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•separable potentials for  in SU(3) limit from LQCD 

•Justification of our strategy to calculate compositeness

Λ(1405)
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ongoing work with S. Aoki (HAL QCD)
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•lattice QCD using finite-volume method 
at  MeVmπ ≈ 200

•chiral unitary model

• : not a simple  baryon (exotic hadron)Λ(1405) Λ

4

 from lattice QCDΛ(1405)

[Oller and Meissner, 2001]

[Hyodo and Jido 2012]

•our work:  from HAL QCD approachΛ(1405)

[Jido, Oller, Oset, Ramos, Meissner, 2003]

•one pole? two poles?

[Bulava et al. (BaSc Collab.), 2024]

virtual state below  + resonance below πΣ K̄N

[Bulava et al. (BaSc Collab.), 2024]

<latexit sha1_base64="fUzuzHS1FgvnmPasXJVWCIKo7mQ="></latexit>

m⇡ +m⌃
<latexit sha1_base64="O4ybBZ3PgEIdGEW/yhw6RnvQrhY="></latexit>

mK̄ +mN
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•time-dependent HAL QCD method

•R-correlator:
HAL QCD method [Ishii, Aoki, Hatsuda 2007]

[Ishii et al. 2011]

(local (leading-order) approximation)

<latexit sha1_base64="U1KdfbLGQMyB9s0cjWSCENGjyts="></latexit>

⇡ V (r)�(3)(r� r0)

( : reduced mass)<latexit sha1_base64="2lG30X62DKuLFEymw/5VGJNUbkc="></latexit>µ

Nambu-Bethe-Salpeter (NBS) 
wave function

<latexit sha1_base64="+0ORgFX9hgt12KVJymL/aGM0ngM="></latexit>Z
d3r0 U(r, r0)R(r0, t) '

⇣r2

2µ
� @

@t
+

1
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@t2

⌘
R(r, t)

<latexit sha1_base64="H8HvpFLzb8aM1wAD3Neqxk/cDOc="></latexit>

V (r) ' 1

R(r, t)

⇣r2

2µ
� @

@t
+

1

8µ

@2

@t2

⌘
R(r, t)

<latexit sha1_base64="EhNNk5CJEQrUpj2ja4J2QrJrzmk="></latexit>

R(r, t) =
hO1(r, t)O2(0, t)J̄(0)i

hO1(t)Ō1(0)ihO2(t)Ō2(0)i
<latexit sha1_base64="1rV2rnPV+56umuMXyKmyA+2jfSM="></latexit>

⇡
X

n

CJ̄,n 
Wn(r)e�(Wn�m1+m2)t

•Talks of HAL QCD studies
• -  (T. Doi, Jul 29) 

• -  (L. Zhang, Jul 31) 

• - , -  (Y. Lyu, Jul 31) 

•Left-hand cut (S. Aoki, Aug 1) •Neural network (L. Wang, Aug 2)

Ξcc Ξcc

Λc N

J/ψ N ηc N
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Setups

•neglect coupling between  and  
in this work

<latexit sha1_base64="kBDPIRm2SDMWg1DHnSmWOHQu3Mg="></latexit>

8s
<latexit sha1_base64="RyLYuabr+rN1MPfhJcBEg+xtdx8="></latexit>

8a

•no coupling between  and  
•same interactions for  and 

<latexit sha1_base64="67bKgzkseVKMXXyjZ0eVIN7Uji8="></latexit>

8s
<latexit sha1_base64="qI8HnUB4PCh67Bm17B2eTQlQQrE="></latexit>

8a
<latexit sha1_base64="67bKgzkseVKMXXyjZ0eVIN7Uji8="></latexit>

8s
<latexit sha1_base64="qI8HnUB4PCh67Bm17B2eTQlQQrE="></latexit>

8a

•channels: 
baryonmeson

<latexit sha1_base64="vEcQXriD2uEwo9u6SLmzSl/DE10="></latexit>

8⌦ 8 = 27� 10� 10⇤ � 8s � 8a � 1

cf. chiral perturbation theory with 
Weinberg-Tomozawa term:

<latexit sha1_base64="fpjCDiaUhyZAyVK4LEaNg5WoKXI="></latexit>✓
V8s8s(r) V8s8a(r)
V8a8s(r) V8a8a(r)

◆
⇡

✓
V8s8s(r) 0

0 V8a8a(r)

◆

•study  in flavor SU(3) limitΛ(1405)
E

K̄N

πΣ

Λ(1405)

