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Femtoscopy for hadron interactions

See e.q. ExHIC, Prog. Part. Nucl. Phys. 95 (2017) 279-322

s

¢ Extract hadron interactions from
two-particle correlations:

Particle source C(q, P) _ E-lEnglz/dpldpz
(E1dNy/dp1)(E2dN> /dp>)

q & P: Relative & total momentum

“Koonin-Pratt (KP) formula” (widely used to relate it to physics)

Clg, P) = f drS (Pl (g, PP

@"): Relative wave function, S, ,: two-particle source

(-) = inverse process of scattering
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Koonin-Pratt (KP) formula

S. E. Koonin (1977), Pratt, et al (1992), etc. Based on various assumptions

Three quantities are related by KP formula

C(q.P)= | drSx(r)le (g, ).

(DMomentum correlation @Particle source B)Relative wave function
function (Experiment) N N
Fireball size & shape Interaction
q~(P1—P2)2,P~py+p
(P1 =P tore Idea: If two of them are given, the rest is constrained
Firet')all created in P @Exp & @Wave fn > @SOU rce
high-energy —
colliM HBT (1956), GGLP (1960) /
‘. /{' (DExp & @Source (assumption)
> BInteraction

PRC 91, 024916 (2015), Morita et al.

2026/02/20 Theoretical models (lattice QCD, chiral EFT, etc.) 3



Koonin-Pratt (KP) formula

S. E. Koonin (1977), Pratt, et al (1992), etc. Based on various assumptions

Three quantities are related by KP formula

C(q.P)= | drS»(r)|e(q,r)

Momentum correlation Particle source Relative wave function
function (Experiment) N N
q ~ relative momentum, P ~p, + p,  Fireball size & shape Interaction
Fireball created in p / . ,
high-energy ! @"): solution of Schrodinger eq.
collisions |
../ p2 zlu ( ) goq ( ) qsoq ( )

Boundary condition at r = oo

. 6 1
905; J(r) =7 4 122 1) e 1" +O(
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KP formula for femtoscopic correlation

In this talk, we assume Koonin-Pratt (KP) formula
S. E. Koonin (1977), Pratt, et al (1992), etc.

Calculate two-particle momentum correlation C(q)
< Relative source function §,,(r) & Relative wave function @,(r)

q: relative momentum of the two particles, r: relative emission points of two particles

Clo ~ Tl“HQ) (q|ﬁ(oo’ t) ﬁ(t) ﬁ(t DO)] cf M. Lisa, U. Heinz, U. Wiedemann (2000), etc.

~ R A S(r) is essentially the
~ /deT%QU(OO: t)|r><r‘p‘frf> (T"U(t: OO)|Q> Wigner transform of the

density matrix of 2-particle

|-, T T T e e e 1
A e e e U |/ drsm(r’ Q) |§0(q; ,r) ‘ZE system (the rest system is

traced out) at emission
timet

e o o o o o o o o o o o o I KP formula

—~

fAssumptions: At some time in the system evolution, two particles\
are suddenly isolated from the rest of the system and interact with
each other until they become distant from each other and finally
detected. No change in # of particles, no coupled channel. The on-
shell/smoothness approximation = S(r, r’) ~... ¥ S(r) 6(r-r’) )
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Useful formulae for s-wave interaction

Instead of solving the full Schrodinger equation (such as in CATS)...

Spherical-source KP (s-wave) «. wmorita et al (2015)

Clq) =1+ / drS(r) {xq(r)[2 = ljo(gr)[2)

s-wave fn.  s-wave of plane wave

Assumptions: Spherical source: S;,(r) = S(|r]|). Short-range interaction.
Change of wave function in higher partial waves is ignored.

Lednicky-Lyuboshitz (LL) formula Lednicky, Lyuboshitz (1982)

2 m
Cu(a) =t + LDy (7o) 3 IO oy I0TD) g

(" )

Further assumptions: Wave function approximated by asymptotic form (at
r->oo) in the entire r range. S(r): Gaussian with size V2 R. f(q) is parametrized

by (a,, r,) (effective range expansion) = Useful fitting form via (a,, r,)
2026/02/25 _ J




Effect of higher partial waves (/> 0) * anguiar momentum

Existing analyses mainly considered s-wave (/ = 0) € assumption
& Correlation function cannot be measured for each /

All-I contributions are mixed.

