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1.  Introduction



++ Hadron-hadron interactions ++ 
     ■ Understanding the hadron-hadron interactions has been an interesting topic  
         in hadron physics. 

       □ They provide important clues to the quark dynamics inside hadrons. 

       □ Bound states may exist as hadronic molecules. 

     ̶ Originates from QCD (quantum chromodynamics). 
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++ Hadron-hadron interactions ++ 
     ■ Various hadron-hadron systems. 
       □ Nuclear force for NN. 

       □ Baryon-baryon interactions. 

       □ Meson-baryon interactions. 

       □ Meson-meson interactions. 

     ■ Various approaches. 
       □ Experiments: Traditional scattering, femtoscopy, …. 

       □ Phenomenological models: Constituent quark model, meson-exchange model, …. 

       □ QCD and effective theory: Lattice QCD, chiral perturbation theory, ….

Workshop on Heavy-Quark Exotics  (Toba, Feb. 19 - 21, 2026) 5

1.  Introduction

Ishii et al., Phys. Rev. Lett.  
99 (2007) 022001.



++ Hadron-hadron interactions ++ 
     ■ Baryon-baryon interactions in the constituent quark model. 

     ̶ The flavor anti-decuplet ( 10* ) states with 
         total spin J = 3 have attractive potentials 
         sufficient to generate dibaryon bound states.
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1.  Introduction

T. S. and T. Hashiguchi, Phys. Rev. C108 (2023) 065202.
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++ Hadron-hadron interactions ++ 
     ■ Meson-baryon interactions in a πN-ηN-σN-ρN coupled-channels model. 

     ̶ The Roper resonance is dominated by 
         the πN and σN molecular components ( X ) 
         as “thick meson clouds”, while 
         the bare-state contribution ( Z ) is small.
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T. S. , Phys. Rev. C104 (2021) 035202.
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++ The K̅N interaction ++ 
     ■ We focus on the anti-kaon-nucleon (K̅N) interaction. 
       □ K̅ (K-, K̅0) is light as Nambu-Goldstone bosons. 

       □ K̅ contains a strange quark. 

     ̶> Heavier among the Nambu-Goldstone octets.
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++ The K̅N interaction ++ 
     ■ The K̅N interaction has been studied before the establishment of QCD ! 

     ̶ The Λ(1405) resonance was discovered in 1961 
         in the K- p -> πππΣ reaction at 1.15 GeV/c.
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Dalitz and Tuan, Ann. Phys. 10 (1960) 307.

Dalitz and Tuan, Ann. Phys. 10 (1960) 307.

  - Prediction of the Λ(1405) resonance  
      as a K̅N bound state.

Alston et al., Phys. Rev. Lett. 6 (1961) 698.



++ The chiral dynamics ++ 
     ■ Today, the strongly attractive K̅N interaction has been supported by  
         chiral perturbation theory. 

                                                                           □ Chiral perturbation theory:  
                                                                               An effective theory of low-energy QCD 
                                                                               based on spontaneous / explicit  
                                                                               breaking of chiral symmetry.
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Kaiser, Siegel and Weise, Nucl. Phys. A594 (1995) 325; 
Oset and Ramos, Nucl. Phys. A635 (1998) 99; ….



++ Kyoto potential ++ 
     ■ Constructing a K̅N local potential with chiral dynamics. 

                                                                                  ̶> Theoretical study of  
                                                                                        the structure of kaonic nuclei.
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Hyodo and Weise, Phys. Rev. C77 (2008) 035204; 
Miyahara and Hyodo, Phys. Rev. C93 (2016) 015201.

Ohnishi et al., Phys. Rev. C95 (2017) 065202.



++ HAL QCD potential ++ 
     ■ In this talk, I would like to consider another approach to hadron-hadron 
         interactions, the HAL QCD method, based on the lattice QCD simulation. 
       □ Nuclear force and various hadron-hadron potentials. 

       □ The HAL QCD method has been established 
           by the consistency with the Exp. data.
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Lyu et al., Phys. Lett. B860 (2025) 139178.

ALICE, Nature 588 (2020) 232.

Aoki, Hatsuda, and Ishii,  
Prog. Theor. Phys. 123 (2010) 89.



++ HAL QCD K̅N potential ++ 
     ■ We want to understand the K̅N potential directly from QCD ! 
       □ However, the HAL QCD method brings singular potentials …. 

                                                                                       □ What is the origin of 
                                                                                           such a singular behavior ? 
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Murakami and Aoki, PoS LATTICE2023, 063.



++ Our motivation ++ 
     ■ Extract the physics from the HAL QCD potential, especially from the K̅N potential. 
       □ What is the origin of the singular behavior ? 

       □ What physical quantities/states/situations does the HAL QCD method prove ? 

       □ Keywords: 
         ・ R-correlator. 

         ・ Local HAL QCD potential.
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Murakami and Aoki, PoS LATTICE2023, 063.
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2.  Formulation:  
R-correlator and local potential



++ R-correlator and potential ++ 
     ■ In the HAL QCD method, the key quantity is the R-correlator. 

     ̶ A linear combination of Nambu-Bethe-Salpeter (NBS) wave functions.  

     ■ The R-correlator satisfies a Schrödinger-like equation with potential . U(r, r′￼)
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Murakami and Aoki, PoS LATTICE2023, 063; 
Talk at J-PARC hadron physics 2024.