Physical point 

 ?Λ(1405)

SU(3) limit

    one pole in singlet channel  
& the other in octet channel [Jido, Oller, Oset, Ramos, Meissner, 2003] 

[Guo, Kamiya, Mai, Meissner, 2023]

(almost) single-channel 
analysis

•chiral unitary model: 



•(at least) one bound state in each channel 
from   and 

<latexit sha1_base64="TZtTKBwGIgq73eF3P5aALnoZcrA="></latexit>

h⇤(8)(t)⇤̄(8)(0)i
<latexit sha1_base64="cxgMSmD/mFPVSMml/DcPkKPLNdc="></latexit>

h⇤(1)(t)⇤̄(1)(0)i
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Lattice setups
•  fm,  lattices, a ≈ 0.12 324

<latexit sha1_base64="wBxmUNZ6RnljuhIs9Rebiz8Bh1U="></latexit>

mM = 459.4(1.7)stat MeV

: 3-quark type

•R-correlators <latexit sha1_base64="/Pu6Ak65LCCmnd4Mhrr1DDUvShg="></latexit>

(rep = 1, 8s, 8a)

<latexit sha1_base64="go3vYBi3DICs9PDIjSLdosToSY0="></latexit>

mB = 1166.1(4.1)stat MeV

<latexit sha1_base64="wiZMZIMuKKFcYMobDDv0Pzk3AFo="></latexit>

⇤(X)(t) ⇠
X

z

u(z, t)d(z, t)s(z, t)

<latexit sha1_base64="kxsg9AhdtW8wPcY7WYwJjcGAlGY="></latexit>

R(rep)(r, t) =
hM(x+ r, t)B(x, t)⇤̄(X)(0)i
hM(t)M̄(0)ihB(t)B̄(0)i

(  for   
 for )

<latexit sha1_base64="PzEQ4Zaphxfdh/52pe7+ezlDczo="></latexit>

X = 8
<latexit sha1_base64="5+T6oKdM5XeD978J90jaTTNUBsg="></latexit>

rep = 8s, 8a
<latexit sha1_base64="hY+I/loSmWShwFsPG8MnnYm+Q/U="></latexit>

X = 1
<latexit sha1_base64="Gu/HaoG3DxNyTzQNUj33FOrGRkk="></latexit>

rep = 1•calculation technique: same as in  
[KM, Aoki, PoS LATTICE2023, 063 (2024)]
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Local potentials

•R-correlators  
(NBS wave functions)

<latexit sha1_base64="xxilXVMyNY3y989iX4vn+byo6jU="></latexit>

R(r, t)

• singular behavior in all channels because of R-correlators crossing zero

<latexit sha1_base64="H8HvpFLzb8aM1wAD3Neqxk/cDOc="></latexit>

V (r) ' 1

R(r, t)

⇣r2

2µ
� @

@t
+

1

8µ

@2

@t2

⌘
R(r, t)

preliminary

preliminary

•local potential in singlet channel <latexit sha1_base64="4EHnYqnwVfW7TtKuY6fvrx6g/Lc="></latexit>

V1(r)

no problematic in principle,  
but difficult to obtain reliable results

<latexit sha1_base64="1jFrqH4HmyFcFhWd7EEXwIXQP3A="></latexit>

U(r, r0) ⇡ ⌘v(r)v(r0)• alternative approach: separable potential                                      

<latexit sha1_base64="rNi5FkFJ4b7dKOMn1zh8G7VRcRU="></latexit>

(⌘ = ±1)
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•time-dependent equation

Separable potentials in the HAL QCD method

<latexit sha1_base64="+0ORgFX9hgt12KVJymL/aGM0ngM="></latexit>Z
d3r0 U(r, r0)R(r0, t) '

⇣r2

2µ
� @

@t
+

1

8µ

@2

@t2

⌘
R(r, t)

(separable potential approximation)

<latexit sha1_base64="iLjlwpUEBPeCSDaNrLu0Xwv3krQ="></latexit>

⇡ ⌘v(r)v(r0), (⌘ = ±1)

<latexit sha1_base64="OP67HRbBhR1MppdIXwRh0ZtHJmk="></latexit>✓
R(r, t) =

hO1(r, t)O2(0, t)J̄(0)i
hO1(t)Ō1(0)ihO2(t)Ō2(0)i

◆

<latexit sha1_base64="P4CCKUfiIIUPoLyYX7x0elwJ5o0="></latexit>

⌘v(r)