ALICE, PLB 845, 138145 (2023) M, , .. (Mevic)

Y. Kamiya, et al, PRL 124, 132501 (2020) 1650 1700 1750 1800 1850 1900

| T o B L L (AL L (L LR R
| ALICE ( pp 13 TO\ - HM) l—o—i % 14 &
25 I Cle( £ = 0.9 fm) | i Wk G0 T NEL>0) 3
< . I ult. A7% > §
) Ct + Cres(R =109 fm) -.eeeee 1.3 b 21620 ’ - B
Cge(R=1.6fm) — B, |792MeVic BA-K ® A-K :
s 2f ] 12 "o : d-wave
S | - W ZOTMRVICE ey .
| K p /\(1520) 1.1 °.,p—wave° ] 24;_5 MeVic -
L5 k) d-wave - RSV L "
\ i3 T AK
~ e -
]_— I : | I | -1 09|||||||||||||||||||||||||||||||||||||||||||||||||-
0 50 100 150 200 250 300 0 50 100 150 200 250 300 350 400 450 500
| | gMeV/e B k* (MeV/c)

Structures from resonances of p-wave / d-wave
are observed in experimental data.
Fitting correlation function with e.g. the Breit-Wigner form
- Is there better understanding?
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Naive extension
for higher partial waves

2026/02/20



Spherical-source KP with higher partial waves

Note: We consider non-identical particle pair, single channel in this study

Wave function can be fully expanded into partial waves
L]{,Jq(r: 9) — Z(QE + 1)1 Ri( )PI(LU% 0) P(z) Legendre polynomial
[=0

Apply it to the KP formula
= Correlation is sum of each partial contributions AC, [€spherical 5(r)]

—1 +Z (21 + 1 / dramr?S(r)

!
!
!
£ﬂ| I
|
!
!

This result is rather trivial,

but a natural extension for the s-wave case
2026/02/20 9



Naive LL formula with higher partial waves

KM, Hyodo, JSPC 3 (2025) 100017
0) .
f(qv )ezqr

A consistent assumption with s-wave case: ¢,(r) = ¢ + =

(20 + 1)(—1)le 4= g ( /2 ﬁ)
Clg) =1+ | VTS fi + 2R S dte
(q) ; 2 /22 l I .

Note: effective range correction
is not included here

One can perform the sum over /
using (-1)'= P/(cos n)

Clg )—H%ﬂ [f(?r) AmdrS( e Qw*r]

Backward scattering amplitude: f(6=r1)

Similar structure as optical theorem: 0, . = (47t/q) Im f(0),

But the direction is opposite.

2026/02/20 10



Optical theorem vs correlation function

Plane wave contains 6(6) and 6(8-m)
at the O(1/r) order of partial wave expansion

- 1 eiqz 1 e—iqz
6“12 ~ —5(9) — —5(9 — ﬂ')
iq r 1q r
Wave function - eldr
o= 4 (o)
1 eld” 1 e 147
= [580)+ 10| <~ a0 -m
A _B

Optical theorem 2 9
P dQ(| AP = [B*)] 00 = 0.
Interference of two terms in A remains « 6(6)f(8): forward

C(r) = /alfr'tS’(?")/alQ|A-|—B\2

2026/02/20 Interference of A and B remains o< 6(0-mt)f(6): backward

Correlation fn
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Example of LL: Potential well
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2026/02/20

Bad: AC, > O fail even qualitatively

Note: Analytic g dependence for 6/(q) is used (no effective range expan.)

