ! ! ,µ ! ! ,! ]f

<latexit sha1_base64="fLi5kBdCrrGiEhmLGzKOw/eCRiE="></latexit>

tr[ Hv µ v! øH ]D tr[ ! ! ,µ ! ! ,! ]f , tr[ H øH ]D tr[ö"   + ö" ]f
<latexit sha1_base64="Fr427G1VdobAUIeWOXE7OJvnDZg="></latexit>

tr[ H ! µ
! ! ! ,µ øH ]D , tr[ Hv µ v! ! ! ,µ ! ! ,! øH ]D , tr[ H " µ v! ! ! ,µ ! ! ,! øH ]D + tr[ Hv µ " ! ! ! ,µ ! ! ,! øH ]D

<latexit sha1_base64="2ctn5cm3kP4ifYT7S+av/6yPqGc="></latexit>

á
á

á

<latexit sha1_base64="XmdCmYt09SIueWnbDFFWVxf2RL8="></latexit>

ö! = "L !"  
R with ! =

1
4

m2
!

<latexit sha1_base64="EwhOAAXpMpjHwIJJl0LGny19DIw="></latexit>

L int = gtr[ H ! 5" ! øH ]D + c! tr[ H øH ]D tr[ö#  + ö#]f- eg, from

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)

<latexit sha1_base64="nCYY2bkIYZ4iLjne3tvrCs6iRas="></latexit>

D ! !
l (q4)

<latexit sha1_base64="qqCqP3tR0IQ2jjZ1HEbw2bzr2vk="></latexit>

Dk (q3)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡
<latexit sha1_base64="pFY3bmJaf/rjZ+jVJDLxou/XRAw="></latexit>

D !

<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="a2wtLfwYDzystc0nSYHPJR73NYw="></latexit>c!

<latexit sha1_base64="8yX3OYL8vskfDCiWKhUpBdDr2AA="></latexit>g

<latexit sha1_base64="8yX3OYL8vskfDCiWKhUpBdDr2AA="></latexit>g

<latexit sha1_base64="otxzp7jdtScHj8BO3hNLggEY/SQ="></latexit>

Im[M kl,ij ] = 3 ! ik ! jl ("#! á"#)
g2c! m2

"

64f 4
"

s ! 2m2
""

s
<latexit sha1_base64="ED8/W+1XTnqii6W2CB63N9Zv7Q8="></latexit>

V 2!
kl,ij (r ) = 3 ! ik ! jl ("#! á"#)

g2c" m2
!

64$2f 4
!

e" 2m ! r

r 4 (1 + m! r )2

<latexit sha1_base64="b4TPpWBTMNCGs4/GFLXSkRMaoQY="></latexit>

! 3! ik ! jl ("#! á"#)
g2c! m4

"

64$2f 4
"

e" 2m ! r

r 2 (r " m" )

the imaginary part reads

TPE potential!

<latexit sha1_base64="bO0KKypXw/Kg12xBYMsVsYzr8N0="></latexit>

O(p3) diagram

(also in                     channel)
<latexit sha1_base64="AzhuEDcgQsWHKb4kpkeorKBAVWI="></latexit>

S wave, I = 0

The TPE tale                   is derived at NNLO [       ]
<latexit sha1_base64="pcNn97ogpRts1Oa2cfAhhs+GILQ="></latexit>

O(p3)
<latexit sha1_base64="XvlVktGs+alGE6zgxwYIqDrpNN4="></latexit>

!
!
e! m ! r /r

"2
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Conclusions
- I showed how to compute (semi)long range regime of a potential mediated by 2 particle exchange,
following the German group method eg, Castellà-Krein, PRD 98, 014029 (2018) 

<latexit sha1_base64="gL4BpZoKBRZ2zR7rn5wdRFtTcC8="></latexit>

V2 particle (r ) =
1

2! 2r

! !

m a + m b

dµ µ e" µr ImM (µ2)

- I confirmed the TPE potential of                        in                                 system from          diagram
<latexit sha1_base64="XvlVktGs+alGE6zgxwYIqDrpNN4="></latexit>

!
!
e! m ! r /r

"2 <latexit sha1_base64="THQtNSh/lNqLb0fG0cD3ie2o3ik="></latexit>

N ! !
<latexit sha1_base64="MHoV5gOtBle0BlBMseK/nkdm1OA="></latexit>

(! = cøc,á á á)
<latexit sha1_base64="pcNn97ogpRts1Oa2cfAhhs+GILQ="></latexit>

O(p3)

- I applied the method to                to see the TPE tale observed in HAL computation
<latexit sha1_base64="dTVZFhfEd7467Vw8M+96mV4FODI="></latexit>

D ! D !

1. OPE cannot be neglected as long as anti-symmetrization of            is correctly done
<latexit sha1_base64="waBsnAaGLOn3cCgme2ClddzE1cQ="></latexit>

I = 0

<latexit sha1_base64="ssqmI+2UCZvlr5zKxksdJifIFVk="></latexit>

D i (q1)
<latexit sha1_base64="obKKQbmhLYGM9JczJL3dgvNEVIo="></latexit>

D ! µ
j (q2)

<latexit sha1_base64="OXwHuTtSz3FhPOQXwfNLPe9vWA0="></latexit>⇡

<latexit sha1_base64="spq5FINT2MGKFGRLcgQjbC/iQ3g="></latexit>

D ! !
k (q3)

<latexit sha1_base64="p0ZpL8uZ0Tx0fJcOX4dWjvPm0y0="></latexit>

D l (q4)

<latexit sha1_base64="A70wQiGY1xS9MLULafuoXhRGw7g="></latexit>

|! ! =
1

"
2

(|D, D ! ! # |D ! , D ! )
<latexit sha1_base64="eHkrJcXdOMt9Z1xEsSSVEax0NDQ="></latexit>

!D ! (q3), D (q4)|M 1! |D (q1), D ! (q2)" #= 0

2. From TPE diagram, the resultant potentials are suppressed faster than
<latexit sha1_base64="8rpzkn767OYFVKRVLnANYQ1GjGQ="></latexit>

O(p2)
<latexit sha1_base64="0gNR53LVeenm3uUwwFq9iyyg44A="></latexit>!
e! m ! r /r

"2

3. From          , the TPE potential of                       is derived 
<latexit sha1_base64="pcNn97ogpRts1Oa2cfAhhs+GILQ="></latexit>

O(p3)
<latexit sha1_base64="XvlVktGs+alGE6zgxwYIqDrpNN4="></latexit>

!
!
e! m ! r /r

"2

Is this strength greater than the leading-order OPE..!?
No significant OPE
is found by HAL…

HQET formalism is important