Z
d3r0 v(r0)R(r0, t) ⇡

✓
r2

2µ
� @

@t
+

1

8µ

@2

@t2

◆
R(r, t)

constant (indep. of )<latexit sha1_base64="++SfDTQp2H+WE6ZcaG2tiyMchEM="></latexit>r

no singular behavior for 
<latexit sha1_base64="K8Y9llqhPcXomMQqNQxxlV0uGZ4="></latexit>

v(r)

 checked validity of separable potential approx. in  system<latexit sha1_base64="QMwUEjrQR+Ptxj089Ex7d5qaZS8="></latexit>

KN
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How to extract separable potentials
•time-dependent (TD) equation for separable potential:

: constant (indep. of )<latexit sha1_base64="++SfDTQp2H+WE6ZcaG2tiyMchEM="></latexit>r

<latexit sha1_base64="wPn/cQb4tbvOrWc4b+OoQUrUwbk="></latexit>

(⌘ = ±1)

<latexit sha1_base64="NYPNdRZcsioJG3019JFVQc0cZsM="></latexit>

= A[R, v]
<latexit sha1_base64="JFv8UVdcfBz+CiS6YEbe38aMJ4o="></latexit>

= DR(r, t)

<latexit sha1_base64="B7BYf+UbNSfSa1TKNwOLOzkRtoY="></latexit>

⌘v(r)

Z
d3r0 v(r0)R(r0, t) =

✓
r2

2µ
� @

@t
+

1

8µ

@2

@t2

◆
R(r, t)

<latexit sha1_base64="e8khyC6jUCYm2WzKILNVD02M6MI="></latexit>

⌘(A[R, v])2 =

Z
d3r R(r, t)DR(r, t)

real

<latexit sha1_base64="1THTsN8flEvaTfmQmykFd0jBe/8="></latexit>

⇥
Z

d3r R(r, t)

<latexit sha1_base64="njZnDLKIsEKZDnt3I11ef4maigQ="></latexit>

⌘ = sgn[⌘(A[R, v])2] = sgn

Z
d3r R(r, t)DR(r, t)

�

<latexit sha1_base64="fUZxtVMYfQvN9Kd6YmTHJKxqh3Q="></latexit>

A[R, v] =
p
|⌘(A[R, v])2| =

s����
Z

d3r R(r, t)DR(r, t)

����

<latexit sha1_base64="zFzV7ZhC41X79xWeXdVmSO77e+M="></latexit>

v(r) =
DR(r, t)

⌘A[R, v]
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Setups for separable potentials
•neglect coupling between  and 

<latexit sha1_base64="kBDPIRm2SDMWg1DHnSmWOHQu3Mg="></latexit>

8s
<latexit sha1_base64="RyLYuabr+rN1MPfhJcBEg+xtdx8="></latexit>

8a

<latexit sha1_base64="Wioowyl3J87DmA5xg6ET2mZ75ro="></latexit>✓
U8s8s(r, r

0) U8s8a(r, r
0)

U8a8s(r, r
0) U8a8a(r, r

0)

◆
⇡

✓
⌘8sv8s(r)v8s(r

0) 0
0 ⌘8av8a(r)v8a(r

0)

◆

<latexit sha1_base64="/7Yf1lHPqYoDd2N66bWIV8dtzFI="></latexit>

U1(r, r
0) ⇡ ⌘1v1(r)v1(r

0)

•fitting for  using multi-Gaussians 
to obtain potentials in continuum

<latexit sha1_base64="OYWO9MQ/u5FnFO1lw0xGEdBgWSk="></latexit>

DR(r, t)

<latexit sha1_base64="ABJRTOrxYQU59kHRIOwzRKAXz9o="></latexit>✓
DR(r, t) =

✓
r2

2µ
� @

@t
+

1

8µ

@2

@t2

◆
R(r, t)

◆

 in singlet channel
<latexit sha1_base64="OYWO9MQ/u5FnFO1lw0xGEdBgWSk="></latexit>

DR(r, t)

preliminary
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Results of separable potentials

•  for all three channels  attractive interactions 

•magnitude of  in short distance is larger for singlet channel

<latexit sha1_base64="k+zjVYX0v6ZkKbSOXqBK9Ucnnvw="></latexit>

⌘ = �1
<latexit sha1_base64="VvgAnH6HzixjnXX2UANf8rTVE5w="></latexit>

v(r)