R =3fm (Vg =50 MeV, p=600 MeV, b =1 fm)

I'=1 (Analytic well)
|=1(LL W/O resf) ——

50 100 150 200 250 300
q [MeV]

R =3 fm (Vg =50 MeV, p=600 MeV, b=1 fm)

T T T T
= I =3 (Analytic well)
= I =3 (LL w/0 reff) m
i | | | | l ]
0 50 100 150 200 250 300

1.00025

1.0002

T 1.00015
W]
<]

* 10001

1.00005

1

In particular, the contribution from odd /

R=3fm (Vg=50MeV, p =600 MeV, b=1fm)

T | T T
| =2 (Analytic well) ——

| =2 (LL w/0 reff)

[=2

50 100 150 200 250
q [MeV]

in the native LL formula
has the opposite sign
to the analytic solution.

300

< unphysical behavior of
asymp wave function
near origin r ~ 0.

12



Why alternating sign (-1)'?
Asymptotic form: R, ~ sin(kr —Irt/2 + 6,)/kr
We extended this formtor > 0

/=0 /=1
rod ae ro A
4—
le—
4—
-
Decreases | @|?
Increases |¢|? and thus o diverges as 1/r
- 2
Cla) =J dV S(r) | o] This is unphysical

(i.e., doesn’t happen in reality).

Another asymptotic form with j(kr) and n/(kr)?

Even worse! Singular for | = 1!

C(g) does not converge because of n, ~ 1/r?*1,
2026/02/20
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Regularized LL formula

14



ldea of LL formula

Input: phase shift §, [or f, = (e?° - 1) / 2iq]
- Interpolate the wave function of the entire range

There is actually no reason that
we need to use the asymptotic form
written in sin(kr — Irt/2 + 6)/kr or spherical Bessel functions
to interpolate the wave function

However, this assumption worked well for s-wave,
which implies that other forms of wave function
produces a consistent C(g) for R > [t

- We can assume a particular form of the model wave function,
which is reqular, for higher partial waves
by hand

2026/02/20 15



|dea: Replace the wave functionin LL

Input: phase shift §, [or f, = (e?° - 1) / 2iq]
- How do we construct a model wave function?
“Let’s combine r—-0 asymptotic & r 2e= asymptotic”

-

(Generalized) LL formula

1
— i —17/2
© " sin(qr — lm/2 4 &;)

Asymptotic form in the entire range

~N

-

/Regularized LL (delta) )
] = gl(qr)7 (T < C)7
#(r) {COS d1ji(qr) —sin &y (qr), (r > c).

Switch the form atr=c

/Regularized LL (cut) A

o) {jz(qr), (r <o)

Jilgr) cosd; — yi(qr)sind;, (r > c).

Switch the form at r = ¢ (parameter)

\Determine a depending on 6, (wf: continuous)/

2026/02/20

k No additional parameter (wf: discontinuous) /

/Regularized LL (well) )

Ji(qr) cosd; — yi(qr)sind;, (r > c)

Switch the form atr=c

\Determine a and k depending on &, (wf: C?) /

16



Regularized LL formula (rLL)

Input: phase shift §, [or f, = (e?° - 1) / 2iq]
- Model correlation correction AC,

/(Generalized) LL (gLL) h
ACi = ~(21+ 1) Shla)Sia))
gg(q) = foo dr S(r)e1"
\ ! %
/Regularized LL (delta) )
oy hilge) [° “9
Siai0) = 545 [ dr S(r)jita)
+/ d’f"S(’r‘)Bf(qr).
\ %

2026/02/20

/Regularized LL (cut) A
S = [ dr st

\ %

/Regularized LL (well) )

(Complicated)

17



Example: Square well potential

v Comparison of different regularization

0.05 T T | 0.002 T T T T
ok 0
—0.002
—0.05 - - —0.004
G —0.1 R=3fm KP integral -4 —0.006
b rLL(cut) formula ———- —0.008
—0.15 I=0 rLL(delta) formula -------- ] —0.01
—0.2 V': Potential well N _8812
—0.95 (b =1fm, Vp=50Mev) { -
03 | | | ! | _88%2 ! | | | |
0 100 200 300 400 500 600 0 100 200 300 400 500 600
0.05 0.0045 I I I T I
0.004 -
0.04 0.0035 |-
0.03 0.003 [~
o) 0.0025 |-
J 0.02 0.002
0.01 0.0015
0 0.001
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—0.01 | | ] | | 0
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q (MeV) q (MeV)
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Scaling behaviors
of correlation functions