 : reduced massμ

δ ≡
mM − mB

mM + mB



++ Effective model for the R-correlator ++ 
     ■ We can calculate the R-correlator by using an effective model of hadron-hadron 
         interactions. 

       □ Bare Λ0, meson M, and baryon B states. 

       □ We introduce two types of the interaction: 

       ̶ Parameters: Bare mass M0, Coupling const. g, CWT, and interaction ranges b1, b2.
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2.  Formulation

T. S. and K. Fujiwara.

(Local Gaussian potential)



++ Effective model for the R-correlator ++ 
     ■ We can calculate the R-correlator by using an effective model of hadron-hadron 
         interactions. 
       □ Scattering amplitude (s-wave):
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2.  Formulation

T. S. and K. Fujiwara.

W : CM energy 
p : momentum



++ Effective model for the R-correlator ++ 
     ■ We can calculate the R-correlator by using an effective model of hadron-hadron 
         interactions. 
       □ Scattering amplitude (s-wave):
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T. S. and K. Fujiwara.



++ Effective model for the R-correlator ++ 
     ■ We can calculate the R-correlator by using an effective model of hadron-hadron 
         interactions. 
       □ Correlation function (s-wave): 

       □ R-correlator:
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2.  Formulation

T. S. and K. Fujiwara.



++ Lattice time-space ++ 
     ■ We can easily turn to the case of the lattice time-space. 
       □ Lattice spacing a = 0.121 fm and size N = 32 according to the lattice simulation. 

       □ Relative coordinate and momentum 
                                of two-particle system: 

       □ Derivatives ̶> differences 
           and integrals ̶> summations: 

       □ s-wave projection becomes  projection: 

     ̶> Then, we can calculate all the quantities in the same manner.

A+
1
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2.  Formulation

Murakami and Aoki, PoS LATTICE2023, 063.



++ Our strategy ++ 
     ■ We calculate the R-correlator and local potential within an effective model. 
       1. Fix the parameters. 

       2. Calculate the s-wave scattering amplitude  
           and the R-correlator. 

       3. Calculate the local potential and compare it 
           with the HAL QCD simulation result. 

     ̶ Hadron masses and binding energy are taken  
         from the HAL QCD simulation. 
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2.  Formulation

Murakami and Aoki,  
PoS LATTICE2023, 063.
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3.  Numerical results: 
Continuum time-space  
and Lattice time-space



++ General properties ++ 
     ■ We firstly fix the model parameters to generate a bound state of same mass MB. 

     ̶ Set 1 generates hadronic molecule-like, 
         Set 2 generates elementary-like.
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++ General properties ++ 
     ■ R-correlator in the continuum / lattice time-space. 

       □ Parameter Set 1 and 2 provide 
           similar R-correlators. 

       □ Discretization effect is negligible. 
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++ General properties ++ 
     ■ The local potential as in the HAL QCD method. 

       □ Similar local potentials. 

       □ Discretization effect is observed 
           around the origin. 

       □ The potential range slightly  
           increases from b = 0.20 fm.
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++ Decompose the R-correlator ++ 
     ■ To understand the mechanism, we decompose the R-correlator / local potential. 

       □ The bound state (MB = 1923.4 MeV) dominates the R-correlators. 

       □ When the scattering state (W > 2160 MeV) has a node in the R-correlator,  
           it brings a singular behavior.  ̶ The non-locality and the lattice time-space.
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++ Parameter search ++ 
     ■ We tried to find parameter set which reproduce the HAL QCD result. 
     ̶> Failed !  We cannot find such a parameter set ! 
       □ The bound state (MB = 1923.4 MeV) contribution in the R-correlator is so strong  
           that node from the scattering state is invisible.
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3.  Numerical results

Murakami and Aoki,  
PoS LATTICE2023, 063.
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++ Parameter search ++ 
     ■ How to generate a node in the full R-correlator ? 
       □ If the bound state is indeed the ground state and its wave function has no node, 
           the bound-state dominance will result in an R-correlator that is also node-free. 

       □ On the other hand:  
         ・ If the bound state (MB = 1923.4 MeV) is not the true ground state, its wave func. 
             may have a node in the K̅N wave function to satisfy 
             the orthogonality with the true ground state. 

         ・ In addition, if the true ground state does not 
             contribute to the R-correlator, this would result in 
             a node in the R-correlator from the bound state. 

         ・ Is this possible ?
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++ Unphysical parameter set ++ 
     ■ We allow an unphysical parameter set. 

      □ Deep attraction generates another (unphysical) ground state. 

      □ If we neglect the contribution from the unphysical ground state ….
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4.  Summary



     ■ We want to understand the K̅N potential directly from (lattice) QCD. 
       □ However, we observe singular behavior in the HAL QCD K̅N potential. 

       □ One way to avoid the singular behavior is to employ the separable form 
           [Murakami-san’s talk]. 

     ■ To understand the structure of the K̅N interaction from HAL QCD method,  
         we built an effective model to calculate the R-correlator and potential.  
       □ We cannot find model parameters which reproduce the singular K̅N potential. 

       □ Once the R-correlator has a node, the non-locality and discretization of 
           the time-space generates singular behavior in the local potential. 

       □ We must understand the mechanism for the node of the R-correlator.
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Thank you very much  
for your kind attention ! 
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Appendix



++ Observation time dependence ++ 
     ■ The time dependence of the local potential. 

       □ Negligible time dependence.
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