•Results of , 
<latexit sha1_base64="VvgAnH6HzixjnXX2UANf8rTVE5w="></latexit>

v(r)
<latexit sha1_base64="IJJ3XW3xvOEsadEAwr7+SJb59KE="></latexit>⌘

 
<latexit sha1_base64="liubc8KdgQdxSXhosqbApqbgdx0="></latexit>

v8s(r)  
<latexit sha1_base64="dj8+22Yb7lwRgosGCF4qv2FDpF0="></latexit>

v8a(r)  
<latexit sha1_base64="6gTRtP4C9khFT9//2aWb7WfQ+hM="></latexit>

v1(r)
preliminary preliminary preliminary

 channel
<latexit sha1_base64="kBDPIRm2SDMWg1DHnSmWOHQu3Mg="></latexit>

8s  channel
<latexit sha1_base64="RyLYuabr+rN1MPfhJcBEg+xtdx8="></latexit>

8a  channel
<latexit sha1_base64="SuPOXy07e8/xFS83TjBWMuZ7vj4="></latexit>

1
<latexit sha1_base64="IJJ3XW3xvOEsadEAwr7+SJb59KE="></latexit>⌘ <latexit sha1_base64="o/ndQZp2Uhe0pKXl30kSkP4M318="></latexit>�1

<latexit sha1_base64="o/ndQZp2Uhe0pKXl30kSkP4M318="></latexit>�1
<latexit sha1_base64="o/ndQZp2Uhe0pKXl30kSkP4M318="></latexit>�1
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Binding energies
•solve Schrödinger equation in the Gaussian expansion method 
with separable potentials

•our results (preliminary)

<latexit sha1_base64="qgG9kxHKJAbf98VsqYbGOQ0X+S0="></latexit>

Ebind [MeV]

 channel
<latexit sha1_base64="kBDPIRm2SDMWg1DHnSmWOHQu3Mg="></latexit>

8s  channel
<latexit sha1_base64="RyLYuabr+rN1MPfhJcBEg+xtdx8="></latexit>

8a  channel
<latexit sha1_base64="SuPOXy07e8/xFS83TjBWMuZ7vj4="></latexit>

1
<latexit sha1_base64="nny1owTwlyeYNCdNwsJlNuZ2L8Q="></latexit>

69.1(6.2)stat(
+7.7
�12.4)syst

<latexit sha1_base64="VznXFEW9DVqaLW1d2Zx4Q/H598g="></latexit>

59.9(5.3)stat(
+5.6
�7.7)syst

<latexit sha1_base64="KSFVtT3tgkHh915fB6wV30Nc3P8="></latexit>

52.6(3.8)stat(
+2.1
�5.4)syst

•c.f.  estimates from  :
<latexit sha1_base64="ryhkEg1HJyUH+3EwOy+aN9N11/M="></latexit>

h⇤(X)(t)⇤̄(X)(0)i <latexit sha1_base64="eQJy5HsrM8ZtTmsItiY7otiJX5Q="></latexit>

(X = 1, 8)

•systematic error includes
•timeslice dependence 
•finite-volume effects

•consistent with the results from  within (large) errors 

•  is satisfied  same as chiral unitary model

<latexit sha1_base64="ryhkEg1HJyUH+3EwOy+aN9N11/M="></latexit>

h⇤(X)(t)⇤̄(X)(0)i
<latexit sha1_base64="L8bW7xvod+T/DKb2krcW1SbrOT8="></latexit>

E8s
bind, E

8a
bind < E1

bind

<latexit sha1_base64="qgG9kxHKJAbf98VsqYbGOQ0X+S0="></latexit>

Ebind [MeV]

( ) channel
<latexit sha1_base64="kBDPIRm2SDMWg1DHnSmWOHQu3Mg="></latexit>

8s
<latexit sha1_base64="RyLYuabr+rN1MPfhJcBEg+xtdx8="></latexit>

8a  channel
<latexit sha1_base64="SuPOXy07e8/xFS83TjBWMuZ7vj4="></latexit>

1
<latexit sha1_base64="iYd7zACB0Ol4L6TyU8sMYYj37Ds="></latexit>

23.1(28.0)stat
<latexit sha1_base64="eJeUa1cezE7MulcTbZcM7u9gS9k="></latexit>

78.0(12.3)stat

[Hiyama, Kino, Kamimura, 2003]
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• coupled-channel analysis for  and  channel with separable 
potentials 