19



Interaction/source-size dependence (s wave)

A. Ohnishi et al, NPA 954, 53 (2016). Y. Kamiya, et al, PRC 105, 014915 (2022)
When R is fixed = a, dependence AC

repulsive or with

shallow bound state
1000 S e (>

100

10

-1.5

2026/02/20 attractive (w/o bound state),,



In the higher-partial wave case

Ls ; 1000 repulsive
KM, T. Hyodo [arXiv:2509.22844] . g B
rLL(cut) (r,/R = 1) M—%“‘-‘-u....../f .
100
Heatmap of rLL(cut)/ERE

C=1+AC
rLL cutoff:r. /R=1

[

o
1
I

sgna; x Dy [R**/q|'/!

1 & attractive
Eff. range: r,/ R¥?/ =1
Vs
01 /A
0 0.5 1 L5 2 d_f \‘
. i v
3 T T T T I T T 1000 T T T T I

(B)i=2

(c)l=3
rLL(cut) (r,/R=1) -

- rLL(cut) (ro,/R=1) — |

= 3

100

1=21].

100

10

sgna; x Dy [R¥H! /ay|'/!
sgna; X D |R2“’1/a1|l/l

0.1
0 05 1 15 2 25 3 35 4 0 1 2 3 4 5 6

qR R

2026/02/20 v’ We notice that AC, = 0 forq =0



In the higher-partial wave case

1000
KM, T. Hyodo [arXiv:2509.22844] .
= rLL(cut)g¥r./R = 1)
:\‘_—. 100
y=sgna, X D, |R?*/a, |/ E
- Specific slope of contour
& 1
around gR~ 0
0.1
0 0.5 1 1.5 2
qR
1000 1 T T | T 1000
4 = —
(c)l=
3 rLL(cut) (r.,/R=1) —
S_N 100 S—N 9 | 100
i g = 3
C:T 10 QQ_i = 10
il B
0.1 . : . __E 0.1
0 05 1 15 2 25 3 35 4 0 1 2 3 4 5 6
qR qR
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In the higher-partial wave case

1000
KM, T. Hyodo [arXiv:2509.22844] -
rLL(cut) (r.,/R'=1)

100

y=sgna, X D, |R?*/q |/

10

- Specific slope of contour
around gR~ 0

sgna; x Dy |[R2H1 /gy /!

0.1

qR

Dominant contributions in g ~ 0O, 1/01 ~ 0

- (gt (2 -1 - q 2l
)~ e T @y ACi(q) = (r 2‘*)(W)
( (r—") gR 5
. —1)I2 - R—zt—z){g R2I+1 1/.;] -
R T o)

scaling behavior

2026/02/20
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In the higher-partial wave case

KM, T. Hyodo [arXiv:2509.22844]

L.5 1000

-y

y=sgna, X R/|ra,|*?

-> Resonance peak £ )
at specific slope

|
-y

-1.5

i 1000 1000
100 100
L L
= =
g £
S S~
= 10 = 10
x X
g g
=N 1
— 0.1 0.1
0 5 5 ~ 0 0.5 1 1.5 2
2026/02/2 24



In the higher-partial wave case

KM, T. Hyodo [arXiv:2509.22844]

1000

y=sgna, X R/|ra,|*?

100

R/l ry|'/?

- Resonance peak
at specific slope :

10

sgna; x

Pole condition atg ~ 0

0 0.5 1 L5 2

quﬁ_lx___{_l__iq ’ ('E:_}]-)!

scaling of pole position (real part)

9 \ 1/2
o= (2)" anzo

apri

R dependence = scaling x&y axes = “zooming out”

03/ - resonance peak becomes broader with larger R
2026/02/20
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Differential femtoscopy
for hadron-hadron interactions

w/ Y. Kamiya, T. Hyodo, A. Jinno

26



Angle-differential femtoscopy

Scattering experiment
* Total cross section o, (| k|)