• studies with more realistic setups

<latexit sha1_base64="kBDPIRm2SDMWg1DHnSmWOHQu3Mg="></latexit>

8s
<latexit sha1_base64="RyLYuabr+rN1MPfhJcBEg+xtdx8="></latexit>

8a

Future work

• (2+1)-flavor simulation  coupled-channel analysis is required

• more complicated separable form in the HAL QCD potential

• a sum of separable terms

• more precise consistency check by reducing errors of 
the estimates from  

<latexit sha1_base64="ryhkEg1HJyUH+3EwOy+aN9N11/M="></latexit>

h⇤(X)(t)⇤̄(X)(0)i <latexit sha1_base64="eQJy5HsrM8ZtTmsItiY7otiJX5Q="></latexit>

(X = 1, 8)

• variational method using  and  additionally
<latexit sha1_base64="QiuwOnJh2IoElnedCEt0eDnFUV4="></latexit>

h(MB)(t)⇤̄(0)i
<latexit sha1_base64="3fQAlANgaAQy6CPmJCDkMvjylcI="></latexit>

h(MB)(t)(M̄B)(0)i

<latexit sha1_base64="sMWPfpamLbMPFcsRhgLUUH25amU="></latexit>

U(r, r0) ⇡
X

i

⌘(i)v(i)(r)v(i)(r0)
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(conventional) Compositeness
•Compositeness: an attempt to understand the structure 
of excited hadrons in model-independent way 

•theory picture:
Free Theory Full Theory (Nature)

free  
scattering states

elementary 
states (model)

bound state 
(observed)

??

Compositeness:

Elementariness:<latexit sha1_base64="nXLQOpQKxS8Wwkzk1Xtjwmu0H3I="></latexit>

| 0i

<latexit sha1_base64="7MnlHibfDY9kGBgqFjCLv1zRiVo="></latexit>

E = m1 +m2

<latexit sha1_base64="wEuRz3MjdlpgXUvKTS1YxaLE4v0="></latexit>

|q0i
<latexit sha1_base64="dqpQ3wfNm1UdO4p4ZgAgG7RNi4I="></latexit>

|qi

<latexit sha1_base64="lIgRweg2q6rE5l+/1Gm9sVJoz6Q="></latexit>

| i

<latexit sha1_base64="Vj/HsD/mw1wZGxrOV/JxOogsB60="></latexit>

X
<latexit sha1_base64="Ap6LHWeKDhIi+d4gizEwgiwao7Y="></latexit>

=

Z
dq0 |h |q0i|2

<latexit sha1_base64="66rJ2QavC+WrUg34ktxrSUQJP7g="></latexit>

= |h 0| i|2
<latexit sha1_base64="p59fPd7q/yIfvXNPQws9qZDsDig="></latexit>

Z
<latexit sha1_base64="UbDzDHvNtpVJh30Y1+YRg4iOJc0="></latexit>

(X + Z = h | i = 1)

[Weinberg, 1963, 1965]

<latexit sha1_base64="WZUhRhKZkFlQ3TkC3Cu3Ifp/4Ok="></latexit>

Ĥ = Ĥ0 + V̂

<latexit sha1_base64="GZskgUJ0JansvH4gm6dk6TGkHrA="></latexit>

Ĥ0
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Approach to Compositeness

•but, deuteron gives  ( )X > 1 Z < 0 [Yin, Jido, arXiv:2312.13582]

 other contributions appear in the energy dependnece

•other approach?

•in nature,  cannot be observed directly 
<latexit sha1_base64="nXLQOpQKxS8Wwkzk1Xtjwmu0H3I="></latexit>

| 0i

•[Sekihara, Hyodo, Jido, 2015]:

“interactioness”

[Weinberg,1963]

•identifying interactioness requires interaction models (not model independent)

 employ “Weinberg’s equivalence theorem”

•contribution from  (elementariness) can be detected as an energy 
dependence of interactions between hadrons

<latexit sha1_base64="nXLQOpQKxS8Wwkzk1Xtjwmu0H3I="></latexit>

| 0i

•in this case, compositeness can be derived from the residue of bound-state 
pole and energy dependence of the green function (kinematics)
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Weinberg’s equivalence theorem (1/2)

Original theory

[Weinberg,1963]

Alternative theory

•how does the Alternative theory imitate the Original theory?

<latexit sha1_base64="nXLQOpQKxS8Wwkzk1Xtjwmu0H3I="></latexit>

| 0i
<latexit sha1_base64="dHoShmtpHtNcG4auoubsRZwuKyc="></latexit>

E0

•full: 
<latexit sha1_base64="rHvufJSTH/l4Is+qyYPOEWGrTvM="></latexit>

Ĥ
alt = Ĥ

alt
0 + V̂

alt•free: 
<latexit sha1_base64="1bgbicJyPcELbHpRd6uO9rPPgG8="></latexit>

Ĥ
alt
0

<latexit sha1_base64="lIgRweg2q6rE5l+/1Gm9sVJoz6Q="></latexit>

| i

•full: 
<latexit sha1_base64="WZUhRhKZkFlQ3TkC3Cu3Ifp/4Ok="></latexit>

Ĥ = Ĥ0 + V̂•free: 
<latexit sha1_base64="GZskgUJ0JansvH4gm6dk6TGkHrA="></latexit>

Ĥ0

<latexit sha1_base64="W2sR0xi0udnAR2OJXb5qGnHj4T0="></latexit>

|q0i
<latexit sha1_base64="U5ih2D4CSzAhnHvfONDjRW+yMKM="></latexit>

|qi
<latexit sha1_base64="DrfwtD2++++u68YVM1kZKQbvLNU="></latexit>

|qa
0i

<latexit sha1_base64="kgprqpU2S7lIASKsyKx84qkCIqM="></latexit>

|qai
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Weinberg’s equivalence theorem (2/2)

•Theorem: if Alternative theory has two linear combinations of ,   and , 
such that

<latexit sha1_base64="DrfwtD2++++u68YVM1kZKQbvLNU="></latexit>

|qa
0i

<latexit sha1_base64="iAAcBeQC6661eKgX0gr/Hdwd1ZQ="></latexit>

|�i
<latexit sha1_base64="ILO7Y2GQryclsMcj59nqioVn/BI="></latexit>���̄
↵

[Weinberg,1963]

 at , Alternative and Original theories share 
the same phase shifts 

<latexit sha1_base64="cjsCJF2hTkDMCZnC3Tx9p+Jrc+k="></latexit>

E0 ! 1

Alternative 
theory

Original 
Theory

, 
<latexit sha1_base64="5UIDeVESXuJ0p+j9jyPSJgQoJOA="></latexit>

N = 1�
⌦
�̄
�� V̂ alt |�i

<latexit sha1_base64="+hjaHzPdXnCRmmJjDyy9x1pQtG4="></latexit>

V̂ R = V̂ alt � V̂ alt
���
↵⌦
�̄
�� V̂ alt

• 
• 

<latexit sha1_base64="b5fXzvTZ/YItkTd9Nf9MOvMXfDo="></latexit>

hq0| V̂ |q0
0i = hqa

0 | V̂ R |q0a
0 i

<latexit sha1_base64="DEj89pCNEW0Yuz/as1Y59C6bqpI="></latexit>

h 0| V̂ |q0i =
r

�E0

N

⌦
�̄
�� V̂ R |qa

0i
<latexit sha1_base64="LNU2zlQqTizkvrDdliKop3q94ww="></latexit>

hq0| V̂ | 0i =
r

�E0

N
hqa

0 | V̂ R |�i
<latexit sha1_base64="bE0hqiOJN0qlfqt/eHssVcay+MI="></latexit>

h 0| V̂ | 0i =
�E0

N

⌦
�̄
�� V̂ R |�i

<latexit sha1_base64="7vEvf9vzrcMySdTpzuiyACZ8Qus="></latexit>

�(q) = �alt(q)
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Interpretation of Weinberg’s equivalence theorem
•Original theory: bound state, elementary state, our real world 

•Alternative theory: no bound state or elementary state, 
imitating Original theory 

• , : source of elementary state in Alternative theory 

•Alternative and Original theories have the same phase shifts 
much below 

<latexit sha1_base64="iAAcBeQC6661eKgX0gr/Hdwd1ZQ="></latexit>

|�i
<latexit sha1_base64="ILO7Y2GQryclsMcj59nqioVn/BI="></latexit>���̄
↵

<latexit sha1_base64="dHoShmtpHtNcG4auoubsRZwuKyc="></latexit>

E0

Original theory Alternative theory

<latexit sha1_base64="dHoShmtpHtNcG4auoubsRZwuKyc="></latexit>

E0
<latexit sha1_base64="38pNqsJTk4OK5TJ378kb9g8qFOU="></latexit>=

<latexit sha1_base64="SM2CZqjcn3KWfDPyDmxBK/FjsWc="></latexit>

6=
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Application to calculation of compositeness