* Differential cross section do/dQ
- detailed information about partial waves

Femtoscopy
* Correlation function C(|g|) w/ spherical source

* Can we utilize dependence on k angle? ... C(qg)
No k dependence as far as we use a spherical source

2026/02/20
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Angle differential femtoscopy

Non-spherical source
In traditional femtoscopy (to measure fireball size)
correlation function C(qg, P)
4’ Total momentum P; Relative momentum g
(transverse component) (various directions)

L o Al

related to

~ (o)
by ~ 10% ~ R, ~ R

Rade
—

R,,.>R

non-spherical

side side

We can measure
the g-angle dependence
of the correlation function C(q, P)

2026/02/20 28



Angle-differential femtoscopy
w/ Y. Kamiya, T. Hyodo, A. Jinno

Angle-dependence of correlation function

Fix q —> Measure angle of total momentum P;
with respect to the g direction

= o N

This essentially corresponds to rotating the source

Measure C(g, 6,) (cos6, = P-q / |P;||q|)

2026/02/20
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KP formula (non-spherical source)

C(a@) = [ d*rS0, ()l (r)

6r dependence

Partial-wave expansion of wave function

oo

wq(T) = @q(r,0) = Z(Zl + 1)i' Ry(r) Py (cos 0)

[=0 w.f.  Legendre polynomial

=" VAr(@U+ 1) Ry (r) Y (9, 6),
[=0

spherical harmonics

central force

— Expand rel. source function in spherical harmonics

SQP Zﬁl m\T QP)Ym(Q ?). z axis ~ q
E—

(/: even)
2026/02/20



KP formula (non-spherical source)

2026/02/20

Full partial-wave decomposition of KP formula

= 47 Z V(20 +1)(202 + 1) /Mdr@l,mmlﬁfdﬂ}gm}g‘f}gg

l,m,lqi,ls

Angle integration

dQYmYOYO—\/(2Z+1)(211+1)(2lz+1) A
l l1 5l — e 0 0

57 ] 3-j symbol
=\ (1 01 0| L m)?
T

Clebsch-Gordan coeff.

- Angular momentum decomposition of /; X /,

v e source /.. |l -L| =SI= |1+,

' _ m+0v0 imao
1 e sourcem..m=0+0 < Y'Yy, ~e

31



Gaussian source with (R, Rg4e)

out2 /4Rout "~ Iside /4R5|de )

Naively dominated by quadrupole (/ = 2) deformation

% ~ Po0.Pro. Pr=rPr=r
< . two remains disappear by [dQ
o

Angular dependence 5o = const,
B2,0 = Ba cos20p

~ exp(-r

Two components in the correlation functions Cla, 6;)

Clg, 6,) = C9(qg) + cos26, C?)(q)

spherical part modulating component

2026/02/20 32



Gaussian source with (R, R;ge)

Two components in the correlation functions

C(a, 6,) = C(g) + cos26, C(q) Ao

can be measured

Higher partial-wave contributions

cO(qg) ... |S|2+ |P|2+ |D|2+ |F|2+
c2(qg) ... |P|?+SD+PD+ |D|?+

If we assume that only S and P waves in w.f. are affected by int,,

C®)(g) = 3v20m /dr"’“ Ba6 (|1 Ral” — [72(ar)[*)

P-wave distorsion

We may directly access P wave (suppressing S wave)

We might go further by looking at C**)(q), C'®(q), ...

2026/02/20 33



Summary

Higher partial waves in femtoscopic correlation functions

* With spherical source, the correction by the higher
partial waves is given by sum over /.

e LL formula at the full order gives an interesting structure
with the backward amplitude f(r)

e Naive LL formula (gLL) with | > 0 gives unphysical result
* Regularized LL formulae (rLLs) give good results

* We studied scaling behaviors of correlation function
using rLL(cut) in 2D-heatmap of (1/a, gR), etc.

* Angle-differential femtoscopy for higher partial waves

C( q/ 6P)

]/\V[\/ 6,

ST T

AC = (2z+1) Slfi(@)Si(a)]. ‘

2026/02/20 I T I Ll
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