•set cutoff <latexit sha1_base64="EMn+zlWLjA6xfRTOFr29D2ojpos="></latexit>

⇤ ⌧ E0

Alternative theory Original theory

 (under assumption of existence of   and ) we can estimate  from 
Alternative theory up to the cutoff 

<latexit sha1_base64="iAAcBeQC6661eKgX0gr/Hdwd1ZQ="></latexit>

|�i
<latexit sha1_base64="ILO7Y2GQryclsMcj59nqioVn/BI="></latexit>���̄
↵

<latexit sha1_base64="213qqp5/Oae3elGm5mCr59d8kDA="></latexit>

X
<latexit sha1_base64="yPTxHi3tYfTmC3sru4SnAuOsbAA="></latexit>

⇤

• : energy scale under which the elementary state does not contribute
<latexit sha1_base64="yPTxHi3tYfTmC3sru4SnAuOsbAA="></latexit>

⇤

 compositeness•natural that  if 
<latexit sha1_base64="kJlxQSTF77WYXzeXDiTmoo7ddAU="></latexit>

X⇤ ! 1
<latexit sha1_base64="CXe11+RhDSkZiGk3iEkilsFvky4="></latexit>

⇤ ! 1

<latexit sha1_base64="hNGGUkKxS/pbGQgYFnhOkyAsVNY="></latexit>

X⇤ =

Z ⇤ d3q

(2⇡)3
| hqa

0 | i |2 =

Z ⇤ d3q

(2⇡)3
| hq0| i |2  X
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How to determine 
<latexit sha1_base64="FEVdQ++gUI90WqZLT3zDwa/I2PY="></latexit>

⇤

•Note:  is not determined uniquely 

•what we know:  in the Original theory 

•assume  to be defined such that there exists a potential which have the 
same  as that for Original theory but does not generate any bound 
states 

<latexit sha1_base64="FEVdQ++gUI90WqZLT3zDwa/I2PY="></latexit>

⇤

<latexit sha1_base64="9mCqHLIdwolmbG7uAe1eBGlMrHA="></latexit>

�(q)

<latexit sha1_base64="FEVdQ++gUI90WqZLT3zDwa/I2PY="></latexit>

⇤
<latexit sha1_base64="9mCqHLIdwolmbG7uAe1eBGlMrHA="></latexit>

�(q)
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New definition of compositeness
•define new compositeness in Original theory

<latexit sha1_base64="nXLQOpQKxS8Wwkzk1Xtjwmu0H3I="></latexit>

| 0i
<latexit sha1_base64="dHoShmtpHtNcG4auoubsRZwuKyc="></latexit>

E0

<latexit sha1_base64="lIgRweg2q6rE5l+/1Gm9sVJoz6Q="></latexit>

| i

•full: 
<latexit sha1_base64="/4CryuTOvy2ahUpuEM4vSrGkvy8="></latexit>

Ĥ0 + V̂q0q0 + V̂q0 0•free: 
<latexit sha1_base64="GZskgUJ0JansvH4gm6dk6TGkHrA="></latexit>

Ĥ0

<latexit sha1_base64="W2sR0xi0udnAR2OJXb5qGnHj4T0="></latexit>

|q0i
<latexit sha1_base64="U5ih2D4CSzAhnHvfONDjRW+yMKM="></latexit>

|qi

•isolated: 
<latexit sha1_base64="RSSwa9lyOsB0iCIX7+KWtFLWJBQ="></latexit>

Ĥ0 + V̂q0q0

<latexit sha1_base64="nXLQOpQKxS8Wwkzk1Xtjwmu0H3I="></latexit>

| 0i
<latexit sha1_base64="dHoShmtpHtNcG4auoubsRZwuKyc="></latexit>

E0
<latexit sha1_base64="dvktrrn2Ap2cyDRtci28NQiglG8="></latexit>

|qIi

<latexit sha1_base64="omsHIBpvAWruDk160HbM2ZkJzLQ="></latexit>

Xnew =

Z
d3q

(2⇡)3
| hqI | i |2

<latexit sha1_base64="MMssMYRVJ19A0onR0eLUZAgh7gI="></latexit>

Znew = Z = | h 0| i |2
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Connection to the Alternative theory

<latexit sha1_base64="QhgVChFihTu6JRAKQY8Yq4sSetw="></latexit>

hqa
0 | V̂ R |q0a

0 i = hq0| V̂ |q0
0i = hq0| V̂q0q0 + V̂q0 0 |q0

0i = hq0| V̂q0q0 |q0
0i

•isolated potential in the Original theory = potential without ,  in 
Alternative theory

<latexit sha1_base64="iAAcBeQC6661eKgX0gr/Hdwd1ZQ="></latexit>

|�i
<latexit sha1_base64="ILO7Y2GQryclsMcj59nqioVn/BI="></latexit>���̄
↵

  is derived by solving Schrödinger equation for  in the 
Alternative theory

<latexit sha1_base64="dvktrrn2Ap2cyDRtci28NQiglG8="></latexit>

|qIi
<latexit sha1_base64="x4c0fvrrERZoD4l3twxGAP3NzzM="></latexit>

Ĥ
alt
0 + V̂

R

(in the demonstration using lattice data, we assume 
 is the eigenstate of )

<latexit sha1_base64="dvktrrn2Ap2cyDRtci28NQiglG8="></latexit>

|qIi
<latexit sha1_base64="ADLPM/EO3HtauK3vuSiWGLvUA5Y="></latexit>

Ĥ
alt
0 + V̂

alt

eigenstates of 
<latexit sha1_base64="DT5F1XgFr8Nt1n6P44RNQxmMpzU="></latexit>

Ĥ
alt
0 + V̂

R eigenstates of 
<latexit sha1_base64="X2JLlZQtiC4IncOaC+QgvV+UtP0="></latexit>

Ĥ0 + V̂q0q0

<latexit sha1_base64="Y5fWF5uGZJ3yRgI05/ncJ/mu3mw="></latexit>

X⇤
new =

Z ⇤ d3q

(2⇡)3
| hqa

I | i |2 =

Z ⇤ d3q

(2⇡)3
| hqI | i |2  Xnew
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Example: HAL QCD potentials for bound  (1/2)Δ

•input: fit data for P-wave  potential at  Nπ
<latexit sha1_base64="aRP11sZ32Zhk0p25lzXllv6nYpQ="></latexit>

m⇡ ⇡ 410 MeV <latexit sha1_base64="oyr+kuPp4r69GFKJ51o68vIx89U="></latexit>

E�
bind ⇡ 106 MeV

•potentials

<latexit sha1_base64="5F98pGg3WjXndwkPjqPmo4Jm298="></latexit>

mN ⇡ 1217 MeV

•potential w/ fit parameters to minimize

•phase shifts

•fit function: <latexit sha1_base64="CrJevZyV3FHgDJIH1xigB/JknJ8="></latexit>

V 3G(r) =
X

i=1,2,3

aie
�(r/bi)

2

<latexit sha1_base64="6/iqsIWHpHnuudWCYJWQZnU8+vY="></latexit>

� =

Z q(Ecut)

dq
(�Vqq (q)� �V eff

qq
(q))2

�(�V eff
qq

(q))2
+ wE

Vqq

bind
some large positive number

systematic and statistical error
<latexit sha1_base64="2152k8j2veuyqQ6VpwkncyJbTL8="></latexit>

⇤ ⇡ 1000 MeV

: Original theory

: Alternative theory
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Example: HAL QCD potentials for bound  (2/2)Δ

•  (solid lines) and  (dashed lines)
<latexit sha1_base64="dt7qqV4LDyzblHarhwjajLJbYAw="></latexit>

|q0i
<latexit sha1_base64="dqpQ3wfNm1UdO4p4ZgAgG7RNi4I="></latexit>

|qi • <latexit sha1_base64="7+swB/CQzGfGcKjoYkyMWuEiziI="></latexit>

| hqa
I | i |

<latexit sha1_base64="b407j1Ai8/zAZTO7p80ADxFEKHY="></latexit>

 N⇡(r)
<latexit sha1_base64="9WhPAyIX9KB9sFfi6iCs+pzRV0w="></latexit>

X⇤
new ⇡ 0.51
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What to do next

• examine the extreme situations

• almost “composite”: energy-independent potential in mom. space 

• almost “elementary”: s-channel-diagram potential in mom. space


